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1 Plenary Talks

Modeling Human Brain Function
and Pathways of Neurodegeneration

Paola F. Antonietti

Politecnico di Milano, Italy
paola.antonietti@polimi.it

Abstract

Neurodegenerative diseases (NDs) are complex disorders characterized by the progressive structural
and functional deterioration of the brain. A common hallmark of many NDs is the accumulation of
disease-speci�c misfolded and aggregated proteins, such as amyloid-beta and tau in Alzheimer's dis-
ease, alpha-synuclein in Parkinson's disease, and TDP-43 in Amyotrophic Lateral Sclerosis. In this
presentation, we introduce a novel framework that integrates multiphysics and multiscale mathemati-
cal modeling, advanced discretization techniques, and computational learning paradigms to elucidate
the mechanisms underlying neurodegeneration. The spatio-temporal dynamics of misfolded proteins
are modelled using advanced conformational conversion systems discretized with high-order polytopal
�nite element methods [1, 2, 5]. Additionally, multiphysics mathematical models of cerebral waste-
clearance dynamics, a critical factor in�uencing the onset and progression of NDs, are described, along
with an analysis of how pathological processes associated with neurodegeneration may increase epilep-
tiform activity [3, 4]. Finally, a computational learning framework is presented to infer latent disease
states and predict personalized trajectories of ND progression from sparse, irregularly sampled, and
multimodal clinical data. Extensive patient-speci�c numerical simulations are provided to validate the
proposed methodological approach.

References

[1] P. F. Antonietti, S. Giani, and P. Houston. hp-version composite Discontinuous Galerkin methods
for elliptic problems on complicated domains. SIAM J. Sci. Comput., 35(3):A1417�A1439 (2013)

[2] M. Corti, F. Bonizzoni, P. F. Antonietti, Structure Preserving Polytopal Discontinuous Galerkin
Methods for the Numerical Modeling of Neurodegenerative Diseases, J. Sci. Comput., 100:39
(2024)

[3] I. Fumagalli, M. Corti, N. Parolini, P. F. Antonietti, Polytopal discontinuous Galerkin discretiza-
tion of brain multiphysics �ow dynamics, J. Comput. Phys., 513:113115 (2024)

[4] C. B. Leimer Saglio, S. Pagani, P.F. Antonietti, A p-adaptive polytopal discontinuous Galerkin
method for high-order approximation of brain electrophysiology, Comput. Methods Appl. Mech.
Eng., 446:118249 (2025)

[5] V. Pederzoli, M. Corti, D. Riccobelli, P. F. Antonietti, A coupled mathematical and numerical
model for protein spreading and tissue atrophy applied to Alzheimer's disease, Comput. Methods
Appl. Mech. Eng., 444:118118 (2025)
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1 Plenary Talks

A Spectral Approach to Computer-Assisted Proofs in Dynamics

Jan Bouwe van den Berg

Vrije Universiteit Amsterdam, Netherlands
janbouwe.vanden.berg@vu.nl

Abstract

Finding solutions of problems in nonlinear dynamics often involves simulations. Turning these nu-
merical computations into mathematical theorems requires computer assistance. We will start by
explaining the main idea of a computer-assisted proof and give examples of recent results for various
ordinary, delay, and partial di�erential equations. Such computer-assisted proofs focus on speci�c so-
lutions (or invariant objects more generally) to speci�c equations. Nevertheless, in this talk we take a
more universal viewpoint and describe a relatively simple framework in which many of these problems
can be cast. In particular, since these systems and their solutions are usually locally analytic, one
can recast the problem into one concerning sequence spaces of rapidly decaying coe�cients, say of a
Taylor, Fourier, or Chebyshev series. The core of the analysis is then to manipulate such sequences,
e.g., evaluating derivatives and nonlinearities, by computer, while keeping track of truncation and
rounding errors. We discuss how one can use basic complex and Fourier analysis to accomplish this
task for a wide variety of problems in nonlinear dynamics. Such a uni�ed approach can simplify both
the analysis and the accompanying implementation.
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1 Plenary Talks

Variational Models for Phase Separation in Heterogeneous Media

Irene Fonseca

Carnegie Mellon University, Pittsburgh, USA
fonseca@andrew.cmu.edu

Abstract

Phase Separation in Heterogeneous Media: Modern technologies and biological systems, such as
temperature-responsive polymers and lipid rafts, take advantage of engineered inclusions, or natural
heterogeneities of the medium, to obtain novel composite materials with speci�c physical properties.
To model such situations using a variational approach based on the gradient theory of phase transi-
tions, the potential and the wells may have to depend on the spatial position, even in a discontinuous
way, and di�erent regimes should be considered.

In the critical case case where the scale of the small heterogeneities is of the same order of the
scale governing the phase transition and the wells are �xed, the interaction between homogenization
and the phase transitions process leads to an anisotropic interfacial energy. The supercritical case for
�xed wells is also addressed, now leading to an isotropic interfacial energy. In the subcritical case with
moving wells, where the heterogeneities of the material are of a larger scale than that of the di�use
interface between di�erent phases, it is observed that there is no macroscopic phase separation and
that thermal �uctuations play a role in the formation of nanodomains.

This analysis is hinged on tools from the Calculus of Variations, including Gamma-convergence,
and homogenization theory from multi-scale convergence to unfolding techniques.
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1 Plenary Talks

Very Weak Solutions and Asymptotic Behavior of Leray Solutions to the Steady-State
Navier-Stokes Equations in Exterior Domains

Giovanni P. Galdi

University of Pittsburgh, USA
galdi@pitt.edu

Abstract

We show how an appropriate theory of very weak solutions can be employed to advance the resolution
of one of the oldest and most extensively studied problems in the theory of steady-state Navier�Stokes
equations in unbounded domains: the determination of the sharp asymptotic behavior of Leray solu-
tions.
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1 Plenary Talks

AI for Data-driven Simulations in Physics

Siddhartha Mishra

ETH Zürich, Switzerland
siddhartha.mishra@sam.math.ethz.ch

Abstract

Partial Di�erential Equations (PDEs) are often described as the language of Physics as they describe
a wide array of physical phenomena over a vast range of scales. Despite their remarkable success over
many decades, numerical methods for approximating PDEs can incur a very high computational cost.
This limitation has provided the impetus for the design of fast and accurate Machine Learning/AI
based neural PDE surrogates which can learn the PDE solution operator from data. In this talk, we
review some latest developments in the �eld of Neural Operators, which are widely used as an ML
paradigm for PDEs and discuss state of the art neural operators based on convolutions or attention. We
will discuss graph and transformer based architectures for PDEs on arbitrary domains and conditional
Di�usion models for PDEs with chaotic multiscale solutions. Finally, the issue of sample complexity
is addressed by the design of general purpose Foundation models for PDEs.
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1 Plenary Talks

A Periodic Prey-Predator System

Rafael Ortega

University of Granada, Spain
rortega@ugr.es

Abstract

In a paper appeared in 1926 [1], Volterra presented his prey-predator model. He analyzed the system
in the plane and he drew the now famous phase portrait having a global center around the equilibrium.
Although Volterra dealt with an autonomous system, at the end of his paper he proposed the study of
the non-autonomous case: �Side by side with the general theory, we may make various special inquiries.
Thus, for example, we may suppose the coe�cient of increase of the species to have an annual period,
a supposition tending to establish a law of forced �uctuations superposed on the free �uctuations of
the biological association considered.�

In other words, seasonal e�ects lead to replace the parameters of the system by time-dependent
functions of period one year. In the last fourty years several results on the periodic prey-predator
system have been obtained, showing that this system can have an intricate dynamics. In this talk I
will discuss some of the known results together with some open questions.

References

[1] V. Volterra, Fluctuations in the Abundance of a Species considered Mathematically, Nature 118,
558�560 (1926)
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1 Plenary Talks

On (In-)Stability Mechanisms in Inverse Problems

Angkana Rüland

Institute of Applied Mathematics, University of Bonn, Germany
rueland@uni-bonn.de

Abstract

Abstract: Inverse problems for PDEs are notoriously ill-posed and often display severe instability
properties. In this talk I will identify prototypical instability mechanisms. All of these are based
on quantitative compression properties of the forward operator. I will particularly discuss �critical�
stability transitions of prototypical PDEs.
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2 Invited Talks

Local Minimizers and Mountain Pass Critical Points

Gabriele Bonanno

Department of Engineering, University of Messina, Italy
bonanno@unime.it

Abstract

In this talk we highlight that the Mountain Pass Theorem should be viewed not only as an existence
result but, more fundamentally, as a multiplicity theorem for critical points. A crucial role is played by
the presence of a local minimizer: the well�barrier structure generated by a local minimum is precisely
what allows the variational framework to produce an additional critical point of saddle type through
a minimax argument. We then present an alternative proof of the limiting case of the Mountain Pass
Theorem, developed without relying on advanced analytical tools. The proof is based on a new moun-
tain pass lemma, obtained by means of an ε-perturbation technique in the spirit of Brezis�Nirenberg.
Applications to di�erential problems naturally yield the existence of two or three solutions, depending
on the growth of the nonlinearity�whether it is superlinear or sublinear. This perspective illustrates
how the interplay between a local minimum and a mountain-pass con�guration provides a simple yet
powerful mechanism for obtaining multiplicity of solutions.

References

[1] BONANNO G., CANDITO P., Non-di�erentiable functionals and applications to elliptic problems
with discontinuous nonlinearities, Journal of Di�erential Equations 244 (2008), 3031-3059.

[2] BONANNO G., A critical point theorem via the Ekeland variational principle, Nonlinear Analysis,
75 (2012), 2992-3007.

[3] BONANNO G., Relations between the mountain pass theorem and local minima, Advances in
Nonlinear Analysis, 1 (2012), 205-220.

[4] BONANNO G., LIVREA R., A proof of the Ghoussoub-Preiss theorem by the ε−perturbation of
Brezis-Nirenberg, Houston Journal of Mathematics, 47 n.1 (2021), 165-191.

[5] BONANNO G., CANDITO P., Qualitative Analysis of Local Minimizers for Functionals Arising
from Nonlinear Di�erential Problems, work in progress.
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2 Invited Talks

On the Global Well-Posedness of the Stochastic Yang-Mills-Higgs Equations
in Two Dimensions

Bjoern Bringmann

Princeton University, Princeton, USA
bringmann@princeton.edu

Abstract

The Yang-Mills-Higgs (YMH) model plays a central role in several areas of mathematics, including
analysis, geometry, and probability theory. In this talk, we implement the stochastic quantization
procedure for the YMH model in two dimensions. That is, we construct the two-dimensional YMH
measure by proving global well-posedness and uniform-in-time bounds for the two-dimensional stochas-
tic YMH equations. As part of our proof, we �rst discuss covariant stochastic objects and a covariant
para-controlled Ansatz. Then, we discuss a decay mechanism for the stochastic YMH equations near
unstable Yang-Mills connections. This is joint work with S. Cao, M. Hairer, and W. Zhao.
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2 Invited Talks

Bifurcations from a Normally Degenerate Cycle in Forced Di�erential Equations

Adriana Buic 

Universitatea Babe³ Bolyai, Cluj-Napoca, Romania
florina.buica@ubbcluj.ro

Abstract

Bifurcations of periodic solutions from a resonant period manifold in forced systems are intensively
studied in the literature, usually assuming that the period manifold is normally nondegenerate. In this
talk we consider the situation when the normal degeneracy condition is relaxed, focusing speci�cally
on the case when the period manifold is a cycle. The results are obtained analyzing the Poincaré
translation map of the perturbed system.
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2 Invited Talks

Fisher's In�nitesimal Model Features a Nice Convexity Structure

Vincent Calvez

CNRS, Institut Camille Jordan, Lyon, France
Vincent.Calvez@math.cnrs.fr

Abstract

Fisher's in�nitesimal model is a standard model of inheritance in quantitative genetics. Basically, a
pair of parents give rise to o�spring whose traits are normally distributed around the mean parental
trait. We studied the corresponding integro-di�erential operator which is of collisional type. We
identi�ed a remarkable convexity structure which implies asynchronous exponential growth, with a
`spectral gap' (roughly speaking), as measured by some Fisher information, under the simple condition
that selection acts through a convex function. We used a natural transformation, converting such a
non-linear and non-conservative problem into a linear and conservative problem. The key step is a
contraction estimate in the Wasserstein-Kantorovich metric W∞ for which we shall present a recent,
alternative, proof by Khudiakova, Maas, and Pedrotti. [This is a joint work with David Poyato and
Filippo Santambrogio.]
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2 Invited Talks

Exploring the Relativistic Kepler Problem:
A Journey Through Bounded Orbits and Bifurcation Phenomena

Guglielmo Feltrin

University of Udine, Italy
guglielmo.feltrin@uniud.it

Abstract

The motion of a relativistic particle in a Kepler potential can be described by the equation

d

dt

(
mẋ√

1− |ẋ|2/c2

)
= −α x

|x|3
, x ∈ R3 \ {0},

where m > 0 represents the mass of the particle, c is the speed of light, and α > 0 is a constant.
Firstly, we illustrate the Hamiltonian formulation of the problem and we focus our attention on the
description of the periodic and quasi-periodic solutions. Secondly, we deal with the perturbed equation

d

dt

(
mẋ√

1− |ẋ|2/c2

)
= −α x

|x|3
+ ε∇xU(t, x), x ∈ R3 \ {0},

where U(t, x) is T -periodic in the �rst variable and ε ∈ R. We present di�erent kinds of results
concerning the existence of periodic orbits obtained in collaboration with Alberto Boscaggin (University
of Torino), Walter Dambrosio (University of Torino), and Duccio Papini (University of Modena and
Reggio Emilia).
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2 Invited Talks

Landmarks in the History of Linear and Nonlinear Preconditioning

Martin J. Gander

University of Geneva, Switzerland
Martin.Gander@unige.ch

Abstract

Preconditioning of linear systems remains a highly active area of research, and nonlinear precondition-
ing has recently emerged as an important new direction. Over the past decade, a unifying principle has
become apparent in both the linear and nonlinear settings: e�ective preconditioners are best developed
�rst as standalone iterative methods, rather than being designed directly as auxiliary components for
Krylov or Newton-type methods. Once a robust and well-understood iterative method has been con-
structed, Krylov methods or Newton's method can be viewed as systematic acceleration mechanisms
that enhance performance and improve robustness.

This perspective is strongly re�ected in the historical development of iterative methods. I will
review key landmarks in the evolution of iterative techniques for both nonlinear and linear problems.
The earliest known iterative schemes were developed for nonlinear problems�most notably the Baby-
lonian method for computing square roots�which later evolved into general �xed-point iterations. A
major conceptual breakthrough followed with the introduction of Newton's method.

Iterative methods for linear systems trace back to a letter from Gauss to Gerling, which laid the
groundwork for stationary schemes such as Jacobi, Gauss�Seidel, and SOR. More powerful physics-
based developments include multigrid and domain decomposition methods. In parallel, nonstationary
iterations emerged, including extrapolation techniques and, closely related to them, Krylov subspace
methods.

In both the linear and nonlinear settings, one observes a natural hierarchy: basic iterative
solvers are complemented by systematic acceleration mechanisms�Newton's method in the nonlinear
case and Krylov methods in the linear case. I will argue that viewing these accelerators as tools
to enhance carefully designed iterative methods provides a historically grounded and conceptually
e�ective framework for advancing research in linear and nonlinear preconditioning.

References

[1] Martin J. Gander, Philippe Henry and Gerhard Wanner, Landmarks in the History of
Iterative Methods. SIAM Review, 2025.

[2] Martin J. Gander, On the Origins of Linear and Non-Linear Preconditioning. Domain De-
composition Methods in Science and Engineering XXIII, LNCSE, Springer-Verlag, pp. 137�144,
2016.
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2 Invited Talks

New Banach Spaces-Based Mixed Finite Element Methods for Steady-State Flows
of Magnetic Fluids

Gabriel N. Gatica

Universidad de Concepción, Chile
ggatica@ci2ma.udec.cl

Abstract

In this paper we introduce and analyze new mixed �nite element methods for solving the steady-state
�ows of magnetic �uids. To this end, we consider two di�erent ways of deriving the stationary model
from the time-dependent problem, namely, either by dropping the time derivatives or by replacing
them by a zero order term. In this way, and motivated by our interest in mixed approaches, we are led
to systems of equations for the �uid having as unknowns, in the �rst case, the velocity, its gradient,
and a partial stress magnetic tensor, which is given by the sum of the Maxwell and hydrodynamics
stress tensors, and the half of the convective term. Similarly, in the second one they turn out to be
the strain rate tensor, the velocity, the full stress magnetic tensor, and the vorticity tensor. Next, we
introduce a potential unknown so that the magnetic �eld satis�es a Neumann boundary value problem
with the normal component of the applied magnetic �eld as the corresponding boundary condition.
The resulting mixed variational formulations for the �uid �t the structures of a nonlinear saddle-
point problem, and a nonlinear perturbation of, in turn, a perturbed twofold saddle-point problem,
respectively, whereas the one for the magnetic �eld is given by a usual saddle-point setting. Hence,
�xed-point strategies, along with the generalized Babu²ka-Brezzi theory in Banach spaces and recent
related abstract results, are employed to establish the well-posedness of the associated continuous and
discrete schemes. Finally, several numerical results illustrating the performance of our methods are
reported. [This is a joint work with G.A. Benavides, S. Caucao and Y.D. Sobral].

References

[1] E. Colmenares, G.N. Gatica and S. Moraga, A Banach spaces-based analysis of a new fully-
mixed �nite element method for the Boussinesq problem. ESAIM Math. Model. Numer. Anal. 54
(2020), no. 5, 1525�1568.

[2] G.N. Gatica, S. Meddahi and R. Ruiz-Baier, An Lp spaces-based formulation yielding a new
fully mixed �nite element method for the coupled Darcy and heat equations. IMA J. Numer. Anal.
42 (2022), no. 4, 3154�3206.

[3] G.N. Gatica, N. Núñez and R. Ruiz-Baier, New non-augmented mixed �nite element methods
for the Navier-Stokes-Brinkman equations using Banach spaces. J. Numer. Math. 31 (2023), no.
4, 343�373.

[4] Y. Wu and X. Xie, Mixed �nite element methods for the ferro�uid model with magnetization
paralleled to the magnetic �eld. Numer Math Theory Methods Appl 16 (2023), no. 2, 489�510.
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2 Invited Talks

Continuous and Discrete Time Dynamics of Regulatory Networks

Tomas Gedeon

Montana State University, Bozeman, USA
gedeon@math.montana.edu

Abstract

Regulatory networks in cell biology postulate monotonicity structure of interactions between genes
and proteins, but not the speci�c forms of nonlinearities. What types of models are able to provide
predictions and insights in this severely underdetermined situation?

Rather than examining individual solutions of particular ODE models, one is drawn to exami-
nation of coarse descriptors of dynamics that persist over large sets of parameters and are exhibited
by a robust set of nonlinearities. At the same time, since the models of interest have at least 5-15
coupled nonlinear ODEs, these descriptors should be combinatorial, so they can be computed without
the need for sampling of parameters or initial conditions.

We discuss one approach to this problem that is based on global approximation of the dynamics
of ODE models by models with piece-wise constant functions. We discuss how such approximation
yields a �nite collection of models for each network, where each model is characterized by a multilevel
discrete map which are closely related to monotone Boolean models. Our approach, named DSGRN,
provides a direct connection between ODE dynamics and Boolean models.

We examine brie�y some consequences of this connection by discussing lattice structure of
monotone Boolean functions, algebraic topology that links dynamics predictors computed from discrete
and continuous time models, and a potential for combinatorial characterization of bifurcations.

References

[1] Cummins, B., Gedeon, T., Harker, S., Mischaikow, K. & Mok, K. Combinatorial Representation
of Parameter Space for Switching Systems. SIAM Journal On Applied Dynamical Systems. 15,
2176-2212 (2016)

[2] Gedeon, T., Cummins, B., Harker, S. & Mischaikow, K. Identifying robust hysteresis in networks.
PLoS Comput Bio. 14, e1006121 (2018)

[3] Gedeon, T. Multi-parameter exploration of dynamics of regulatory networks. BioSystems. 190
pp. 104113 (2020)

[4] Duncan, W., Gedeon, T., Kokubu, H., Oka, H. & Mischaikow, K. Equilibria and their stability in
networks with steep sigmoidal nonlinearities. J. Appl. Dyn. Syst.. 20, 2108-2141 (2021)

[5] Gedeon, T. Network topology and interaction logic determine states it supports. Npj Systems
Biology And Applications. 10, 98 (2024),
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2 Invited Talks

The Hunter�Saxton Equation - Wave Breaking Leads the Way

Katrin Grunert

NTNU Norwegian University of Science and Technology, Trondheim, Norway
katrin.grunert@ntnu.no

Abstract

Solutions of the Hunter�Saxton equation might enjoy wave breaking in �nite time. This means that
even classical solutions in general do not exist globally, but only locally in time since their spatial
derivative might become unbounded in �nite time, while the solution itself remains bounded. In addi-
tion, energy might concentrate on sets of measure zero when wave breaking occurs. As a consequence
the prolongation of solutions beyond wave breaking is non-unique and depends heavily on how the
concentrated energy is manipulated.

In this talk, we will focus on α-dissipative solutions, i.e., solutions where the energy is manip-
ulated at breaking time by taking out an α-part of the concentrated energy. Guided by analytical
methods and results, we will present a numerical method for α-dissipative solutions, which can handle
any α ∈ [0, 1] and in particular the two most prominent type of solutions: conservative, i.e., α = 0, and
dissipative, i.e., α = 1. Convergence is obtained for any admissible initial data, while a convergence
rate is derived under some additional constraints on the initial data.

References

[1] T. Christiansen and K. Grunert, A numerical view on α-dissipative solutions of the Hunter�Saxton
equation, ESAIM Math. Model. Numer. Anal. 59, 579�612 (2025).

[2] T. Christiansen and K. Grunert, Rate of convergence for numerical α-dissipative solutions of the
Hunter�Saxton equation, Numer. Math. 157, 1643�1694 (2025).
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2 Invited Talks

Funny Things Happening in Neural Galerkin Schemes

Olga Mula Hernandez

University of Vienna, Austria
olga.mula.hernandez@univie.ac.at

Abstract

Neural Galerkin is a nonlinear counterpart of classical dynamical approximation strategies for time-
dependent PDEs. It approximates solutions by neural networks whose weights evolve in time. At
�rst glance, the method is general, elegant, easy to implement, and it indeed has enjoyed notable
empirical success. A closer look, however, quickly leads to funny behaviors and troubles: Formulating
Neural Galerkin at a proper functional level and connecting it rigorously to practical algorithms raises
a number of very subtle challenges. Some stem from sampling issues; others arise from the fact that
neural network classes are, mathematically speaking, not particularly well-behaved sets. In this talk,
I will illustrate several of these troubles, explain where they come from, and discuss why they are
not mere technical nuisances but key conceptual elements to understand when working with neural
network approximations.
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2 Invited Talks

Parameterizing Asymptotic Dynamics with Manifolds and Bundles

Jonathan Jaquette

New Jersey Institute of Technology City, Newark, United States
jonathan.jaquette@njit.edu

Abstract

The parameterization method is a powerful technique for computing high-order approximations of
invariant manifolds. In it, one �xes simple internal dynamics for the manifold, which then determines
how to solve for the Taylor coe�cients, yielding an analytic chart. One can generically show the
dynamics are conjugate to the linear �ow, but like with the Hartman-Grobman theorem, certain
eigenvalue resonances, especially in Hamiltonian systems, can provide an obstruction.

This talk will discuss a parameterization approach towards computing the (un)stable vector
bundles attached to invariant manifolds, and are important for a detailed understanding of exponen-
tial dichotomies. The �rst application computes spectral stability of a pulse in the Swift-Hohenberg
equation by computing the Maslov index of a homoclinic in a Hamiltonian ODE, and overcomes the
problem of eigenvalue resonances. The second application aims to tackle the curse of dimensionality in
approximating in�nite dimensional stable manifolds arising in PDEs, by constructing a low dimensional
slow-stable manifold with attached (un)stable bundles.
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2 Invited Talks

The Strong Unstable Manifold and Periodic Solutions in Di�erential Delay Equations
with Cyclic Monotone Negative Feedback

Anatoli F. Ivanov, Bernhard Lani-Wayda

University of Pennsylvania, USA, and Justus-Liebig-Universität Gieÿen, Germany
Bernhard.Lani-Wayda@math.uni-giessen.de

Abstract

For (N+1)-dimensional systems of di�erential delay equations with cyclic and monotone negative feed-
back, we construct a two-dimensional invariant manifold, on which phase curves spiral outward towards
a bounding periodic orbit. We assume essentially only instability of the zero equilibrium. Methods
of the Poincaré-Bendixson theory due to Mallet-Paret and Sell are combined with techniques used by
Walther for the scalar case (N = 0). Statements on the attractor location and on parameter borders
concerning stability and oscillation are included. The results apply to models for gene regulatory
systems, e.g. the `repressilator' system.

References
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ential delay equations with cyclic monotone negative feedback. Commun. Pure Appl. Anal. (CPAA)
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2 Invited Talks

Global Solvability of the Q-Tensor Model for Nematic Liquid Crystals

Miho Murata

Shizuoka University, Shizuoka, Japan
murata.miho@shizuoka.ac.jp

Abstract

The molecules of nematic liquid crystal �ow as in a liquid phase; however, they have an orientation
order. The orientation order is described by the symmetric, traceless matrix Q. Beris and Edwards
proposed a Q-tensor model, the coupled system of the Navier-Stokes equations and a parabolic-type
equation describing the evolution of the order parameter Q, to represent nematic liquid crystal �ows.
The aim of this talk is to prove the unique existence of the global-in-time solution in the maximal
regularity class for the Q-tensor model in the half-space RN

+ , N ≥ 2. Concerning the existence results
for the strong solutions in the maximal regularity class, [1] proved the local well-posedness in RN

+

for small initial data. The global well-posedness was investigated in RN by [4, 2], while that in the
bounded domain was studied by [3, 6].

In this talk, we especially discuss the weighted estimates of solutions for the linearized problem
in the Lp-in-time and Lq-in-space setting to obtain the global solvability in RN

+ for small initial data.
The key issue is to estimate the lower order terms by the semigroup theory. This talk is based on [1].
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2 Invited Talks

Multiharmonic Algorithms for Contrast-Enhanced Ultrasound

Vanja Nikoli¢

Department of Mathematics, Radboud University, Nijmegen, The Netherlands
vanja.nikolic@ru.nl

Abstract

Nonlinear acoustic wave models are increasingly important for medical ultrasound and industrial appli-
cations where sound propagates at high intensities or frequencies. Harmonic generation, in particular,
plays a key role in contrast-enhanced ultrasound, both for imaging and therapeutic applications. In
this talk, we will discuss wave�microbubble models, where the acoustic �eld is governed by a non-
linear Westervelt-type wave equation coupled to a Rayleigh- Plesset-type ODE describing the bubble
dynamics. This includes the analytical and computational questions arising from this coupling, such
as the existence of time-periodic solutions and handling nonlinearity and di�ering time scales. Since
time-domain approaches are computationally demanding for capturing nonlinear e�ects, we will intro-
duce an alternative strategy based on a multiharmonic Ansatz applied to the coupled wave�bubble
system. A priori error estimates will be presented that characterize the approximation error in terms
of the number of retained harmonics and a contribution arising from the �xed-point iteration. Addi-
tionally, numerical experiments will illustrate how the number of retained harmonics and the presence
of microbubbles in�uence acoustic wave propagation.

The talk is based on joint works [1, 2].
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[1] V. Nikoli¢ and T. Rauscher, Mathematical models for nonlinear ultrasound contrast imaging
with microbubbles, SIAM Journal on Applied Mathematics, 85 (2025), pp. 961�982.
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2 Invited Talks

Dynamics of Non-Equilibrium Systems:
Homoenergetic Flows for the Boltzmann Equation

Alessia Nota

Gran Sasso Science Institute, L'Aquila, Italy
alessia.nota@gssi.it

Abstract

Kinetic equations have been used for more than a century to describe the collective behavior of many-
particle systems, providing a bridge between the microscopic laws of classical dynamics and macroscopic
�uid mechanics. One of the most famous examples of a kinetic equation is the Boltzmann equation,
which describes the evolution of a rare�ed gas. In this talk, I will consider a particular class of
solutions of the Boltzmann equation, known as homoenergetic solutions, which were introduced by
Galkin and Truesdell in the 1960s. These are a particular type of non-equilibrium solutions of the
Boltzmann equation, useful for modeling the dynamics of Boltzmann gases subjected to mechanical
deformations (such as shear, expansion, or compression), thereby yielding insight into the behavior
of open systems. While the well-posedness theory for these solutions shares similarities with that of
homogeneous solutions, their long-time behavior di�ers signi�cantly due to their far-from-equilibrium
nature. In particular, their long-time asymptotics often cannot be described by equilibrium Maxwellian
distributions; the landscape of possible long-time asymptotics is extremely rich and diverse. I will
present di�erent possible long-time asymptotics for homoenergetic solutions to the Boltzmann equation
in the case of shear deformations. Additionally, I will discuss some conjectures and open problems in
this direction.

26



2 Invited Talks

On the Dispersive E�ect of Internal Gravity Waves in Two-Phase Incompressible
Viscous Flows

Hirokazu Saito

The University of Electro-Communications, Tokyo, Japan
hsaito@uec.ac.jp

Abstract

In this talk, we consider the dispersive e�ect of internal gravity waves in two-phase incompressible
viscous �ows in the N -dimensional Euclidean space RN for N ≥ 2. The two �uids are separated by a
horizontal interface, and surface tension is taken into account at the interface. We call the �uids above
and below the interface the upper �uid and lower �uid, respectively. If the upper �uid is heavier than
the lower �uid, the well-known Rayleigh�Taylor instability occurs. In this study, on the other hand,
we focus on the stable case where the upper �uid is lighter than the lower �uid. Under this stable
setting, the boundary symbol associated with the linearized problem admits two zeros λ± satisfying
λ± = ±ic1|ξ′|1/2 − c2(1± i)|ξ′|5/4 + o(|ξ′|5/4) as |ξ′| → 0, where i =

√
−1 and ξ′ ∈ RN−1 is the Fourier

transform variable corresponding to the tangential direction x′ = (x1, . . . , xN−1). Here, c1 and c2 are
positive constants depending on the densities, the viscosity coe�cients, and the acceleration of gravity.
The leading terms ±ic1|ξ′|1/2 represent dispersive waves known as internal gravity waves. By utilizing
both the dispersive e�ect of these waves and the fractional dissipation −c2|ξ′|5/4, we establish Lp-Lq

decay estimates for the two-phase Stokes semigroup. If time permits, we shall discuss applications
of these estimates to the nonlinear problem. This is based on joint work with Xin Zhang (Tongji
University).
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2 Invited Talks

Potential and Flux Reconstructions for Optimal a Priori and
a Posteriori Error Estimates

Martin Vohralík

Inria & Ecole nationale des ponts et chaussées, Paris, France
martin.vohralik@inria.fr

Abstract

Given a scalar-valued discontinuous piecewise polynomial, a potential reconstruction is a piecewise
polynomial that is trace continuous, i.e., H1-conforming. It is best obtained via a conforming �nite
element solution of local homogeneousDirichlet problems on vertex patches, using the �nite element
method. Similarly, given a vector-valued discontinuous piecewise polynomial not having the target
divergence, a �ux reconstruction is a piecewise polynomial that is normal-trace continuous,
i.e., H(div)-conforming, and has the target divergence. It is best obtained via local homogeneous
Neumann problems, using the mixed �nite element method.

The concepts of potential and �ux reconstructions are known to lead to guaranteed, locally
e�cient, and polynomial-degree-robust a posteriori error estimates. Such use is based on the
Prager�Synge equality and piecewise polynomial extension operators that we recall here.

We show that potential and �ux reconstructions can also be used to obtain novel results in a
priori error analysis. They actually allow to devise stable local commuting projectors that lead
to p-robust equivalence of global-best approximation over the whole computational domain by a
continuous (and constrained) �nite element space with local-best approximations over individual
mesh elements without any continuity requirement along mesh faces (and without any divergence con-
straint). Therefrom, optimal hp approximation/a priori error estimates under minimal elemen-
twise Sobolev regularity follow. The main additional tools include here p-stable local decompositions.
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2 Invited Talks

Cut Finite Element Methods

Sara Zahedi

KTH Royal Institute of Technology, Stockholm, Sweden
sara.zahedi@math.kth.se

Abstract

Cut Finite Element Methods (CutFEM) provide an attractive alternative to standard �nite element
discretizations by allowing interfaces and boundaries to intersect the computational mesh arbitrarily,
while retaining the accuracy and stability properties of conforming �nite element methods [1]. In
this talk, I introduce CutFEM and discuss recent developments in this class of un�tted �nite element
methods. I begin with the Stokes interface problem and present stabilization techniques that preserve
the incompressibility constraint, as well as approaches to achieve pressure robustness [2, 3]. Starting
from stationary problems, I then describe our strategy for time-dependent PDEs in evolving domains [4,
5]. I also present recent developments of CutFEM within a discontinuous Galerkin formulation for
hyperbolic PDEs [6, 7].
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3 Minisymposia � ODE D01 � Oscillations in Dynamical Systems

Slow-Fast Solutions of Abel Equations

María Jesús Álvarez, Peter De Maesschalck

Universitat de les Illes Balears, Palma de Mallorca, Spain
Unversiteit Hasselt, Hasselt, Belgium

chus.alvarez@uib.cat, peter.demaesschalck@uhasselt.be

Abstract

In this talk, we present an overview of the new results we have obtained concerning trigonometric
slow�fast Abel equations.

Speci�cally, we study the equation

ε
dx

dθ
= Aε(θ)x

3 +Bε(θ)x
2,

or equivalently the system {
θ̇ = ε,
ẋ = Aε(θ)x

3 +Bε(θ)x
2.

Our main goal is to characterize the limit cycles near the slow�fast regime, proving along the
way the existence of canard periodic solutions. To achieve this, we analyze the behavior of solutions
both near the critical curves and near in�nity. This analysis requires the use of the blow-up technique.

As a corollary of this study, we recover the result in [1], where the authors proved that the
maximum number of limit cycles of the linear trigonometric Abel equation is three.
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[1] X. Yu, J. Huang, C. Liu. Maximum number of limit cycles for Abel equation having coe�cients
with linear trigonometric functions. Journal of Di�erential Equations, 410 (2024), 301�318.
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3 Minisymposia � ODE D01 � Oscillations in Dynamical Systems

A Systematic Study of Two-Layer Canard Cycles

De Maesschalck Peter

Hasselt University, Belgium
peter.demaesschalck@uhasselt.be

Abstract

The talk discusses a published paper [1] that is joint work with F. Dumortier and R. Roussarie. We deal
with 2-layer canard cycles, extending well-known results of 1-layer canards such as the one appearing
in the classical Van der Pol system. We provide precise results on the number and the bifurcations of
the limit cycles that can be created from the canard cycles, con�rming that both the type of the layers
and the nature of the connections between the layers make a di�erence. We also prove an upperbound
on the cyclicity of a large class of 2-layer canard cycles.
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3 Minisymposia � ODE D01 � Oscillations in Dynamical Systems

Computer Assisted Study of a Perturbed Planar Vector Field
in the Quadratic Case

Zbigniew Galias∗, Warwick Tucker†, Alvaro Fernandez-Mora†

∗AGH University of Kraków, Kraków, Poland
†Monash University, Melbourne, Australia

galias@agh.edu.pl

Abstract

Determining how many limit cycles a planar polynomial system of di�erential equations can have is a
remarkably hard problem. In this work, we study the weak in�nitesimal Hilbert 16th problem which
asks for the number of limit cycles can a polynomial vector �eld of degree n have if it is close to a
Hamiltonian vector �eld.

We consider cubic Hamiltonians in the normal form

H(x, y) =
1

2
(x2 + y2)− 1

3
x3 + axy2 +

1

3
by3.

A perturbed system is de�ned as

dx

dt
= −∂H(x, y)

∂y
+ εf(x, y),

dy

dt
=
∂H(x, y)

∂x
+ εg(x, y),

where f and g are polynomials of degree 2. Let γh ⊂ {(x, y) : H(x, y) = h} with h ∈ (0, 1/6) be an
oval surrounding the origin.

In this work, we present a method to carry out a computer assisted proof that for �xed (a, b)
the number of limit cycles bifurcating from ovals γh for h ∈ (0, 1/6) is less than three. The method is
based on the relation between the number of such limit cycles and the number of isolated zeros of the
Abelian integrals I(h) =

∮
γh
f(x, y)dy − g(x, y)dx for h ∈ (0, 1/6).
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3 Minisymposia � ODE D01 � Oscillations in Dynamical Systems

Isolated Periodic Orbits in Behavioristic Di�usion Models

Robert Kooij

Faculty of Electrical Engineering, Mathematics and Computer Science,

Delft University of Technology, the Netherlands,
&

Unit ICT, Strategy & Policy, TNO,
(Netherlands Organisation for Applied Scienti�c Research), the Netherlands

r.e.kooij@tudelft.nl

Abstract

In 1992, Feichtinger [1] discussed an advertising di�usion model showing isolated periodic be-
havior as a result of the occurrence of the Andronov-Hopf bifurcation. We extend his result to a model
accounting for di�erent kinds of interaction di�usion and prove existence and uniqueness of the limit
cycle with the Zhang Zhifen theorem. Then we unfold a particular instance of the model equations
leading to a system that describes the in�uence of government policy regarding drug addicts. Again,
only a single stable regime is possible. The proof requires the more complicated theorem of Coppel
- Zeng Xianwu in this case. All models remain within the class of those having two state variables,
giving rise to families of planar vector �elds.
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3 Minisymposia � ODE D01 � Oscillations in Dynamical Systems

A Geometric Approach to Exponentially Small Splitting Phenomena

Kristian Uldall Kristiansen

Technical University of Denmark, 2800 Kgs. Lyngby, Denmark
krkri@dtu.dk

Abstract

In this talk, I will present a geometric and dynamical-systems-based method for exponentially small
splitting phenomena within the context of unfoldings of real-analytic zero-Hopf bifurcations. I will
consider the generic co-dimension two case, where our approach improves existing results, but also
degenerate cases with higher co-dimension. As a novel aspect, we relate the exponential splitting to
the lack of analyticity of invariant manifolds of generalized saddle-nodes. The blowup method plays
an important technical role as a systematic way to relate dynamics on di�erent orders of magnitude.
Moreover, as our approach takes place in the (complexi�ed) phase space, we do not rely on explicit
time-parametrizations of the unperturbed heteroclinic connections.
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3 Minisymposia � ODE D01 � Oscillations in Dynamical Systems

Unfoldings of Limit Cycles in Families of Centers

Joan Torregrosa

Universitat Autònoma de Barcelona - Cerdanyola del Vallès (Barcelona) - Spain
joan.torregrosa@uab.cat

Abstract

Classical bifurcation mechanisms, such as degenerate Hopf bifurcation, Melnikov theory, and
the averaging method, provide lower bounds for the number of limit cycles that a planar polynomial
vector �eld of �xed degree can exhibit. Typically, the analysis focuses on a single center. In this
talk, we show how exploiting families of centers can increase these lower bounds. In particular, we
investigate how the cyclicity depends on the speci�c point within a connected component of centers.
We present several examples, in both smooth and nonsmooth settings, illustrating this phenomenon
under di�erent perturbation techniques, near center points and heteroclinic connections.
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3 Minisymposia � ODE D01 � Oscillations in Dynamical Systems

Center Conditions and Cyclicity
for Generic Planar Polynomial Vector Fields

Warwick Tucker

School of Mathematics, Monash University, Melbourne, Australia
warwick.tucker@monash.edu

Abstract

We study the center-focus problem for planar polynomial vector �elds, which can be viewed as
a local version of Hilbert's 16th problem. Based on a Lyapunov function approach, we establish novel
results regarding the center-focus conditions. More precisely, under generic conditions, and for any
degree of a polynomial vector �eld, we �nd an upper bound on the size of the Bautin ideal generated
by the Lyapunov constants. This also provides an upper bound on the cyclicity of the systems we
consider. This is joint work with Yovani Villanueva, Universidade Federal de Goiás, Goiás, Brasil.
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3 Minisymposia � ODE D01 � Oscillations in Dynamical Systems

C1-Perturbations of a Continuum of Critical Points

Rafael Ortega and Antonio J. Urena

University of Granada, Granada, Spain
ajurena@ugr.es

Abstract

Given a real-valued function having a nondegenerate compact manifold of critical points, some
of these points survive under small C2-perturbations. This is a well-known result in critical point
theory. In 1986, Weinstein obtained the analogous conclusions when the perturbation is only C1 and
the ambient space is a �nite-dimensional manifold. In this work we present a complete proof for C1

perturbations in in�nite-dimensional Hilbert spaces. This is a joint work with R. Ortega.
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3 Minisymposia � ODE D02 � Delay Di�erential Equations and Applications

Spectral Element Methods for Boundary-Value Problems
of Functional Di�erential Equations

Alessia Andò

Department of Mathematics, Computer Science and Physics � University of Udine, Udine, Italy
alessia.ando@uniud.it

Abstract

We prove convergence of the spectral element method for piecewise polynomial collocation applied
to periodic boundary value problems BVP for functional di�erential equations. In particular, we
prove that the numerical collocation solution approximates the true solution with accuracy of order
e−ηm for some η > 0 and increasing degree m of the polynomials for a case that is common in
applications: di�erential equations where the right-hand side depends on a �nite number of delayed
arguments with parametric delays and real analytic coe�cients. For state-dependent delays the spectral
element method also converges under mild regularity assumptions, but the geometric convergence of
the collocation solution depends on the properties of the true solution, which may in general not be
real analytic even for analytic coe�cients.
We introduce the concept of extended local Lipschitz continuity of the right-hand side, which allows us
to extend our convergence results to the case of state-dependent delays. In particular, we can arrive at
the same geometric convergence statement by assuming, in this case, analyticity of the solution rather
than of the right-hand side.
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3 Minisymposia � ODE D02 � Delay Di�erential Equations and Applications

A Nonautonomous Chemostat System with Delays

Teresa Faria

Department of Mathematical Sciences and CEMS.UL, University of Lisbon, Lisbon, Portugal
teresa.faria@fc.ul.pt

Abstract

We consider a nonautonomous delayed chemostat system modelling n species in competition.
Conditions for the extinction versus persistence of all the species are established. When the coe�cients
and delays are periodic in time, criteria for the existence of (at least) n nontrivial and nonnegative
periodic solutions are given. Further results guarantee that the system admits at least one strictly
positive periodic solution. For the model with a simple microorganism, a re�nement of the previous
analysis provides the uniform persistence, as well as the global attractivity of a positive periodic
solution.

These results generalise and enhance recent achievements in the literature, see [1, 2].
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3 Minisymposia � ODE D02 � Delay Di�erential Equations and Applications

Discrete Lyapunov Functional for Cyclic Systems of Di�erential Equations
with Time-Variable or State-Dependent Delay

Ábel Garab

Bolyai Institute, University of Szeged, Hungary
garab@math.u-szeged.hu

Abstract
We consider nonautonomous cyclic systems of delay di�erential equations (DDEs) with variable

delay. Under suitable feedback assumptions, we de�ne an (integer valued) Lyapunov functional related
to the number of sign changes of the coordinate functions of solutions. We prove that this functional
possesses properties analogous to those established by Mallet-Paret and Sell for the constant delay
case and by Krisztin and Arino for the scalar case. This may serve as an e�ective tool in the study of
the global dynamics of DDEs with variable delays. For example, the results can be applied to cyclic
systems of DDEs with state-dependent delays to obtain a Morse-decomposition of the global attractor.

This is a joint work with István Balázs (U. Szeged).
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3 Minisymposia � ODE D02 � Delay Di�erential Equations and Applications

Connecting Orbits for Some Mackey�Glass Type Equations

Tibor Krisztin

University of Szeged, Szeged, Hungary
krisztin@math.u-szeged.hu

Abstract

Consider the delay di�erential equation

y′(t) = −ay(t) + bf(y(t− 1)) (1)

where b > a > 0, and f(ξ) = ξk

1+ξn with k > 0 and n > 0. The case k = 1 is the famous Mackey�Glass
equation, the case k > 1 appears in population models with the Allee e�ect, and k ∈ (0, 1) arises in
some economic growth models.

We consider an unstable stationary point of (1), and its unstable set. The unstable set contains
connecting orbits from the stationary point to a subset A of the phase space. The aim is to describe
the structure of A, which can be complicated for some parameter values, see [1].

In case k ∈ (0, 1) and the stationary point is 0, the invariant manifold technique is not applicable,
since the nonlinearity f is not di�erentiable at 0. Nevertheless, we construct a positive heteroclinic
solution from 0, in this singular case as well.
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3 Minisymposia � ODE D02 � Delay Di�erential Equations and Applications

On the Geographic Spread of Chikungunya between Brazil and Florida: A Multi-patch
Model with Time-delay

Jaqueline Mesquita

Universidade Estadual de Campinas, Brazil
jgmesquita@ime.unicamp.br

Abstract

Chikungunya (CHIK) is a viral disease transmitted to humans through the bites of Aedes
mosquitoes infected with the chikungunya virus (CHIKV). CHIKV has been imported annually to
Florida in the last decade due to Miami's crucial location as a hub for international travel, particularly
from Central and South America including Brazil, where CHIK is endemic. This paper presents a
comprehensive mathematical model for the geographic spread of CHIKV, incorporating pivotal factors
such as human movement, temperature, rainfall, vertical transmission, and incubation period. Central
to the model is the integration of a multi-patch framework, considering human movement between
endemic Brazilian states and Florida. We establish crucial correlations between the mosquito repro-
duction number Rm and the disease reproduction number R0, thereby advancing our understanding
of CHIKV transmission dynamics in complex multi-patch environments. Through numerical simula-
tions, validated with real population, temperature and rainfall data, it is possible to understand the
disease dynamics under many di�erent scenarios and make future projections, o�ering crucial insights
for devising e�ective control strategies. This is a joint work with A. Gondim, X. Huo and S. Ruan.
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Blow-up and Convergence of Solutions to a Di�erential Equation
with Delayed Negative Feedback

Yukihiko Nakata
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Abstract

There have been studies on the existence of �nite-time blow-up solutions for delay di�erential
equations, see [1, 2, 3, 4, 5]. For those equations, identifying blow-up solutions, estimating their blow-
up times and characterizing the blow-up behaviour are generally challenging problems. In this talk,
we discuss the dynamics of the following delay di�erential equation:

x′(t) = x(t)2 − x(t− τ), (2)

where τ > 0. Eq (2) is a simple model incorporating �self-ampli�cation� and a delayed negative
feedback. We discuss the blow-up phenomena of (2), comparing it to (2) with τ = 0, and provide
su�cient conditions on the initial function for �nite-time blow-up solution. We also investigate the
convergence of the solution to the zero solution. This study is based on the collaboration work with
T. Ishiwata (Shibaura Institute of Technology).
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On Simplicity of Solution Manifolds
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Abstract

Di�erential equations with state-dependent delays de�ne a semi�ow of continuously di�erentiable
solution operators in general only on the associated solution manifoldX ⊂ C1([−h, 0],Rn). For systems
with discrete state-dependent delays we construct a di�eomorphism on a neighbourhood of X which
takes X to an open subset of the subspace given by ϕ′(0) = 0. This is in line with earlier work on
the nature of solution manifolds. The present approach, however, is new and dismisses all hypotheses
beyond smoothness which have been instrumental so far. Compared to a recent case study it is more
direct in the sense that theory of algebraic delay systems is avoided.
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Impact of Spatial Heterogeneity in Developmental Delay on Population Dynamics
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Abstract

Developmental delay plays a crucial role in shaping population dynamics, particularly for species
whose maturation processes depend strongly on environmental conditions. In heterogeneous environ-
ments, the duration of developmental stages may vary across space, leading to complex patterns in
population distribution. In this talk, we present recent studies based on an integro-di�erential equa-
tion model incorporating spatially varying developmental delay, which introduces a nonlocal feedback
mechanism into the population dynamics of individuals undergoing maturation. In this framework, the
delay represents the time required for individuals to develop from one life stage to another, while its
spatial variability re�ects environmental heterogeneity across the habitat. Using tick populations as a
case study, we demonstrate the high sensitivity of population persistence to the speed of environmental
change. In particular, slow environmental changes may lead to population extinction, whereas rapid
environmental changes can facilitate population survival by redistributing individuals across space.
Furthermore, we show that for a prescribed spatial distribution pattern, it is always possible to con-
struct a corresponding spatially varying developmental delay such that the resulting stable positive
equilibrium exhibits the desired spatial mode.
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Nonlinear E�ects in Linear Delay Equations and Linear Approach to Nonlinear Models
with Delay Mortality
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Abstract

In the �rst part of the talk, we consider a scalar linear mixed di�erential equation with several
terms, both delayed and advanced arguments and a bounded right-hand side. Assuming that the
deviations of the argument are bounded, we present su�cient conditions when there exists a unique
bounded solution on the positive half-line. Explicit tests are obtained when a bounded solution of
a homogeneous equation decays exponentially. Existence of exponentially decaying solutions for this
class of di�erential equations has not been studied before. We show that the standard approach when
convergence of all solutions is stated does not work for mixed equations; in addition to an exponentially
decaying, there may be a growing solution. All the coe�cients and the mixed arguments are assumed
to be Lebesgue measurable functions, not necessarily continuous. Though the equation is linear, some
properties, as well as the methods applied, are more typical for nonlinear models, for example, �xed-
point theorems used in the proofs.

In the second part, we explore existence of positive solutions, persistence, and boundedness
of solutions for the Nicholson blow�ies model with delayed mortality term −δN(h(t)). Two global
stability tests for the positive equilibrium are obtained based on a linearized global stability method,
reducing stability of a non-linear model to a specially constructed linear equation. The �rst test extends
the absolute stability result to the case of delayed mortality, and the second one is delay-dependent.
This is a joint work with Leonid Berezansky ( Ben-Gurion University of the Negev, Israel) and Sandra
Pinelas (Academia Militar, Amadora, Portugal).
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Spectral Characterization of the Constant Sign Derivatives of Green's Functions
Related to Two-Point BVPs
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Abstract

This talk is devoted to the study of the following n-order linear di�erential equation

Tn[M ]u(t) := u(n)(t) +M u(t) = 0 , t ∈ [a, b] , (3)

where M ∈ R is a real parameter, coupled to the two-point boundary conditions

u(σ1)(a) = · · · = u(σk)(a) = 0, (4)

u(ε1)(b) = · · · = u(εn−k)(b) = 0, (5)

with k ∈ {1, . . . , n− 1} and the sets of indices {σ1, . . . , σk}, {ε1, . . . , εn−k} ⊂ {0, . . . , n− 1}, satisfying
that

0 ≤ σ1 < σ2 < · · · < σk ≤ n− 1 , 0 ≤ ε1 < ε2 < · · · < εn−k ≤ n− 1 .

More concisely, it is characterized the set of parameters M for which certain partial derivatives
of the Green's function gM , related to problem (3)�(5), are of constant sign, without relying on its ex-
plicit expression. It is proved that this set is an interval whose endpoints are characterized by the �rst
eigenvalues of the operator Tn[M ] coupled to suitable boundary conditions. As a consequence, some
su�cient conditions are provided ensuring that these derivatives cannot be nonpositive (or nonnega-
tive). The obtained results are compiled in [1] and extend, for the particular case of operator Tn[M ],
the ones proved in [2] for the constant sign of the Green's functions of the general n-th order linear
di�erential operator, with non constant coe�cients, and coupled to the boundary conditions (4)�(5).
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Radial Solutions to Equation with Inhomogeneous Operator
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Abstract

A nonlinear and non-autonomous second-order di�erential equation of the form

(a(t)Φ(x′))′ + b(t)F (x) = 0, t ≥ t0,

is considered. Here, the function Φ(u) = Φp(u)L(u) generalizes the classical p-Laplacian Φp(u) =
|u|p−2u for p > 1 and L is an even, continuous and positive function that is slowly varying at zero in
the sense of Karamata, and de�ned in a neighborhood of u = 0. Several applied examples of such Φ
are presented and, in particular, a speci�c di�erential equation involving an inhomogeneous operator
used to model material deformation under stress is given.

Moreover, the existence of global positive bounded solutions on the half-line with the Neumann
type boundary conditions is studied by means of an abstract �xed point theorem and certain properties
of an associated half-linear equation. The results do not require the explicit form of the inverse operator
of Φ, and are completed by an asymptotic analysis of these solutions near in�nity.

This is a joint research with Mauro Marini and Serena Matucci, University of Florence, Italy.
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Existence Results for Systems of First-Order Stieltjes Di�erential Equations
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Abstract

In the last years, there has been quite an interest in the theory of Stieltjes di�erential equations
which have the important advantage of providing a uni�ed framework to di�erential equations, discrete
equations, dynamic equations on time scales and di�erential equations with impulses at �xed times.
They are particularly useful for modeling evolution processes in which sudden changes and stationary
periods occur.

In this talk, we present existence results for systems of �rst-order Stieltjes di�erential equations
with a periodic boundary condition or an initial value condition. No growth condition is imposed on
the the right-hand side f . Our results rely on the method of g-solution-regions. Examples and an
application are also presented.
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Maximum Principle for the Hill Equation: Eigenvalue Approach
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Abstract

We consider the linear second-order periodic problem

−u′′ + p(t)u = h(t), u(0) = u(ω), u′(0) = u′(ω)

with a sign-changing coe�cient p and provide new possible answers to one of its related fundamental
questions:

For which p does a nonnegative h result in a nonnegative u?

In other words, for which p does the maximum principle hold. We can �nd several necessary and/or
su�cient conditions on the coe�cient p in the extensive relevant literature. Optimality and especially
applicability and veri�ability of these conditions are crucial for further studies of related nonlinear
problems.

Inspired by our previous results concerning the fourth-order problems, we state alternative
series of (optimal and/or veri�able) conditions on p based on the principal weighted eigenvalue of the
corresponding linear operator. We also present particular examples and comparison with some so far
known conditions.
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Are Nonlinear First Order Caputo Fractional Di�erential Equations Solvable?
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Abstract

Consider the �rst order Caputo fractional di�erential equation (FDE)

(D1−α
C,a+u)(x) := (Iαa+u′)(x) = f(x, u(x)) for almost every x ∈ [a, b],

where α ∈ (0, 1), Iαa+ is the Riemann-Liouville fractional integral, u′ is the traditional �rst-order
derivative and f : [a, b] × [0,∞) → R is a function. The Caputo FDE can be a single equation or a
system of equations.

It was claimed in some previous papers that if f satis�es the locally Lipschitz condition in the
second variable, then the Caputo FDE has a unique solution. However, the result would be incorrect,
see the open question below.

The above result has been widely used in the literature to obtain the existence and uniqueness of
solutions of a variety of models such as disease models and predator-prey models published, for example
in Scienti�c Reports, PLoS One, Epidemics, Communications in Nonlinear Science and
Numerical Simulation. However, these previous results which applied the above claimed result to
obtain the existence and uniqueness of solutions of the models would not be correct unless one can
prove that the locally Lipschitz condition implies the necessary condition for the Caputo FDE to have
solutions:

Fu ∈ Iαa+(L1[a, b]) for all u ∈ S,

where S is a ball in C+[a, b] and (Fu)(x) = f(x, u(x)) for almost every x ∈ [a, b].
The open question is under what conditions on the nonlinearity f , does the above necessary

condition hold?
It is noted that if the nonlinearity f satis�es the locally Lipschitz condition in the second variable

or is in�nitely di�erentiable, it is unknown whether f satis�es the necessary condition.
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On the Existence of Positive Solutions to Boundary Value Problems
with Riemann-Liouville Fractional Derivatives
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Abstract

We investigate the existence, non-existence, uniqueness, and multiplicity of positive solutions to
the following problem {

Dα
0+u+ h(t)f(u) = 0, 0 < t < 1,

u(0) = u(1) = 0,

where Dα
0+ is the Riemann-Liouville fractional derivative of order α ∈ (1, 2]. Firstly, by characterizing

the �rst eigenvalue λ1(α) of the associated eigenvalue problem, we establish the existence of positive
solutions for both sublinear and superlinear cases relative to λ1(α), thereby extending previously known
results. Secondly, we address the uniqueness of these solutions. In the sublinear case, we impose certain
monotonicity conditions on f , while for the superlinear case, we assume a speci�c condition on h to
ensure uniqueness at α = 2. For values of α near 2, uniqueness is established by leveraging the non-
degeneracy of the unique solution. Finally, we apply this methodology to Hénon-type problems to
demonstrate the existence of at least three positive solutions. This is a joint work with Inbo Sim
(University of Ulsan).

References

[1] I. Sim and S. Tanaka, Positive solutions for fractional-order boundary value problems with or
without dependence of integer-order ones, Fract. Calc. Appl. Anal. 29 (2026), no. 1, 66�100.

52



3 Minisymposia � ODE D03 � Iterative and Topological Methods in Boundary Value Problems

Multiple Solutions of Dirichlet Problems to Implicit Di�erential Equations
and Inclusions in Billiard Spaces
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Abstract

This is a joint work with Jan Andres (Palacký University in Olomouc, Czechia). We investigate a
Dirichlet problem for implicit di�erential inclusion of the second order with state-dependent impulses
in the form

x′′ ∈ f(t, x, x′, x′′) if t ∈ [0, T ], x ∈ intK,

x(s+) = ẋ(s) + I(x(s), ẋ(s)), if x(s) ∈ ∂K,

x(0) = A, x(T ) = B, A,B ∈ intK,

where K is an interval in Rn, f : [0, T ] × K × R2n ⊸ Rn is the Marchaud mapping, the impulse
function I corresponds with the absolutely elastic impact of the ball at the boundary of the "billiard
table" K, T > 0. We give existence and multiplicity result for solutions with prescribed number of
impacts.
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Nonlocal Di�erential Problems in Abstract Spaces
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Abstract

This talk presents results on the existence and localization of solutions for nonlocal di�erential problems
in abstract spaces. The di�erential equations under consideration involve a term governed by an m-
dissipative maximal monotone operator, which may also be nonlinear. The proposed approach is
based on �xed point theorems combined with so-called transversality conditions, o�ering a unifying
framework for the study of di�usion models in various settings. This method covers both periodic and
more general nonlocal initial conditions, such as multipoint or integral-type conditions, and can handle
nonlinearities with superlinear growth, including cubic-type terms or nonlinearities depending on the
integral of the solution, thus capturing behaviors characteristic of nonlocal di�usion phenomena. The
talk is mainly based on the papers [1], [2], [3].
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On Impulsive Problems Driven by Second Order Di�erential Inclusions
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Abstract

The talk will be about new results, obtained in [1], [2] in collaboration with Tiziana Cardinali (Univ. of
Perugia) and Valentina Taddei (Univ. of Modena and Reggio Emilia) on the existence of impulsive mild
solutions for a problem driven by the following non-autonomous semilinear second order di�erential
inclusion

x′′(t) ∈ A(t)x(t) + F (t, x(t), x′(t)), (6)

where {A(t)}t is a suitable family of operators generating a fundamental system (see [3]).
To establish this goal, we �rst investigate the existence of mild solutions for a Cauchy problem governed
by the same di�erential inclusion (6) with initial value belonging to a suitable space Eγ , γ ≥ 0. We
introduce this space, by extending a classical set presented by Travis and Webb in order to study
autonomous problems. In this setting we obtain continuously di�erentiable mild solutions even in
absence of compactness or strong regularity assumptions on the multivalued nonlinearity.
Then, the impulsive problem is treated by constructing a subspace E ⊂ Eγ , and by requiring an
evolution property on the fundamental system generated by the family {A(t)}t. This assumption
plays a key role in ensuring the regularity of the solutions and in using the gluing method to achieve
the existence of impulsive mild solutions.
As an application of our results we study an impulsive problem, subjected to a control action given by
a multimap U , monitored by the following hyperbolic integro-di�erential equation

∂2w

∂t2
=
∂2w

∂ξ2
+ b(t, ξ)

∂w

∂ξ
+ λ(t, ξ)w

+ p

(
t, ξ,

∫ 1

0

h(ξ, s)w(t, s)ds,

∫ 1

0

k(ξ, s)
∂w

∂t
(t, s)ds

)
+ u(t, ξ),

with u(t, ξ) ∈ U(t, ξ).
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Abstract

This talk is based on joint work with Valentina Taddei (University of Modena and Reggio Emilia,
Italy).

We study the controllability of semilinear second-order problems in abstract spaces in the case
when the right-hand side depends on the �rst derivative. At �rst, the de�nition of controllability for
second-order problems in Banach spaces that considers both the solution and its derivative at the �nal
point using a unique control is introduced. Afterwards, su�cient conditions for such controllability are
obtained. The results are achieved by combining the Schauder �xed point theorem with the approx-
imation solvability method and weak topology. This combination enables getting the results under
easily veri�able and non-restrictive conditions imposed on the cosine family generated by the linear
operator and without any requirements for compactness of the right-hand side. The talk concludes by
applying the obtained results to a system governed by the Klein-Gordon equation.

References

[1] M. Pavla£ková, V. Taddei, On a new concept of controllability of second-order semilinear dif-
ferential equations in Banach spaces. Mathematical Control and Related Fields 15 (3) (2025),
1150-1173. https://doi.org/10.3934/mcrf.2025002

56



3 Minisymposia � ODE D04 � Nonlocal Evolution Problems in Abstract Spaces

Evolution Problems with Nonlocal Equations and Constraints: a Survey
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Abstract

Nonlocal evolution problems arise naturally in the study of dynamical systems where the present
state depends not only on instantaneous data but also on past or globally distributed information. Such
nonlocal features may appear both in the evolution equation, through delay or history�dependent
terms, and in the associated constraints, including multipoint, integral, or functional conditions. This
survey presents an overview of abstract evolution problems involving various types of nonlocal equa-
tions and nonlocal constraints, with particular emphasis on the notion of the support of a nonlocal
condition and its in�uence on solvability. Existence results are obtained by means of general �xed point
techniques combined with the use of suitable equivalent Bielecki-type norms. For systems of equations,
vectorial methods based on matrix estimates are employed, allowing componentwise information on
the behavior of solutions. The presentation refers to some of the results obtained jointly with several
collaborators, and suggests some perspectives for further developments.
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Quasi-Periodic Breathers for Klein-Gordon Chains and Discrete Nonlinear Schrödinger
Equations with Quasi-Periodic Potential
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Abstract

We study whiskered quasi-periodic breathers for nonlinear Klein-Gordon chains with tangent po-
tential or Maryland potential. Remarkably, nonlinear Klein�Gordon chains not only lose gauge invari-
ance of the perturbation, but also they have in�nite normally-hyperbolic directions. Using orthogonal
transformation technique of linear operator and Kolmogorov-Arnold-Moser(KAM) iteration mecha-
nism together with decay property of perturbation, we obtain the whiskered quasi-periodic breathers
with positive measurable subset of spatial parameter. We also investigate multi-dimensional, discrete
nonlinear Schrödinger equations, which carry quasi-periodic, analytic potentials(non-constant) with
general form. By using KAM approach, the nonlinear Schrödinger equations with small perturbations
admit the existence of small-amplitude quasi-periodic solutions.
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Quasiperiodic Motion in a Planar Sun�Jupiter�Saturn System
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Abstract

In this talk, we present evidence for the stability of a simpli�ed model of the Solar System:
a planar (Newtonian) Sun�Jupiter�Saturn system with realistic parameters, namely the planetary
masses, semi-major axes, eccentricities, and precession rates close to the observed ones. The evidence is
based on numerical computations indicating that a KAM theorem applies to the Hamiltonian equations
of the model, leading to quasiperiodic motion on an invariant torus.

This is joint work with Jordi-Lluís Figueras (Uppsala University).
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Abstract

We study ejection-collision solutions in several cases of the N -body problem, starting with
the restricted three-body problem in the planar case. In these solutions the particle of negligible mass
passes several times near one of the primaries before colliding with it. In the so-called lunar regime, the
Hamiltonian is a perturbation of the Kepler problem. In a �rst step, applying the Han-Li-Yi theorem,
we prove the persistence of KAM tori �lled in with quasi-periodic motions of the small particle. This
is achieved by using some techniques of Hamiltonian dynamics including regularisation of collision
orbits, normalisations and symplectic reductions. Second, from the rectilinear quasi-periodic motions
we identify those corresponding to the ejection-collision solutions. The analysis of these solutions in
the planar case of the restricted three-body problem has been performed since the 1980s and more
recently by M. Ollé and collaborators from both an analytical and a numerical point of view. Our
approach is generalised to the planar restricted N -body problem and also to the spatial case of the
restricted three-body problem. In the restricted N -body problem normally four families are found,
but under some extra symmetries and degeneracies related to the con�gurations of the primaries, more
families can be obtained. In the spatial restricted three-body problem, in addition to the four families
found in the planar case, two new families of ejection-collision orbits are identi�ed, that correspond to
vertical motions of the negligible particle. The analysis of the spatial restricted three-body problem
has been performed mainly numerically, hence the interest in applying the techniques mentioned for
the search for analytical results.

This is a joint work with Aitor Ayape, Xabier Larequi and Patricia Yanguas.
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Abstract

We construct time quasi-periodic solutions to the nonlinear Klein-Gordon equation with poly-
nomial nonlinear terms on the two dimensional torus:

∂2u

∂t2
−∆u+ u+ up+1 = 0.

To our knowledge, this is the �rst such result for the Klein-Gordon equation above dimension
one. The analysis explores in an essential way the submodule structure on a dual Fourier lattice. We
shall discuss the main ideas of the approach.
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Nekhoroshev Estimates for Multi-Scale Hamiltonian Systems

Lu Xu

Jilin University, Changchun, China
xulu@jlu.edu.cn

Abstract

Motivated by applications arising in celestial mechanics, we give some Nekhoroshev stability
estimates for multi-scale nearly-integrable Hamiltonian systems. Particular attention is paid to two
special cases: (I) The integrable part at each scale is (α,K) completely non-resonant; and (II) the
resonance only occurs in the highest scale of the integrable part. By considering non-resonance and
obtaining normal forms via a �nite number of steps of an averaging process, not only do we obtain the
Nekhoroshev estimates for both cases, but also we reveal some impacts of multi-scales on the nature
of stability. In particular, the estimates of the stability time are determined by the smallness of the
perturbation in the normal form, while the stability radius is also in�uenced by the resonant gap in
the second case. Moreover, in the non-resonant case, the estimates of each component are relatively
independent, while in the resonant case, the stability time is determined by both non-resonant and
resonant terms. Some examples of multi-scale Hamiltonian systems arising as perturbations of the
Kepler problem are given to illustrate the application of our results.
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Abstract

The purpose of this work is to provide a qualitative explanation of the co-orbital motion of two
small moons orbiting a common planet.

The two moons revolve around the planet along nearly circular trajectories with almost equal
radii. The system is modelled as a planar three-body problem, whose Hamiltonian function is de-
veloped as a perturbation of two decoupled Kepler Hamiltonians. Techniques from averaging theory
are combined with normal forms, symplectic scalings, and Hamiltonian reduction, together with the
application of a suitable KAM theorem for highly degenerate cases.

The goal is to establish the persistence of 4-dimensional KAM tori and quasi-periodic solutions
associated with the co-orbital motion of the moons. A region of the reduced phase space (which is the
Cartesian product of a two-sphere and a two-sheeted hyperboloid of revolution) must be selected, and
within this portion of phase space the Hamiltonian is expressed in suitable action-angle coordinates at
successive orders of perturbation, up to fourth order, in order to apply KAM theory. One of the action
variables is related to the angular momentum and can take any value, thereby extending previous work
by the same authors.

Finally, applications to the motion of Janus and Epimetheus around Saturn are discussed, as
well as the generalisation to the spatial three-body problem.

This work is a collaboration with Josép María Cors and Jesús F. Palacián.
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Quasi-Periodic Breathers in Newton's Cradle
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Abstract

Quasi-periodic breathers are important coherent structures in in�nite-dimensional Hamiltonian
systems that are spatially localized and temporally quasi-periodic. In the real analytic case, they are
well understood, but the �nitely smooth case, including granular chains and Newton's cradles with
Hertzian contact potentials, had been long-open. This talk will present a recent result on the existence
of quasi-periodic breathers in a broad class of �nitely smooth Hamiltonian lattices and networks. To
overcome obstacles in applying KAM method due to the �nite smoothness of potentials and to obtain
a sharp estimate of the localization rate of the quasi-periodic breathers, the proof of the result uses the
Jackson-Moser-Zehnder analytic approximation technique but with re�ned estimates on error bounds,
depending on the smoothness and dimension, which provide crucial controls on the convergence of
KAM iterations.
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Spontaneous Particle Aggregation with Memory
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Abstract

We present a nonlinear and nonlocal model of spontaneous biological aggregation. On the
microscopic scale it is represented as an agent-based stochastic model where each individual modulates
its randommovement based on the perceived local density of its neighbours. Memory is introduced via a
chain of internal variables, allowing agents to retain past environmental information. With appropriate
parameter settings the model exhibits emergent formation of particle clusters. We present results
of systematic stochastic simulations, showing that short-term memory promotes cluster coarsening,
while long-term memory disrupts aggregation, increasing the number of outliers and instances with no
clustering. Statistical analysis shows that memory inhibits the particles' responsivity to environmental
cues, speci�cally the perceived density of their neighbours, explaining the reduced clustering tendency
at higher values of the memory length.To gain deeper insights into the formation and shape of particle
clusters, we derive the Fokker-Planck equation in the macroscopic limit, characterize its steady states
and provide results of numerical simulations.
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Dynamics of a Piecewise Smooth Ghil-Zaliapin-Thompson
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Abstract

The Ghil�Zaliapin�Thompson (GZT) model, a scalar delay di�erential equation with periodic
forcing and time-delayed feedback, captures key features of the El Niño�Southern Oscillation (ENSO)
phenomenon. Numerical studies have revealed parameter regimes of very complex dynamics, but its
analytical treatment remains challenging. To bridge this gap, we propose [1,2] a piecewise smooth
version of the GZT model

h′(t) = −sign(h(t− τ)) + c cos(2πt),

with piecewise constant delayed feedback and continuous periodic forcing.
For this piecewise smooth GZT model we explicitly construct n:s-periodic orbits of odd integer

period n with s upward crossings of zero, and derive existence and stability conditions for them, and
identify the bifurcations that delimit their regions of existence in the (τ, c)-parameter plane.

For c≫ 0 we show that there is a unique stable 1:1-periodic orbit (seasonal forcing dominates),
which loses stability along a bifurcation curve that we identify explicitly. For most values of τ this
occurs in a torus bifurcation. For small c the dynamics is altogether more interesting with overlapping
resonances tongues composed of n:s and n:(s+2)-periodic orbits with n and s odd and s ≤ (n− 1)/2.
All of the period n orbits that we study satisfy h(t) = −h(t + n/2), and this symmetry is central to
our constructions and analysis.

This is joint work with Sam Bolduc-St-Aubin of the University of Auckland, New Zealand.

References

[1] S. Bolduc-St-Aubin and A.R. Humphries Seasonal Forcing Dominated Dynamics of a
piecewise smooth Ghil-Zaliapin-Thompson ENSO model. arXiv:2510.27084 [math.DS] doi:
10.48550/arXiv.2510.27084 (2025)

[2] S. Bolduc-St-Aubin and A.R. Humphries Resonant Dynamics of a piecewise smooth Ghil-Zaliapin-
Thompson ENSO model. In preparation (2026)

66



3 Minisymposia � ODE D06 � Di�erential Equations for Living and Interacting Systems

Complex Bifurcations Generated by Waning and Boosting of Immunity in Infectious
Disease Dynamics
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Abstract

We investigate a class of epidemiological models that incorporates waning of immunity at the
individual level and boosting of the immune system upon re-exposure to the pathogen. When immu-
nity is fully restored upon boosting, the system can be expressed as an SIRS-type model with discrete
and distributed delays. We conduct a numerical bifurcation analysis varying the boosting force and
the maximum period of immunity (in the absence of boosting), while keeping other parameters �xed at
values representative of a highly infectious disease like pertussis. The stability switches of the endemic
equilibrium, identi�ed numerically, are validated using an established analytical approach, con�rm-
ing that the equilibrium is unstable in a bounded parameter region, and stable outside this region.
Using recently developed continuation methods for models with discrete and distributed delays, we
explore periodic solutions and their bifurcations. Our analysis signi�cantly extends previous �ndings
and reveals a rich dynamical landscape, including catastrophic bifurcations of limit cycles, torus bi-
furcations, and bistability regions where two stable periodic solutions coexist, di�ering in amplitude
and period. These complex bifurcations have critical public health implications: perturbations�such
as non-pharmaceutical interventions�can shift the system between attractors, leading to long-term
consequences on infectious disease dynamics from short-term measures.

Joint work with Francesca Scarabel, Mónika Polner, Daniel Wylde, Maria Vittoria Barbarossa.
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Homogeneous Boltzmann-Type Equations on Graphs
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Abstract

In this talk, we present recent results on homogeneous (i.e., space-independent) Boltzmann-type
collisional kinetic equations for interacting multi-agent systems on graphs. The graph structure encodes
preferential interaction patterns among agents, departing from the classical �all-to-all� interaction
framework.

We focus, in particular, on mathematically consistent approaches for embedding graph structures
into homogeneous Boltzmann-type equations, considering both �nite and in�nite graphs, as well as
their limiting graphons. Relevant motivating applications include kinetic models for the spread of
infectious diseases and for opinion formation dynamics.
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Period Two Implies Chaos for a Class of ODEs Revisited
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Abstract

It is well known that neither the celebrated Sharkovsky cycle coexistence theorem, nor Li-
Yorke's �Period three implies chaos� can be applied in their standard forms to di�erential equations.
On the other hand, Obersnel and Omari (cf. [3]) formulated, in reaction to our earlier results, the
Sharkovsky-type theorem for the scalar ODEs, but without Sharkovsky's ordering and no exceptional
cases. Nevertheless, despite a rather provocative title of [3], there is no related information about
chaos at all.

The main aim of our talk is therefore to deduce criteria of chaos in terms of the associated
multivalued Poincaré translation operators along the trajectories of given scalar ordinary di�erential
equations and inclusions. Besides other things, we will show that such criteria essentially depend on
the de�nitions of various sorts of chaos. For instance, topological entropy can be at the same time
in�nite in the sense of one de�nition and zero in the sense of another.

As far as we know, some particular results along these lines were obtained just by Pireddu (cf.
[4]) in terms of the Bebutov �ows, in [1] via single-valued chaotic selections and more recently in [2]
for hidden orbits of discontinuous maps.
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Abstract

We investigate stability and instability properties for (i) linear fractional systems and (ii) two-
term linear fractional di�erential equations incorporating Prabhakar-type derivatives. Using Laplace-
transform techniques, we derive the corresponding characteristic equations, connecting asymptotic
stability properties to the location of characteristic roots in suitable complex sectors. The analysis
distinguishes stability properties that depend on the fractional orders from those that are robust
with respect to order variations, highlighting how the Prabhakar parameters deform classical stability
wedges known from Caputo-type counterparts.

Numerical investigations are also presented to complement the theoretical results: we compute
stability maps and root/eigenvalue loci across fractional orders and Prabhakar parameters and validate
predicted regimes through time-domain simulations. Our aim is to provide uni�ed analytical and
computational tools for the stability analysis of Prabhakar-type fractional-order systems.
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Abstract

In recent years fractional initial and boundary value problems have attracted much attention in
the �eld of mathematical modeling due to the ability of fractional operators to capture non-local and
memory e�ects. Such e�ects are relevant in many physical processes, thus making fractional di�er-
ential equations (FDEs) a suitable modeling tool. Despite of the mentioned advantages of fractional
operators, the inherent nonlocality of fractional calculus introduces several di�culties. Closed-form
solutions to FDEs � particularly those encountered in engineering and applied sciences � are rarely
available, especially when nonlinearities are involved. Traditional analytical methods tend to have lim-
ited applicability or require substantial adaptation to handle fractional formulations. In addition, the
computational cost of numerical techniques for FDEs is typically higher than for classical integer-order
models.

In my talk I will explain how a suitable parametrization technique and construction of functional
sequences can not only ensure existence and uniqueness of solutions to the studied FDEs, but also
enables approximation of these solutions with high precision. I will demonstrate e�ciency of the
presented approach on concrete examples of fractional initial and boundary value problems arising
from applied sciences. The presented results will be based on the recent papers with Dona Pantova [1]
and Niels Goedegebure [2].
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Abstract

This study summarizes recent results on the asymptotic stability of linear di�erential equations
with discrete and distributed delays. It is important to clarify the stability dependence on parameters
of delay autonomous equations. Stability results are classi�ed into two types: results on stability
regions in the parameter space of the coe�cients under �xed delays, and results on delay-dependent
stability conditions under �xed coe�cients. The aim of this study is to derive the latter stability
conditions.
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Abstract

The fractional calculus has become increasingly popular in modelling dynamical systems with memory
and hereditary properties. However, despite achieving many important results, there are still challenges
in the fundamental qualitative analysis of important classes of di�erential or di�erence equations.
Those are mainly due to the non-locality of the fractional operator (which depends on the initial point).
Consequently, autonomous equations in fact do not behave like autonomous (the group property of
the �ow ϕs+t = ϕs ◦ ϕt is not valid any more).

Here, we present several results on the stability and asymptotic properties of some classes of
fractional di�erential equations, with a focus on their discretisation.
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Abstract

In this talk, we consider nonautonomous linear ordinary di�erential equations with Kirchho�
coe�cients. We give su�cient conditions for the global asymptotic stability of the solutions. Under
appropriate additional assumptions, we give an asymptotic description of the solutions in terms of
the Perron vectors of the coe�cient matrices. This is a joint work with Professors Josef Diblík (Brno
University of Technology, Czech Republic) and Gábor Szederkényi (Pázmány Péter Catholic University
and HUN�REN Institute for Computer Science and Control, Hungary).

74



3 Minisymposia � ODE D08 � Asymptotic Theory of Di�erential Equations of Real Orders

Tempered Ψ-Fractional Calculus:
Integral Inequalities and Their Applications

Michal Pospí²il

Faculty of Mathematics, Physics and Informatics, Comenius University in Bratislava,
Bratislava, Slovakia

Mathematical Institute, Slovak Academy of Sciences, Bratislava, Slovakia
michal.pospisil@fmph.uniba.sk

Abstract

The notion of the tempered Ψ-Hilfer fractional integral was recently introduced to establish
a connection between the tempered Riemann�Liouville fractional integral and Ψ-Riemann�Liouville
fractional integral. By modifying the classic integral inequalities using a desingularization method
for integrals with weakly singular kernels, new nonlinear integral inequalities with the tempered Ψ-
Hilfer fractional integrals are derived. Results for di�erential equations involving the tempered Ψ-
Caputo fractional derivative, such as Ψ-exponential stability, nonexistence of blow-up solutions, and
the existence of a unique solution, are derived with the aid of these inequalities.
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Abstract

In the �rst part of the talk, we will discuss how asymptotic relations are preserved under
integration and di�erentiation in the sense of fractional operators. We will examine fractional ana-
logues/extensions of Karamata's integration theorem, the monotone density theorem, the generalized
L'Hospital rule, and related results. The second part will be devoted to applications of these tech-
niques in the asymptotic theory of fractional di�erential equations. Special attention will be devoted
to phenomena that have no integer analogue.
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Di�erentiability of the Solution Operator of a Sweeping Process
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Abstract

We show that the solution operator for a sweeping process (equivalently, the stop operator of
hysteresis, or a certain energetic system) possesses a directional derivative if the convex constraint has
a smooth boundary or is a polyhedron of a certain type. The derivative satis�ed a variational system
where the Kurzweil integral crucially enters. We indicate applications to optimal control.
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Koopman Semigroups on Lebesgue Spaces
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Universidad de Zaragoza, Spain
pjmiana@unizar.es

Abstract

Composition operators in dynamic systems are often referred to as Koopman operators, in
honor of the French-American mathematician Bernard Osgood Koopman (1900�1981). In this talk,
we present a brief introduction to Koopman semigroups. We then introduce three examples of weighted
Koopman semigroups de�ned on fractional Lebesgue-Sobolev spaces on the real ray.

We are also interested in connecting Koopman semigroups in Lebesgue spaces of functions
Lp(R+) and semigroups in Lebesgue spaces of sequences ℓp for 1 ≤ p < ∞. To achieve this, we use a
certain Poisson transformation P : Lp(R+) → ℓp and its adjoint P∗, which allows us to transfer the
semigroup properties from one space to another. Two Koopman semigroups in ℓp are presented and
related to the canonical Koopman semigroup in Lp(R+).

In the last part of the talk, we introduce operators that extend Cesáro operators (called Chen-
type integral operators) subordinate to these Koopman semigroups in Lp(R+) and ℓp.

The �rst results of this article are joint work with Verónica Poblete from the University of Chile
and are published in Monatshefte für Mathematik, 206, (2025). The second part of the talk contains
results from a preprint available on the Arxiv platform.
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The Kurzweil Integral in Hysteresis Modeling
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Abstract

Many systems in science and engineering show hysteresis � a memory e�ect in which the response
of a system depends not only on its current input but also on its history. The fact that certain
memory e�ects is independent of the speed naturally leads to an extension of hysteresis operators to
processes with jump discontinuities. Notably, the distinctive features of the theory of integration due
to J. Kurzweil make it particularly well suited for studying such discontinuous processes. In this talk
we discuss how the use of the Kurzweil integral has proven valuable in modeling hysteresis.

Acknowledgments: This work was supported by GACR project GA24-10586S.
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The Kernel of the Stieltjes Derivative
in the Analysis of Cauchy Problems
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Abstract

In this talk, we investigate the existence and uniqueness of solutions to �rst-order Stieltjes
di�erential problems, with particular emphasis on the structural role of the Stieltjes derivative and its
kernel. We provide a complete characterization of this kernel by establishing necessary and su�cient
conditions for a function to possess a vanishing Stieltjes derivative.

A key feature distinguishing the Stieltjes setting from the classical framework is the nontriviality
of the kernel of the associated di�erential operator. As a consequence, solutions to �rst-order Stieltjes
di�erential equations are, in general, not unique. To properly address this phenomenon, we introduce a
suitable functional space that allows us to recover a well-posed analytical framework for these problems.
This approach highlights the structural di�erences with respect to classical di�erential equations and
provides the appropriate tools to handle the intrinsic lack of uniqueness.
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Exponential Stability of Second Order Delay Di�erential Equations through Floquet
Theory with Application to Angular Stabilization of Drone Flight
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Abstract

In this talk, we obtain results on exponential stability of second order delay di�erential equations,
which are based on a version of the Floquet theory for delay di�erential equations of the second order
we proposed. Our version allows researchers to preserve the order of equation and to obtain analogues
of the classical results of the Floquet theory known for ordinary di�erential equations. On the basis
of our version of the Floquet theory, new original unexpected results on the exponential stability are
proposed.

Our results do not assume smallness of the product of delay and gain. We demonstrate that
choosing period of coe�cients and delays of the gain in corresponding intervals allows to achieve
the exponential stabilization in the cases considered as impossible when the standard technique was
applied. Then we use obtained stability tests in a model of angular stabilization of drone's �ight.

Results of the talk were obtained in joint paper with O.Kupervasser, S.Malev and T.Shavit.

Key Words and Phrases: Delay Equations, Floquet theory, Exponential stability without as-
sumption on smallness the product of gain and delay
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Generalized Oscillation Theory for Canonical Di�erential Systems
on Hybrid Time Domains
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Abstract

We will present the development of the notion of a generalized focal point and its multiplicity for
matrix-valued solutions of canonical di�erential systems on continuous, discrete, and arbitrary hybrid
time domains (time scales). Such a notion leads to proper Sturm separation theorems, both in the
local and global sense. The main results were obtained in a joint work with Peter �epitka (Masaryk
University) and Vera Zeidan (Michigan State University).

References

[1] W. Kratz, Discrete oscillation, J. Di�erence Equ. Appl. 9 (2003), no. 1, 135�147.

[2] W. Kratz, De�niteness of quadratic functionals, Analysis (Munich) 23 (2003), no. 2, 163�183.

[3] P. �epitka, R. �imon Hilscher, Generalized focal points and local Sturmian theory for linear Hamil-
tonian systems, Discrete Contin. Dyn. Syst. 43 (2023), no. 12, 4139�4173.

[4] P. �epitka, R. �imon Hilscher, Contributions to generalized oscillation theory of linear Hamiltonian
systems, Results Math. 79 (2024), no. 8, Article No. 263, 47 pp.

[5] P. �epitka, R. �imon Hilscher, V. M. Zeidan, Oscillation theory on hybrid time domains: Local
oscillation properties, J. Di�erential Equations 457 (2026), 114080, 42 pp.

[6] P. �epitka, R. �imon Hilscher, V. M. Zeidan, Oscillation theory on hybrid time domains: Global
oscillation properties, submitted (2025).

[7] M. Wahrheit, Eigenvalue problems and oscillation of linear Hamiltonian systems, Int. J. Di�erence
Equ. 2 (2007), no. 2, 221�244.

82



3 Minisymposia � ODE D10 � Oscillation Theory for Di�erential Equations

On an Optimal Strict Sturm Majorant Condition for Second Order Linear
Di�erential Equations

Peter �epitka
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Abstract

This is a joint work with Roman �imon Hilscher. Given a real interval I and continuous functions
r̂, p̂, r, p : I → R we consider two second order linear di�erential equations(

r̂(t)x̂′
)′
+ p̂(t)x̂ = 0,

(
r(t)x′

)′
+ p(t)x = 0, t ∈ I. (7)

together with the majorant condition

p̂(t) ≤ p(t), r̂(t) ≥ r(t) > 0, t ∈ I. (8)

In this talk we present a new type of condition (8) for equations in (7) on a general noncompact
(possibly unbounded) interval I derived in [6]. This can be viewed as an-extension of the classical
result by Coppel in [3] for the compact interval I as well as an-extension of the result of Aharonov
and Elias in [1, 2] for the noncompact interval I under assumption r(t) = r̂(t) on I. We will apply
a singular Sturmian theory for possibly uncontrollable linear Hamiltonian systems, which was recently
developed in [4, 5]
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Renormalized Oscillation Theory for Hamiltonian Pencils
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Abstract

Eigenvalue problems arising in hydrodynamics, quantum mechanics, and magnetohydrodynam-
ics (MHD) often admit formulations as linear Hamiltonian systems with suitable boundary conditions.
In many physically relevant settings, these systems involve singular boundary conditions and may
depend nonlinearly on the spectral parameter.

In this talk, we present a general framework for analyzing a broad class of such systems. We
obtain renormalized oscillation results through the Maslov index associated with suitably chosen paths
of Lagrangian subspaces. We conclude by applying our framework to analyze the spectrum in each of
our motivating examples.
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Blow-up Problems to Some Delay Di�erential Equations
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Abstract

Time delays frequently arise in biological and social phenomena and are often modeled math-
ematically by delay di�erential equations. It is also well known that many such phenomena exhibit
nonlinear behavior. In this talk, we consider how the interaction between time delay and nonlin-
earity in�uences the behavior of solutions, focusing in particular on the phenomenon of �nite-time
blow-up. After brie�y reviewing several results on blow-up problems in equations with constant delay,
we present our main results on �nite-time blow-up in systems with distributed time delays and with
state-dependent delays. This talk is based on joint works with Y. Nakata and J. Nishiguchi.
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Existence and Uniqueness of L1-Solutions to Time-Fractional Nonlinear
Di�usion Equations

Tatsuki Kawakami

Ryukoku University, Otsu, Japan
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Abstract

Consider the Cauchy problem for time-fractional porous medium type nonlinear di�usion equa-
tions ∂t (gα ∗ [u− u0]) = ∆|u|m−1u, x ∈ RN , t > 0,

u(x, 0) = u0(x), x ∈ RN ,
(P)

where N ≥ 1, α ∈ (0, 1), m > 0, and u0 is an integrable function in RN . Here

gα(t) :=
t−α

Γ(1− α)
,

which is so-called the Riemann-Liouville kernel, and ∂αt (u − u0) is so-called the α-th order Caputo
derivative of u if it is su�ciently smooth. In this case, the equation (P) is so-called the fast di�usion
equation if 0 < m < 1, the heat equation if m = 1, and the porous medium equation if m > 1. In this
talk, under the condition (K) and (L), we establish the global existence and uniqueness of L1-solutions
to problem (P). Furthermore, we give the mass conservation law for L1-solutions to time-fractional
fast di�usion equations, namely 0 < m < 1, and prove that the �nite-time extinction does not occur
for any nonnegative L1-solutions.

This talk is based on a joint work with Mikiya Kametaka (Ryukoku University).
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Fractional Model of Danckwerts Tubular Catalytic Reactor
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FNSPE, Czech Technical Univesity in Prague, Czech Republic
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Abstract

Modeling of anomalous di�usion in closed domain D ⊂ Rd is a complex problem with many
chemical, physical, and mathematical aspects. When the isotropic anomalous di�usion is unlimited,
the fundamental solution of corresponding fractional PDE has to be radially symmetric. Previous con-
dition motivates us to use only Riesz derivative as a model of fractional Laplacian and Feller derivative
as a model of fractional gradient also in one-dimensional case of the anomalous tubular catalyst reac-
tor. Danckwerts in 1950's supposed catalytic bed which is �xed inside the tube of chemical reactor.
The �uid (gas or liquid) pass thorough the catalyst bed of �xed length with constant �ow rate and
therefore the advection occurs in front of, inside, and behind the catalyst bed. But there are two
signi�cant suppositions: both chemical reaction and the traditional di�usion occurs only inside the
bed. The classical model is represented by parabolic PDE with well de�ned boundary conditions.

We suppose one-dimensional anomalous di�usion of single substance inside the catalyst bed
with the �rst order chemical reaction and study various formulations of Fractional Advective Di�usion
Equation (FADE). First, using Feller fractional gradient instead the traditional one and mass balance,
we obtain fractional PDE with Riesz fractional Laplacian and fractional boundary conditions which
is not useful for analytic or numeric solution. The second case is pure stochastic model of particle
movement with spatially constrained anomalous di�usion part and unlimited particle translation via
advection. The third model combines the exact solution of motionless anomalous di�usion with Neu-
mann boundaries with spatial shift h → 0+. Resulting integro-di�erential equation enables to study
the properties of fractional di�usive, advection, and reaction terms. The fourth model is based on
the Finite Volume Method (FVM) and is suitable for direct numerical simulation including nonlinear
chemical kinetics. The catalyst bed is decomposed into N identic segments to obtain resulting sys-
tem of ODE using only the mass balance and Feller derivative as model of fractional gradient. First
numerical results will be presented at the end of presentation.
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On the Singularities in Area-Preserving Curvature Flows of Convex Symmetric
Immersed Closed Plane Curves

Takeo Ushijima
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Abstract

In this talk, we consider the motion of the convex immersed plane curves, which is described by the
following di�erential equation with a nonlocal term Λp(t);

vt(θ, t) = v(θ, t)p
(
vθθ(θ, t) + v(θ, t)− Λp(t)

)
, θ ∈ (−mπ,mπ),

Λp(t) :=

(∫ mπ

−mπ

1

v(θ, t)p−1
dθ

)−1 ∫ mπ

−mπ

1

v(θ, t)p−2
dθ.

Here, p is a parameter, and the relation between v and the curvature k of the curve is given by
v(θ, t) = (p − 1)−

1
p k(θ, t)

1
p−1 . Due to the e�ect of the nonlocal term, the enclosed area of the curve

is conserved. This motion of the curve is called area-preserving curvature �ow. This problem was
�rst considered in [2] and the development of the �nite time singularity was conjectured (p = 1). For
Abresch-Langer type curves with highly symmetric properties, it has been proved that the maximum
of curvatures blows up at a �nite time under some assumptions [4, 3] (p ≥ 1). In this case, we consider
the blow-up rate.

This talk is based on joint work with Koichi Anada and Tetsuya Ishiwata [1].
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Computer-Assisted Proofs for PDEs: a Matrix-Free Approach
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Abstract

Computer-assisted proofs have become more and more popular in the study of di�erential equa-
tions and other dynamical systems [1]. Many of them revolve around one central idea: �rst obtain
numerically an approximate solution of your problem, and then prove, via a �xed point argument, the
existence of a true solution nearby. To that end, it is often crucial to build an accurate approximation
of the inverse of the linearized operator, which is obtained by combining quantitative compactness es-
timates and the numerical computation of a �nite dimensional approximate inverse. Once quantitative
compactness estimates are available, one should in principle be able to perform a computer-assisted
proof. However, in practice, one must still be able to deal with the �nite dimensional approximate
inverse. For 2D or 3D PDEs, this is often where the bottleneck of such proofs lies.

In this talk, I will describe in more details the general strategy outlined above, and then present
a new matrix-free approach to deal with the �nite dimensional part, which uses only standard ideas
from scienti�c computing and numerical linear algebra, but scales better than the usual approach used
in most computer-assisted proofs. This is joint work with Hugo Chu (Ecole polytechnique).
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Periodic Solutions in State-Dependent Delay Di�erential Equations

Matthieu Cadiot
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Abstract

In this talk, I will present a computer-assisted methodology for constructively proving the ex-
istence of periodic solutions to state-dependent delay di�erential equations. The proof relies on a
Newton�Kantorovich framework applied to a carefully formulated zero-�nding problem. By combin-
ing a detailed analytical study with precise Fourier series estimates, we derive su�cient conditions
ensuring the existence of a true solution in a neighborhood of a numerically computed approximation.
These conditions can be e�ectively veri�ed in practice using rigorous numerics. Applications to non-
trivial examples will be presented to illustrate the scope and e�ectiveness of the method. This is joint
work with J.B. van den Berg, M. Breden, K. Church and J.P. Lessard.
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An Introduction to Computer-Assisted Proofs
in Di�erential Equations
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Abstract

Computer-assisted proofs (CAPs) have undergone remarkable development in recent years, fu-
eled by advances in functional-analytic frameworks for in�nite-dimensional dynamical systems, reliable
interval-arithmetic numerical methods, and high-performance computing. These techniques now make
it possible to rigorously validate equilibria, periodic orbits, invariant manifolds, connecting orbits, and
even chaotic dynamics in ordinary, delay, and partial di�erential equations, often in regimes far beyond
the reach of classical analytical methods. In this introductory talk, I will present the general philoso-
phy and methodology behind CAPs, focusing on a Newton�Kantorovich framework for the validation
of solutions. The emphasis will be on the core ideas: how numerical approximations can be combined
with functional analysis and rigorous error bounds to produce mathematically certi�ed results. The
goal is to provide a clear conceptual roadmap of the approach, illustrated with representative examples.
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Validated Numerics for Convolutions in the Borel Plane

J.D. Mireles James
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Abstract

I will discuss computer assisted arguments for constructive proof of solutions to certain �xed
point problems in the Borel plane. The Laplace transform of the constructed solution can solve a
degenerate ordinary di�erential equation, or represent a parabolic center manifold for an equilibrium
solution. A standard feature of such problems is the appearance of complex convolution in the nonlinear
terms. This operation is nonlocal, and requires special care. Another feature of these arguments is
that solutions must be continued along a ray to in�nity, where the Laplace transform will be applied.
This continuation argument combinines pen-and-paper arguments with earlier computer assisted steps.
This talk will illustrate the procedure for several examples, and is joint work with Juan Miranda.
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A MLMC-VE Method for Uncertainty Quanti�cation of Elliptic PDEs
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Abstract

In this talk, we consider the following stochastic elliptic PDE: �nd u : Ω × D → R such that,
almost surely in Ω, {

−∇ · (a∇u) = f in D,
u = 0 on ∂D, (9)

where D ⊂ R2 is an open bounded domain, f ∈ L2(D) and the di�usion coe�cient is a random �eld
a : Ω × D → R satisfying 0 < ess infx∈Da(ω, x) ≤ a(ω, x) ≤ ess supx∈Da(ω, x) < ∞ a.e. in D, and
with realizations in L∞(D). We are interested in deriving reliable approximations for the expected
value of the solution E[u], as well as of some quantity of interest (QoI) of the solution E[Q(u)], where
Q is a linear functional of the form Q(u) =

∫
D
u q dx for q ∈ L2(D).

The deterministic PDE obtained for a �xed realization of the di�usion coe�cient a(ω, x) is
discretized by means of the conforming Virtual Element (VE) method [2]. Novel error estimates for
the VE approximation of QoI of the solution are proved.

To discretize the integral in probability, we employ the Multi Level Monte Carlo (MLMC)
method [3] that considers multiple levels of spatial resolution: the estimator is �rst computed on
a coarse resolution level, and successive correction terms are then added to improve accuracy. We
analyze the h-version of the MLMC-VE method, which relies on a sequence of nested polygonal meshes
of the domain D. In practice, such sequence is constructed using a mesh-agglomeration strategy [1].
Computable estimators for both E[u] and E[Q(u)] are designed, and error estimates are derived.

Numerical tests that verify the theoretical error estimates and validate the proposed methodol-
ogy will be presented.
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A Priori Error Analysis for a Nonconforming Virtual Element Method
for the Monge-Ampère Equation
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Abstract

The Monge-Ampère equation is a well known example of a fully nonlinear second-order partial
di�erential equation. By use of the vanishing moment method [1] it is possible to approximate the
solution as a fourth-order quasilinear partial di�erential equation. In this talk, we consider a C1-
nonconforming virtual element method (VEM) approximation of this quasilinear PDE that is C0-
conforming. We show the existence of the solution of this approximation, and derive optimal a priori
error estimates in the H2-, H1-, and L2-norms.
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A High-Order Discontinuous Galerkin Method for the Numerical Modeling of Neuronal
Electro-Metabolic Dynamics
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Abstract

Numerical approximation of traveling wave-like phenomena represents a challenging problem in the
simulation of multiscale processes. These kinds of models characterize various biological scenarios, such
as electrical propagation in excitable tissues, and they require numerical methods that combine high
spatial and temporal accuracy with geometric �exibility, due to the presence of heterogeneous tissues
and sharp wavefronts. High-order discontinuous Galerkin methods on polytopal and polyhedral meshes
(polyDG) [1, 4] provide a particularly suitable framework for the discretization of these problems.
In particular, the use of high-order polynomials enables an accurate resolution of steep and fast-
propagating wavefronts, while the element-wise structure of DG methods naturally supports p-adaptive
strategies [3], allowing the local polynomial degree to be adjusted dynamically where the solution
exhibits steep gradients, in order to improve computational e�ciency. Furthermore, this formulation
o�ers signi�cant geometric �exibility for the treatment of complex computational domains. A relevant
application of these models arises in the electrophysiological modeling of brain tissue. At the tissue
scale, neuronal activity can be described by the monodomain equation, coupled with appropriate ionic
and metabolic models that account for underlying metabolic dynamics and ion-channel mechanisms [2].
Within this framework, we investigate how oxygen availability in�uences cellular energy production
and ionic pump activity under pathological hypoxic conditions, providing a mathematical description
of the interaction between electrical activity and metabolic processes.
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Abstract

In this work, we address the numerical approximation of unsteady systems of p-Navier�Stokes
type equations that model incompressible �uid �ows with non-Newtonian rheology. The interplay
between the nonlinearity of the non-coercive convective term, typical of Navier-Stokes, and the nonlin-
earity introduced by the non�Newtonian constitutive law presents interesting challenges. In the present
talk, based on [3], we introduce a new H(div)-conforming, �convectionsemi-robust� and pressure-robust
method for solving unsteady systems of p-Navier�Stokes type equations. A numerical scheme is con-
sidered �convection-semi-robust� if its velocity error estimates are independent of the inverse of the
kinematic viscosity, while pressure robustness ensures that the velocity error estimates are una�ected
by the pressure. These two conditions are considered critically important in modern literature (see e.g.,
[1]). To derive sharp local estimates, the complex interaction between the nonlinear convective term
and the nonlinear di�usion term must be carefully analyzed. This interaction cannot be addressed
through a straightforward combination of existing techniques, as the estimation of each term depends
on the local �ow regime. The peculiarity of our error estimates is that they track the dependence of the
local contributions to the error on local Reynolds numbers, in the spirit of [2] developed for the scalar
problem, which combines p-laplacian di�usion with convection and reaction terms. In the present talk,
after presenting the model and the numerical method, we will outline the theoretical results. Finally,
a set of numerical tests supporting the theory will be shown.
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On Positivity Preservation of HDG Methods for the Di�usion Equation on Hypergraphs
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Abstract

Structure preserving discretizations of the di�usion equation need to be locally mass conservative
and, in the case of nonnegative data, they should also preserve the positivity of the solution. This
is particularly important in applications where the solution represents a physical quantity, such as
temperature or concentration, which is nonnegative by de�nition. The most direct approach to obtain
local mass conservation for the di�usion equation comprises dual, mixed methods, which discretize
the �ux explicitly. A way to bypass the saddle-point structure of the corresponding linear system lies
in the concept of hybridization, which has been generalized to cover a large class of so-called hybrid
discontinuous Galerkin (HDG) methods in [1]. These methods are locally mass conservative not only
for classical domains but even if they discretize the di�usion equation posed on graphs or networks of
surfaces, which naturally appear as singular limits of thin structures [2]. The positivity preservation
of such HDG methods has not been fully established, which is the focus of this contribution.

It will be shown that only a few low-order HDG methods on hypergraphs are positivity pre-
serving. For nonobtuse simplicial meshes, this will be proved for the lowest-order Raviart�Thomas
discretization with the stabilization parameter τ = 0 and for piecewise constant approximations of
all variables if τ = O(1). For general meshes (also nonsimplicial ones), positivity preservation for
piecewise constant approximations can be restored if τ = O(1/h) is selected with h denoting the mesh
width. This choice of τ leads to positivity preservation also for a few other discretizations. However, for
most HDG methods, the positivity can be violated for any choice of τ as can be shown by appropriate
counterexamples. The theoretical �ndings will be ilustrated by numerical experiments.

This is a joint work with Philip L. Lederer (University of Hamburg) and Andreas Rupp (Saarland
University).
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A Higher Order Polytopal Method for Contact Mechanics with Tresca Friction
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Abstract
In this work, we design and analyze a Discrete de Rham (DDR) scheme for a contact mechanics

problem involving fractures along which a model of Tresca friction is considered. Our approach is based
on a mixed formulation involving a displacement �eld and a Lagrange multiplier, enforcing the contact
conditions, representing tractions at fractures. The approximation space for the displacement is made
of vectors values attached to each vertex, edge, face, and element, while the Lagrange multiplier space is
approximated by piecewise constant vectors on each fracture face. The displacement degrees of freedom
allow reconstruct piecewise quadratic approximations of this �eld. We prove a discrete Korn inequality
that account for the fractures, as well as an inf-sup condition (in a non-standard H−1/2-norm) between
the discrete Lagrange multiplier space and the discrete displacement space. We provide an in-depth
error analysis of the scheme and show that, contrary to usual low-order nodal-based schemes, our
method is robust in the quasi-incompressible limit for the primal variable (displacement). An extensive
set of numerical experiments con�rms the theoretical analysis and demonstrate the practical accuracy
and robustness of the scheme.
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Maxwell Compactness for Polytopal Methods
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Abstract

Real-world, coupled and multiphysics problems are often nonlinear. As such, their analysis
(existence of solutions to the PDE model, convergence of numerical approximations) often relies on
compactness arguments.

At the continuous level, for PDE models based on the de Rham complex, these compactness
results are well established, and due to Rellich (for H1) and to Weck/Weber (forH(curl) andH(div)).
The last two results are often referred to, in the literature, as Maxwell compactness, as they naturally
appear in the study of models in electromagnetism.

At the discrete level, even for conforming �nite element approximations on standard meshes,
Maxwell compactness results do not directly follow from their in�nite-dimensional counterpart. This
is even more true for polytopal methods, which hinge on fully algebraic spaces and discrete operator
and potential reconstructions.

In this talk, we will discuss Maxwell compactness results in the case of two di�erent polytopal
methods, namely the HHO (Hybrid High-Order) and the DDR (Discrete De Rham) approaches. The
former is non-conforming and non-compatible, whereas the latter is conforming (in a sense that will
be made precise) and compatible.

The material of this talk is based on joint works (i) with S. Pitassi (Univ. Montpellier) on the one
hand [1], and (ii) with T. Chaumont-Frelet (INRIA Lille) and J. Droniou (CNRS, Univ. Montpellier)
on the other hand [2].
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A High-Order Localized Orthogonal Decomposition for Stokes Equations
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Abstract

We shall present a high-order multiscale method introduced in [1] for heterogeneous Stokes
problems. It is based on the Localized Orthogonal Decomposition methodology and achieves optimal
convergence orders under minimal structural assumptions on the coe�cients. The method can be set on
meshes with elements of arbitrary shape, and precomputes problem speci�c basis functions on patches
of cells, associating them to both faces and cells of the mesh. A key feature of our approach is the
careful design of so-called quantities of interest, de�ning functionals of the solution whose values the
multiscale approximation aims to reproduce. Their selection is particularly delicate in the context of
Stokes problems due to potential con�icts arising from the divergence-free constraint. The exponential
decay of the problem-adapted basis functions can be proven, justifying their localized computation in
practical implementations. A rigorous a priori error analysis predicts high-order convergence for both
velocity and pressure, if the basis supports grow logarithmically with the desired accuracy.

This is a joint work with Moritz Hauck (Karlsruhe).
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Level-set Approximation of Noisy Functions
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Abstract

In this talk, we consider the problem of numerically approximating the level set of a noisy mul-
tivariate function which is only accessible via pointwise sampling. A key application is the estimation
of failure probability regions: given a random PDE that depends on a set of deterministic parameters
and a failure criterion, determine the parameter region where the probability of failure exceeds a given
safety threshold.

We present a level-set estimation algorithm for Lipschitz-continuous functions which is adaptive
in terms of both parameter-space approximation and sampling, and automatically increases accuracy
close to the level set. This algorithm is compatible with general Monte Carlo estimators and achieves
improved cost complexity rates with respect to non-adaptive approximations. We provide numerical
experiments based on random PDEs and computer vision in support of our theoretical �ndings.
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Long-Time Behavior of Some Stochastic Evolution Equations on the Sphere and Their
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Abstract

We study the stochastic wave and stochastic free Schrödinger equations on the unit sphere S2,
driven by a mean-zero square-integrable additive Q-Lévy noise. We show linear growth of the expected
energy for both equations, as well as of the expected mass for the stochastic Schrödinger equation. We
further investigate the long-time behavior of these quantities in the exponential Euler, Euler�Maruyama
and backward Euler�Maruyama time-stepping schemes. While the exponential Euler method recovers
the correct linear growth, the Euler�Maruyama and backward Euler�Maruyama exhibit too fast and too
slow growth, respectively. Our theoretical predictions are con�rmed through numerical experiments.
This is joint work with David Cohen and Andrea Papini.
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Multigrid Monte Carlo Revisited: Fast Sampling of Gaussian Random Fields
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Abstract

The fast simulation of Gaussian random �elds plays a pivotal role in Uncertainty Quanti�cation, data
science and spatial statistics. In theory, it is a well understood problem, but in practice the e�ciency
and performance of traditional sampling procedures degenerates quickly when the random �eld is
discretised on a �ne grid. Most existing algorithms, such as Cholesky factorisation samplers, do not
scale well on large-scale parallel computers. On the other hand, stationary, iterative approaches such
as the Gibbs sampler become extremely ine�cient at high grid resolution since they perform inherently
local updates. In the late 1980s Goodman & Sokal [1] showed that the Gibbs sampler can be accelerated
using multigrid ideas. The key observation is the intricate connection of random samplers, such as
the Gibbs method, with iterative solvers for linear systems also pointed out in [2]: both methods
have very similar convergence properties. Based on this observation, Goodman & Sokal proposed the
so-called multigrid Monte Carlo (MGMC) method for hierarchical sampling and applied it to problems
in quantum physics. However, MGMC does not overcome critical slowing down in simulations of �eld
theories near phase transitions.

In [3] we extend the MGMC algorithm to the important setting of a Gaussian random �eld
conditioned on noisy data via a Bayesian approach; in this case, the precision matrix is a �nite-rank
perturbation of some di�erential operator. By using a bespoke variant of the Gibbs sampler with
a low-rank update on each level of the multigrid hierarchy we are able to generate Markov chains
with a �xed, grid-independent integrated autocorrelation time. Our theoretical analysis is con�rmed
by numerical experiments for sampling rough Gaussian random �elds in two and three dimensions.
At high resolution MGMC is able to produce independent samples at a faster rate than a Cholesky
sampler. We also extend MGMC to a purely algebraic setting to handle problems formulated on graphs
and unstructured grids; in this case our implementation leverages existing building blocks from the
well-established PETSc iterative solver library.
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Dirichlet-Neumann Averaging:
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Abstract

Gaussian processes (GPs) and Gaussian random �elds (GRFs) are essential for modelling spatially
varying stochastic phenomena. Yet, the e�cient generation of corresponding realisations on high-
resolution grids remains challenging, particularly when a large number of realisations are required.
In this talk I will present two novel contributions. First, we propose a new methodology based on
Dirichlet-Neumann averaging (DNA) to generate GPs and GRFs with isotropic covariance on regularly
spaced grids. The combination of discrete cosine and sine transforms in the DNA sampling approach
allows for rapid evaluations without the need for modi�cation or padding of the desired covariance
function. While this introduces an error in the covariance, our numerical experiments show that
this error is negligible for most relevant applications, representing a trade-o� between e�ciency and
precision. We provide explicit error estimates for Matern covariances. The second contribution links
our new methodology to the stochastic partial di�erential equation (SPDE) approach for sampling
GRFs. We demonstrate that the concepts developed in our methodology can also guide the selection
of boundary conditions in the SPDE framework. We prove that averaging speci�c GRFs sampled via
the SPDE approach yields genuinely isotropic realisations without domain extension, with the error
bounds established in the �rst part remaining valid. We �nish by presenting an application within a
parallel high-performance budgeted multi-level Monte Carlo method for estimates on the entire spatial
domain of multi-PDE problems with random input data, demonstrating the advantages of the DNA
approach in terms of ease of implementation, memory e�ciency and parallel scalability. This is joint
work with Robert Kutri and Niklas Baumgarten (Heidelberg).
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Abstract

The Lattice Boltzmann Method (LBM) is widely used for high-performance �uid simulation, yet
its implementation on quantum architectures is still challenging due to complex circuit synthesis and
the so-called read-out bottleneck [1]. In this talk, we present a complete quantum solver for the linear
advection equation, highlighting two advances in quantum �uid dynamics (QFD). First, we implement
the full LBM advection cycle in Qrisp [2], a high-level functional quantum programming language.
Using automated uncomputation and structured variable management, we obtain a clear and modular
mapping of the streaming step onto quantum registers. Unlike other algorithms that assume in�nite
domains, our approach incorporates physically relevant boundary conditions, including periodic, simple
bounce-back, and slip setups, realized directly through high-level functional constructs. Second, we
introduce a local measurement protocol based on algorithms for quantum amplitude estimation and
ampli�cation [3] to extract the macroscopic �uid density in selected sub-regions of the computational
domain. By focusing on localized areas of interest, this strategy avoids the exponential cost of full state
tomography. Simulations of pure advection demonstrate that the solver preserves sharp pro�les without
the numerical di�usion typical of classical discretizations. We further analyze circuit requirements
and discuss how subregion-aware measurement supports scalable hybrid quantum�classical work�ows,
particularly when localized �ow information is required for real-time analysis or boundary coupling.
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Mixed-precision Computing: High Accuracy with Low Precision
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Abstract

Mixed-precision algorithms have launched an era in which e�ciency and accuracy are no longer
mutually exclusive. Rather than rely entirely on high-precision formats like double (64-bit) precision,
mixed-precision algorithms apply lower precisions such as single (32-bit) or half (16-bit) precision
whenever possible, reserving higher precision only for critical steps. Doing so can drastically reduce
memory requirements, improve performance, and lessen energy consumption on modern computer
hardware without sacri�cing accuracy or stability. In this talk, we discuss the challenges of using
low/mixed precision, and present �ve cases, common in scienti�c applications, where using mixed
precision makes sense.
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Hybrid Hierarchical Matrices with Adaptive Precision Storage
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Abstract

Hierarchical matrices are multilevel block low-rank representations of matrices that are widely
used for fast matrix computations. Hierarchical matrices are built using a tree data structure with low-
rank blocks identi�ed using various admissibility conditions, such as standard/strong admissibility and
weak admissibility. In this talk, we introduce a novel hierarchical matrix framework, namely Hh, based
on a hybrid admissibility condition: we use strong admissibility at the coarser levels (larger blocks) and
weak admissibility at the �ner levels (smaller blocks). We carry out a rounding error analysis of Hh-
matrices and show that the low-rank blocks of Hh-matrices can be represented in low precision without
degrading the overall approximation quality. We provide an explicit rule for choosing the precision for
a particular low-rank block. We propose an adaptive mixed precision algorithm for constructing and
storing Hh-matrices. Our numerical results illustrate that the proposed adaptive mixed precision Hh-
matrices can achieve signi�cant storage reductions (up to 11×) compared to uniform double precision
H-matrices, without compromising accuracy.
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Parallel-in-Time Solver for the Runge�Kutta Discretization of the Heat Equation
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Abstract

Time-dependent PDEs arise quite often in many scienti�c areas, such as mechanics, biology,
economics, or chemistry, just to name a few. Of late, researchers have devoted their e�ort in devising
parallel-in-time methods for the numerical solution of time-dependent PDEs, adding a new dimension
of parallelism and allowing to speed-up the solution process on modern supercomputers.

In this talk, we present a parallel-in-time preconditioner for the space-time discretization of the
heat equation arising when employing a Runge�Kutta method in time. The resulting system is solved
iteratively for the numerical solution and for the stages of the method. The proposed preconditioner
results in a block-diagonal solve for the stages, and a Schur complement obtained by solving again
systems for the stages. A range of numerical experiments validate the robustness of the preconditioner
with respect to the discretization parameters and to the number of stages, showing the speed-up
achieved on a parallel architecture.
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Abstract

TNL (www.tnl-project.org) is a collection of building blocks that facilitate the development of
e�cient numerical solvers and HPC algorithms. It is implemented in C++ using modern programming
paradigms in order to provide a �exible and user-friendly interface similar to, for example, the C++
Standard Template Library. TNL provides native support for modern hardware architectures such as
multicore CPUs, GPUs, and distributed systems, which can be managed via a uni�ed interface. In
our presentation, we will demonstrate the main features of the library together with e�ciency of the
implemented algorithms and data structures.
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Reduced and Mixed Precision QR Decomposition Techniques
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Abstract

Modern high-performance computing (HPC) architectures increasingly rely on reduced-precision
arithmetic to improve performance, reduce energy consumption, and more e�ciently use limited mem-
ory bandwidth. These developments are particularly relevant for large-scale PDE solvers, where many
algorithmic components ultimately rely on linear algebra operations. In particular, QR factorizations
appear in least-squares formulations of PDE-constrained problems, in domain-decomposition methods
that require orthogonalization, and in Krylov subspace methods where orthogonality and stability are
essential. However, using uniformly low precision in these settings can introduce rounding errors that
accumulate during orthogonalization, leading to numerical instability, loss of orthogonality, and slower
or unreliable convergence of the overall PDE solver.

In this talk, we will cover several QR decomposition techniques, including Householder and
(shifted) Cholesky factorizations, and study their behavior under reduced- and mixed-precision arith-
metic. We show which parts of these algorithms can safely be executed in low precision and which
require higher precision to maintain stability. We also discuss how combining multiple precisions within
a single algorithm can balance e�ciency and numerical reliability. Performance results on modern HPC
architectures, together with numerical experiments, demonstrate the achievable speedups and clarify
how precision choices in�uence stability, accuracy, and convergence in practice.
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Low-Rank Methods in Isogeometric Analysis
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Abstract

Isogeometric Analysis (IgA) bridges CAD and �nite element analysis by employing spline tech-
nologies (typically B-splines or NURBS) for both geometry representation and �eld approximation, en-
abling exact geometrical descriptions and high-order smooth trial spaces. These advantages come with
computational challenges: higher-order spline bases have supports spanning multiple knot spans, yield-
ing dense element contributions in global system matrices and expensive multi-dimensional quadrature
in tensor-product settings [1]. To address these bottlenecks, low-rank tensor techniques exploit the
intrinsic tensor-product structure of IgA. The core idea is to separate variables in geometry-induced
integral kernels and represent mass and sti�ness tensors as sums of Kronecker products of univariate
matrices, reducing assembly cost and memory footprint while maintaining accuracy control. Building
on this, Bünger et al. introduced tensor-train (TT) approximations for coe�cient tensors arising from
kernel interpolation in tensor-product B-spline bases, computed via the Alternating Minimal Energy
(AMEn) method [2]. The talk then presents two extensions of this TT-based paradigm from our re-
cent work. First, we show how multi-patch IgA can be treated by transferring the IETI (isogeometric
tearing and interconnecting) concept to the low-rank TT framework and enforcing interface continuity
via dual Lagrange-multiplier constraints [3]. Second, we summarize a hierarchical re�nement strategy
based on (T)HB-splines, where separability is recovered on structured subregions to enable level-wise
low-rank assembly and block-TT solution procedures on locally re�ned meshes. A remaining issue is
that interpolating geometry-induced kernels in tensor-product spline spaces produces global coe�cient
tensors: such global parameterizations struggle to capture local features and cannot naturally repre-
sent discontinuities or singularities in complex geometries. As an outlook, we discuss how functional
tensor trains may provide a route to local re�nement and non-smooth phenomena without relying on
a �xed tensorized discretization.

References

[1] T. Hughes, J. Cottrell, Y. Bazilevs, Isogeometric analysis: CAD, �nite elements, NURBS, exact
geometry and mesh re�nement, Comp. Methods Appl. Mech. Eng. 194 (2005) 4135�4195.

[2] A. Bünger, S. Dolgov, M. Stoll, A low-rank tensor method for PDE-constrained optimization
with isogeometric analysis, SIAM Journal on Scienti�c Computing 42 (1) (2020) A140�A161.
doi:10.1137/18M1227238.

[3] T.-C. Riemer, A. Bünger, M. Stoll, IETI-based low-rank method for pde-constrained optimization,
SIAM Journal on Scienti�c Computing 47 (3) (2025) A1758�A1782. doi:10.1137/24M1660024.

111



4 Minisymposia � NA N04 � Numerical Algorithms for PDE Solvers on Modern HPC Architectures

Acceleration of a Nonoverlapping Domain Decomposition Solver by Using GPUs
on Subdomains

Martin Hanek1,2, Tomá² Oberhuber1, and Jakub �ístek2

1Czech Technical University in Prague
2Institute of Mathematics of the Czech Academy of Sciences, Prague

martin.hanek@fs.cvut.cz, tomas.oberhuber@fjfi.cvut.cz, sistek@math.cas.cz

Abstract

Balancing Domain Decomposition based on Constraints (BDDC) is a method for solving large
sparse linear systems of equations arising from the discretization of partial di�erential equations
(PDEs). It is based on using the conjugate gradient (CG) method preconditioned by a two-level
preconditioner based on nonoverlapping domain decomposition. Since its introduction in 2003, BDDC
has been successfully applied to a wide range of problems, including structural mechanics, �uid dy-
namics, and electromagnetics. We have implemented the multilevel extension of BDDC using adaptive
selection of the coarse problem in the open-source library BDDCML1.

In domain decomposition methods, the dominant cost is associated to the solution of local
problems on subdomains, which are independent and can be solved in parallel. In BDDC, there
are two local problems to be solved within each CG iteration: i) a local problem associated to the
multiplication of the search direction vector by the Schur complement at the interface, and ii) a local
subdomain correction problem within the preconditioner. In [1], an approach to accelerating these
two dominant components of the solver by using graphics processing units (GPUs) was investigated.
It is based on building dense matrices of the local Schur complements by the sparse direct solver on
CPUs in the preconditioner setup. In the next step, the local matrices are copied to GPUs. Repeated
multiplications of local vectors with the dense matrix of the Schur complement are performed for each
subdomain on GPUs. In addition, factorizations and backsubstitutions with the dense saddle-point
subdomain matrices of the subdomain correction problems are also performed on GPUs.

In this contribution, detailed times of the main components of the algorithm are measured on a
benchmark Poisson problem on the LUMI supercomputer. The method is also applied to an unsteady
problem of incompressible �ow, where the Krylov subspace iterations are performed repeatedly in each
time step. The results demonstrate the potential of the approach to speed up realistic simulations
more than 10 times with a preference towards large subdomains.
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Abstract

Within this talk, we aim to bridge deep autoencoders and proper orthogonal decomposition
(POD) through deep symmetric autoencoders, which take the best of both worlds. Indeed, deep sym-
metric autoencoders retain the nonlinear nature of classical deep autoencoders, which is central to
overcome the limitations of linear reduction methods when tackling problems with a slow decay of
the Kolmogorov n-width. Furthermore, akin to linear reduction methods, deep symmetric autoen-
coders are endowed with a rich mathematical structure, which is the perfect ground to devise clear
and natural error estimates [1], by exploiting the powerful Eckart-Young-Schmidt theorem [2] and the
properties of the employed activation function [3]. Nonetheless, leveraging our theoretical framework
and the proposed error estimates, we derive a data-driven initialization procedure for deep symmetric
autoencoders, which entails the iterative application of POD at each layer. Finally, we discuss the
practical aspects of our work through a series of numerical experiments, aimed to show the represen-
tation capacity of deep symmetric autoencoders and the e�ectiveness of our proposed initialization
strategy.
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Abstract

In the context of training neural network-based approximations of solutions of parameter-dependent
PDEs, we investigate the e�ect of preconditioning via well-conditioned frame representations of oper-
ators and demonstrate a signi�cant improvement on the performance of standard training methods.
We also observe that standard representations of preconditioned matrices are insu�cient for obtain-
ing numerical stability and propose a generally applicable form of stable representations that enables
computations with single- and half-precision �oating point numbers without loss of precision.
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Abstract

Learning nonlinear continuous-time dynamical systems is a central problem in many �elds of
science and engineering. Deep learning architectures characterized by a continuous-time inductive
bias, such as Neural ODEs, have seen widespread adoption in this context, with applications ranging
from low-dimensional dynamical systems modeling to data-driven order reduction for time-dependent
PDEs by relying on suitable nonlinear dimensionality reduction strategies. Despite many advantages
stemming from their continuous-time inductive bias, including mathematical interpretability and time
super-resolution, they rely on a simulation-based training procedure, which, whether employed directly
in state-space or in a latent space of reduced dimension, requires unrolling the predictions over mul-
tiple steps by means of numerical integration. Rollout-based training, while motivated by empirical
evidence for providing stable predictions, involves high computational costs and memory requirements
due to backpropagation through time, which are further compounded by higher-order numerical in-
tegration of the Neural ODE. In this talk, we �rst address the pitfalls of rollout-based training in
the context of learning continuous-time dynamics, analyzing the bias introduced by the numerical
solver when unrolling predictions in the in�nite-horizon limit, thereby hindering proper identi�cation
of the underlying dynamics. Then, we discuss the advantages of a velocity-based training objective,
by proposing the adoption of a stochastic objective that results in a higher-order approximation of
the population risk, and is characterized by an implicit regularization e�ect. Numerical experiments,
carried out in the context of dynamical systems and time-dependent PDEs, validate the e�ciency of
the proposed approach, highlighting faster convergence and improved generalization compared to a
range of rollout-based training strategies.
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Abstract

We present Deep Orthogonal Decomposition (DOD) [1], a novel technique for dimensionality
reduction and reduced order modeling of parametrized PDEs. The DOD consists in a deep neural
network approximating the solution manifold through a continuously adaptive local basis. In contrast
to global techniques such as Proper Orthogonal Decomposition (POD), the local adaptivity of the
learned basis allows DOD to mitigate the Kolmogorov barrier, signi�cantly broadening its applicability
to challenging nonlinear problems. Additionally, thanks to the orthogonal structure of the latent
space, DOD ensures a tight control on error propagation and enhanced interpretability, resulting
in an appealing alternative to deep autoencoders. Beyond steady parametric settings, the proposed
framework naturally extends to time-dependent PDEs by treating time as an additional input variable,
allowing the learned basis to adapt continuously to the evolving system state. From this perspective,
DOD can be interpreted as a data-driven tool for learning low-dimensional representations of nonlinear
dynamical systems. The methodology is analyzed both theoretically and practically. On the one hand,
we establish a connection between the truncation error of the DOD and a spectral gap condition related
to the solution manifold [2], whereas on the other with assess the performances of the DOD on a set of
numerical experiments involving nonlinear PDEs with parametrized geometries and high-dimensional
parameter spaces [1].
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Abstract

Operator inference (OpInf) [1] is an established scienti�c machine learning approach that en-
ables the construction of reduced-order models by learning the governing dynamics directly from data,
bypassing the need for intrusive access to explicit governing equations. A critical challenge in applying
OpInf to experimental data is measurement noise, which degrades the �nite-di�erence derivative esti-
mates required for standard regression. To address this issue, we propose a hybrid learning strategy
for experimental data-sets that bypasses direct dependence on noisy derivatives.

We treat the latent state as a continuous function approximated by a neural network. This
approach is conceptually inspired by DeepMoD [2], which combines PINN and SINDy principles.
Here, smoothing and matrix learning occur jointly: the network acts as a di�erentiable surrogate that
�lters noise, providing clean time derivatives via automatic di�erentiation. The OpInf model then
serves as a physics-informed regularizer. To ensure robust convergence, we apply a three-stage learning
strategy: (1) pre-training the network on data reconstruction (denoising); (2) initializing matrices; and
(3) minimizing a composite MSE loss. This formulation decouples the derivative estimation from grid
discretization artifacts. The targeted application in this work consists in developing reliable, predictive
surrogates for a complex, nonlinear model of a catalytic carbon dioxide methanation reactor [3]. The
learned OpInf model serves as the predictive core for optimization-based control. By embedding
the reduced-order dynamics as constraints in a nonlinear optimization problem, we aim to maximize
reactor performance while adhering to safety limits. We implement the continuous-time optimal control
problem using the CasADi framework [4] and solve it via direct multiple shooting with an interior-point
solver.
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Abstract

In multi-objective optimization, multiple loss terms are weighted and added together to form
a single objective. These weights are chosen to properly balance the competing losses according to
some meta-goal. For example, in physics-informed neural networks (PINNs), these weights are often
adaptively chosen to improve the network's generalization error. A popular choice of adaptive weights
is based on the neural tangent kernel (NTK) of the PINN, which describes the evolution of the network
in predictor space during training [1]. The convergence of such an adaptive weighting algorithm is not
clear a priori. Moreover, these NTK-based weights would be updated frequently during training,
further increasing the computational burden of the learning process. In this talk, we will share results
stating that under appropriate conditions, gradient descent enhanced with adaptive NTK-based weights
is convergent in a suitable sense. Then addressing the problem of computational e�ciency, we will
present a randomized algorithm inspired by a predictor-corrector approach and matrix sketching which
produces unbiased estimates of the NTK up to an arbitrarily small discretization error. Finally, we
will show numerical experiments to support our theoretical �ndings and to exhibit the e�cacy of our
randomized algorithm.
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Abstract

Evaluating the forward solution operator for parametric partial di�erential equations (PDEs)
typically involves solving large linear systems, making the process computationally expensive. Operator
surrogates aim to provide a computationally e�cient approximation to these parameter-to-solution
operators. This is particularly bene�cial in applications requiring many evaluations of the forward
map, such as uncertainty quanti�cation (UQ) or optimization.

Mathematically, operator surrogates provide approximations of mappings between in�nite di-
mensional spaces. We analyze an encoder-decoder framework, where the input and output function
spaces are parametrized using coe�cient sequences of admissable representation systems. The goal
then becomes to approximate a coe�cient-to-coe�cient map, which can be realized using various
approximation tools. In the present work we focus on low-rank tensor representation using the tensor-
train (TT) format. This format allows for e�cient storage, evaluation and basic linear algebra as long
as the tensor ranks remain low. Its structure also allows for e�cient quadrature, useful e.g. in UQ ap-
plications. We show approximation rates with regards to the storage complexity of such TT surrogates
for certain holomorphic maps by providing rank bounds. Additionally, we present benchmark results
comparing the TT surrogate to a range of other operator surrogate methods applied to a parametric
di�usion problem with varying input smoothness.
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Abstract

The numerical approximation of nonlinear conservation laws relies on structure preserving �nite
volume schemes whose accuracy and robustness depend on the choice of reconstruction procedures
and other heuristic design components. In recent years, physics-informed neural networks [1] have pro-
vided fully data-driven solvers, while several studies incorporated machine learning into high-resolution
schemes, for instance by improving WENO reconstructions [2, 3] or constructing neural network-based
limiters [4].

In this work, we propose a neural network architecture that parametrizes a family of TVD slope
limiters within a conservative �nite volume framework for one dimensional hyperbolic conservation
laws. Rather than replacing classical schemes, the network mimics a structured class of methods and
selects the optimal member during the training process. The architecture is derived directly from
the limiter formulation, yielding an explicit one-to-one correspondence between the trainable network
parameters and the coe�cients of the induced numerical method. In this sense, the approach provides a
minimal and interpretable parametrization of the admissible method class while preserving consistency
and conservation. Numerical experiments are presented for the Burgers equation, a tra�c �ow model,
and the shallow water system in one space dimension. The results demonstrate improved accuracy
compared to standard limiter choices while maintaining stability properties of the underlying �nite
volume scheme.
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Abstract

The classical assumption of positive interest rates in �nancial problems that involve taking
decisions is not always realistic. In fact, endogenous negative interest rates are frequently present in this
kind of problems, such as gold loans or capital investment options, that can be formulated as American
options. In this framework, the presence of a double continuation region has been theoretically studied
for American options with one stochastic factor.

In the present work, especially motivated by the gold loan problem, we propose a more realistic
approach considering a stochastic volatility model. For American call options with negative rates,
we pose the pricing problem in terms of partial di�erential equations (PDEs) under Heston model.
Next, we propose numerical methods based on �nite di�erences, Crank-Nicolson scheme and duality
algorithms for complementarity problems, to solve American options with negative rates and one
stochastic factor to illustrate the theoretical results. Using the same numerical methods, we obtain a
double continuation region also in the case of stochastic volatility.
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Abstract

Although international organizations and countries acknowledge the bene�ts of renewable energy, the
deployment of the related technologies usually requires large investments. So, additional market tools
have been created to foster their developments. In particular, Renewable Energy Certi�cates (RECs),
also known as green bonds, which gratify the obtention of electricity from renewables, have been
designed and are currently traded in energy markets.

In this work, we extend previous PDEs based models for the pricing of RECs to the case where
the generation rate of the renewable follows a jump-di�usion model. More precisely, in [1] a nonlinear
PDE model is obtained when the generation rate and number of RECs are considered as underlying
factors. Moreover, suitable numerical methods heve been proposed in [1, 2] to solve this model. The
inclusion of jumps in the stochastic dynamics of the generation rate leads to a nonlinear PIDE model,
with an additional nonlocal (integral) term with respect to the PDE model. In the present work,
we also propose suitable numerical methods for the treatment of this term based on [4]. Numerical
examples with data taken from [3] illustrate the behaviour of the model and the numerical methods.
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Abstract

We analyze a class of multidimensional linear-quadratic stochastic control problems with ran-
dom coe�cients, motivated by multi-asset optimal trade execution. The problems feature non-di�usive
controlled state dynamics and a terminal constraint that restricts the terminal state to a prescribed
random linear subspace. We derive the associated Riccati backward stochastic di�erential equation
(BSDE) and identify a suitable formalization of its singular terminal condition. Via a penalization
approach, we establish existence of a minimal supersolution of the Riccati BSDE and use it to char-
acterize both the value function and the optimal control. We analyze the asymptotic behavior of the
supersolution near terminal time and discuss special cases where closed-form solutions can be obtained.
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Abstract

In this presentation, we analyze solutions of a non-local nonlinear partial integro-di�erential
equation (PIDE) in multidimensional spaces. Such a class of PIDE often arises in �nancial modeling.
We employ the theory of abstract semilinear parabolic equations in order to prove the existence and
uniqueness of solutions on the scale of Bessel potential spaces. We consider a wide class of Lévy
measures satisfying suitable growth conditions near the origin and in�nity. The novelty of the paper is
the generalization of already known results in the one-space dimension to the multidimensional case.
We consider Black-Scholes models for option pricing on underlying assets following a Lévy stochastic
process with jumps. As an application to option pricing in the one-dimensional space, we consider a
general shift function arising from nonlinear option pricing models taking into account a large trader
stock-trading strategy. We prove the existence and uniqueness of a solution to the nonlinear PIDE in
which the shift function may depend on a prescribed large investor stock-trading strategy function.
This is a joint work with J. Cruz and C.I. Udeani based on papers [1], [2], [3] and [4].
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Abstract

In the contribution we discuss numerical solution of the planar curvature �ow with the area
constraint (see [1]) and its applications. The underlying motion law is captured by the phase-�eld
method using the non-local Allen- Cahn equation (as in [3]), and compared to the parametric method
(as in [4]) in selected cases. We summarize the theoretical background of the non-local Allen- Cahn
equation with respect to the existence, uniqueness and matched asymptotics recovering the sharp-
interface law. The numerical solution used for both approaches is based on the method of lines,
with space discretization using the �nite-di�erence method and time discretization using a higher-
order time solver (see [2]). In our computational studies, we investigate numerical convergence and
demonstrated how the selected examples apply to various problems in natural sciences, such as in the
aerosol dynamics, recrystallization, droplet shapes and the cell motion.
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Stability and Instability in Anisotropic Multi-Phase Interface Evolution
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Abstract

Interfacial motion driven by di�usion plays a fundamental role in materials science and phase
separation phenomena. A prototypical example is the Mullins�Sekerka problem, describing the evolu-
tion of interfaces as a gradient �ow of surface energy coupled to a quasi-static di�usion �eld. While
the two-phase isotropic Mullins�Sekerka �ow has been extensively studied, far fewer results are avail-
able for multi-phase con�gurations with junctions, and even fewer in anisotropic settings. Recent
work introduced structure-preserving parametric �nite element methods for isotropic two- and multi-
phase Mullins�Sekerka problems, enabling robust numerical simulation of evolving interface networks
with triple junctions [1, 2]. These schemes are unconditionally stable, exactly volume-conserving, and
faithfully reproduce the underlying variational structure of the continuous model, providing a reliable
computational foundation for di�usion-driven multi-phase dynamics.

Building on this approach, we develop a systematic computational framework for anisotropic
multi-phase interfacial motion, focusing on the anisotropic multi-phase Mullins�Sekerka problem. The
model can be viewed as a degenerate multi-phase Stefan-type problem incorporating anisotropic sur-
face energies and mobilities, kinetic undercooling, and force balance conditions at triple junctions. We
propose a fully discrete parametric �nite element scheme extending the structure-preserving method-
ology of [1, 2] to the anisotropic setting [3]. The scheme satis�es a discrete energy dissipation property.
Numerical experiments in two and three dimensions demonstrate robustness for complex evolving net-
works, including strongly anisotropic energies, nontrivial triple junction dynamics, and characteristic
Mullins�Sekerka instabilities.
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A Threshold-Type Algorithm for Fourth Order Geometric Motions
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Abstract

In this talk, we are concerned with an algorithm for the motion of hypersurfaces/curves {Γ(t)}t≥0

given by the following equation:

V =

{
−∆Γ(t)H −H

(
|A|2 − 1

2H
2
)
, (N = 2, 3),

−∆Γ(t)H −H
(
|A|2 − 1

2H
2
)
− 2

∑
1≤i<j<k≤N−1 κiκjκk, (N ≥ 4),

(10)

on Γ(t), t > 0. Here V is the outward normal velocity of Γ(t), κi is the principal curvature of the
hypersurface Γ(t) with respect to the outer unit normal (i = 1, 2, . . . , N−1), H := κ1+κ2+ · · ·+κN−1,
|A|2 := κ21 + κ22 + · · ·+ κ2N−1, and ∆Γ(t) denotes the Laplace�Beltrami operator on Γ(t).

In this talk, we introduce a threshold-type algorithm for the motion de�ned by (10). This type
of algorithm was �rst proposed by Bence, Merriman, and Osher in 1991 to numerically compute mean
curvature �ows. Our algorithm is an application of theirs, but the main di�erence is that we use the
fourth order heat equation although they use the second order heat equation.

The main purposes are to de�ne our algorithm and to show the consistency result.
This work is based on my joint work with Professors Y. Kohsaka (Kobe U.), N. Miyake (Kyushu

U.), and K. Sakakibara (Kanazawa U. & RIKEN).
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Uni�ed Numerical Analysis of Moving Boundary Problems
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Abstract

This talk presents a uni�ed mathematical framework for moving boundary problems described as
gradient �ows, using the stabilized Scalar Auxiliary Variable (SAV) method. The geometric evolution
of interfaces presents signi�cant numerical challenges due to severe sti�ness and the deterioration of
mesh quality during large deformations. To overcome these issues, we establish a fully discrete, linear,
and unconditionally energy-stable scheme.

The main focus of this presentation will be on the Curve Shortening Flow (CSF) and the Area-
Preserving Curve Shortening Flow (APCSF) as fundamental examples to establish our framework.
Special attention is paid to the rigorous treatment of the tangential velocity �eld and the linearized area
constraint, ensuring that the discrete energy dissipation structure is exactly preserved. We introduce
a relaxation �ow utilizing a weighted Laplacian, and carefully project this tangential velocity onto the
unit tangent vector. Furthermore, our adaptive weighting strategies automatically concentrate vertices
in high-curvature regions, e�ectively controlling mesh quality even for non-convex domains.
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Entropy Stable DGSEM for Multi-Fluid 5-Moment GLM-Maxwell Systems
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Abstract

Multi-�uid 5-moment GLM-Maxwell systems [1] simulate plasma �ows using a set of Euler equations for
each plasma species, coupled via Lorentz force source terms to a full set of Maxwell's equations extended
with the Generalized Lagrange Multiplier (GLM) [2] ansatz to reduce divergence errors occurring
during a numerical simulation. Our goal is to derive and construct suitable high order approximations
that are provably entropy-stable and in the future we aim to exactly satisfy divB = 0. In this talk we
give an overview of the status quo of our research and demonstrate an entropy analysis for multi-�uid
5-moment systems with an arbitrary number of species. We show that modi�cations of the original
system are necessary to obtain an entropy inequality. We mimic the continuous entropy analysis based
on recent developments for the Discontinuous Galerkin Spectral Element Method (DGSEM) with the
Summation-by-Parts (SBP) property [3]. A key ingredient is the derivation of an entropy-conserving
numerical �ux function for the system. We will demonstrate our theoretical �ndings with numerical
simulations.
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Abstract

We developed e�cient adaptive strategy solving time-dependent partial di�erential equations with
the aid of space-time discontinuous Galerkin (STDG) method in combination with anisotropic hp-
mesh adaptation, cf. [4, 3]. To make the STDG approach competitive, e�cient algebraic solvers are
required. The iterative solution of nonlinear algebraic systems leads to sequences of linear systems that
are frequently solved iteratively by Krylov methods with suitable preconditioners. A prominent role is
played by the domain decomposition (DD) techniques, their combination with discontinuous Galerkin
discretization leads to a very comfortable setting. Particularly, two-level Schwarz preconditioners,
which accelerate the transfer of information through the whole system, can be constructed in a natural
way, see e.g., [1, 2].

We consider additive and hybrid two-level Schwarz preconditioners, we study the convergence of
the linear solver in dependence on the number of subdomains and the number of elements of the coarse
grid. We propose a simpli�ed cost model measuring the computational costs in terms of �oating-point
operations, the speed of computation, and the wall-clock time for communications among computer
cores. Moreover, the cost model serves as a base of the presented adaptive domain decomposition
method which chooses the number of subdomains and the number of elements of the coarse grid in
order to minimize the computational costs. The e�ciency of the proposed technique is demonstrated
by two benchmark problems of compressible �ow simulations.

References

[1] Antonietti, P.F., Houston, P.: A class of domain decomposition preconditioners for hp-
discontinuous Galerkin �nite element methods. J. Sci. Comput. 46(1), 124�149 (2011)

[2] Antonietti, P.F., Houston, P., Smears, I.: A note on optimal spectral bounds for nonoverlapping
domain decomposition preconditioners for hp-version discontinuous Galerkin methods. Int. J.
Numer. Anal. Model. 13(4), 513�524 (2016)

[3] Dolej²í, V.: Non-hydrostatic mesoscale atmospheric modeling by the anisotropic mesh adaptive
discontinuous Galerkin method. Int. J. Comput. Fluids. Dyn. 38(2-3), 81�101 (2024)

[4] Dolej²í, V., May, G.: An anisotropic hp-mesh adaptation method for time-dependent problems
based on interpolation error control. J. Sci. Comput. 95(2) (2023)

130



4 Minisymposia � NA N09 � New Trends in Discontinuous Galerkin Method
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Compatible Discontinuous Galerkin Finite Element Schemes
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Abstract

We introduce a new family of discontinuous Galerkin (DG) �nite element schemes for the dis-
cretization of �rst order systems of hyperbolic partial di�erential equations (PDE) on unstructured
simplex meshes in two and three space dimensions that respect the two basic vector calculus identities
exactly also at the discrete level, namely that the curl of the gradient is zero and that the divergence of
the curl is zero. The key ingredient here is the construction of two compatible discrete nabla operators,
a primary one and a dual one, both de�ned on general unstructured simplex meshes in multiple space
dimensions. Our new schemes extend existing cell-centered �nite volume methods based on corner
�uxes to arbitrary high order of accuracy in space. An important feature of our new method is the
fact that only two di�erent discrete function spaces are needed to represent the numerical solution,
and the choice of the appropriate function space for each variable is related to the origin and nature
of the underlying PDE. The �rst class of variables is discretized at the aid of a discontinuous Galerkin
approach, where the numerical solution is represented via piecewise polynomials of degree N and which
are allowed to jump across element interfaces. This set of variables is related to those PDE which are
mere consequences of the de�nitions, derived from some abstract scalar and vector potentials, and for
which involutions like the divergence-free or the curl-free property must hold if satis�ed by the initial
data. The second class of variables is discretized via classical continuous Lagrange �nite elements of
approximation degree M=N+1 and is related to those PDE which can be derived as the Euler-Lagrange
equations of an underlying variational principle. The primary nabla operator takes as input the data
from the FEM space and returns data in the DG space, while the dual nabla operator takes as input
the data from the DG space and produces output in the FEM space. The two discrete nabla operators
satisfy a discrete Schwarz theorem on the symmetry of discrete second derivatives. From there, both
discrete vector calculus identities follow automatically. We apply our new family of schemes to three
hyperbolic systems with involutions: the system of linear acoustics, in which the velocity �eld must
remain curl-free and the vacuum Maxwell equations, in which the divergence of the magnetic �eld and
of the electric �eld must remain zero. In our approach, only the magnetic �eld will remain exactly
divergence free. As a third model we study the Maxwell-GLM system of Munz et al., which contains
a unique mixture of curl-curl and div-grad operators and in which the magnetic �eld may be either
curl-free or divergence-free, depending on the choice of the initial data. In all cases we prove that the
proposed schemes are exactly total energy conservative and thus nonlinearly stable in the L2 norm.
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L2-Stability of Explicit Runge�Kutta Methods with SUPG Stabilization for Transient
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Alexandre Ern

CERMICS, ENPC, IPP and INRIA Paris, 77455 Marne-la-Vallée Cedex 2, France
alexandre.ern@enpc.fr

Abstract

We analyze the approximation of linear transport problems using continuous �nite elements in space
with SUPG stabilization and explicit Runge�Kutta (ERK) schemes in time. We establish stability
for ERK3 and ERK4 schemes in the L2-norm augmented by the mesh-dependent weighted advective
derivative induced by the SUPG stabilization. We provide two proofs. The �rst proof hinges on
the stability of Taylor polynomials and covers both ERK3 and ERK4 schemes [1, 2]. The second
proof uses more classical energy arguments and covers only ERK3 schemes. This second proof is
presented to provide a more direct connection to previous work in the literature [3, 4]. We present
numerical experiments illustrating the theoretical �ndings, including a Fourier analysis in 1D and
the approximation of smooth solutions and solutions in BV in 2D. This is joint work with Jean-Luc
Guermond (TAMU).
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Abstract

The tempered �nite element method (TFEM), [1], is a simple, easy to implement modi�cation
of vanilla �nite elements (FEM) that allows computation on meshes containing nearly or completely
degenerate (�attened, or zero-measure) elements. In the original paper [1], we showed how jump-
penalization mortaring can be obtained by considering degenerate elements in a FEM triangulation.
Here we go one step further and show how a simple modi�cation of the computational mesh (by �at-
tening certain `edge' elements) allows one to trivially implement discontinuous Galerkin (DG) methods
in any o�-the-shelf FEM code. We demonstrate this on di�usion, as well as nonlinear evolutionary
convection problems. We theoretically analyze the resulting DG scheme and demonstrate its perfor-
mance on problems ranging from Poisson's problem to compressible Euler equations. Thus the TFEM
framework not only �xes FEM by making it more robust to mesh degeneracy, but one can actively use
TFEM to easily implement mortaring and/or DG schemes in ordinary FEM codes simply by collapsing
chosen elements.
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Abstract

In this talk, we present a novel stationarity preserving Point-Average-Moment PolynomiAl-
interpreted (PAMPA) method for solving the nonlinear hyperbolic problems. We begin with the
one-dimensional setting and the mathematical model considered is the shallow water equations. The
idea is based on a global �ux quadrature formulation, in which the discretization of the source terms
is obtained from the derivative of and additional �ux function computed via high order quadrature of
the source term. The reformulated system is quasi-conservative with global integral terms computed
using Gauss�Lobatto quadrature nodes. The resulting method is capable of preserving a large family of
smooth moving equilibria: supercritical and subcritical �ows, in a super-convergent manner. We also
show that, by an appropriate quadrature strategy for the source, we can exactly preserve the still water
states. Moreover, to guarantee the positivity of water depth and eliminate the spurious oscillations
near shocks, we blend the high-order PAMPA schemes with the �rst order local Lax�Friedrichs schemes
using the method developed in [3]. The �rst-order schemes are designed to preserve the still water
equilibria and positivity of water height, as well as to deal with wet-dry fronts. We then extend the
method to the two-dimensional setting on Cartesian meshes using the PAMPA-DG framework [2].
Similar to the 1D, the divf will be represented using some global �ux. The numerical scheme will be
tested on both the 2D Euler equations and shallow water equations. Extensive numerical experiments
are tested to validate the advantages and robustness of the proposed scheme.
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Abstract

We discuss a recently developed class of oscillation-free discontinuous Galerkin (OFDG) method
for solving hyperbolic conservation laws. Discontinuous Galerkin methods are well-known for their nice
properties for solving hyperbolic conservation laws, such as entropy stability, high order convergence,
parallel e�ciency and easiness for h-p adaptivity. However, for strong shocks, unmodulated discon-
tinuous Galerkin methods still su�er from spurious oscillations. Traditional strategies to control such
oscillations include arti�cial viscosity and various limiters. Recently, a class of oscillation-free discon-
tinuous Galerkin method has been developed, which contains a carefully designed local damping term
and ensures essentially oscillation-free performance. The OFDG method maintains the nice theoretical
properties of discontinuous Galerkin methods such as entropy stability, optimal order of convergence,
and superconvergence. The method has been developed for scalar equations and systems, including
Euler equations and MHD equations. Numerical results demonstrate the nice performance of the
method. This is a joint work with Yong Liu and Jianfang Lu.
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Abstract

This contribution presents a modular �uid-structure interaction (FSI) methodology with an
elastic structure model. A partitioned approach with weak or strong coupling is used, allowing inde-
pendent �uid and structure solvers and nonmatching meshes at the �uid-solid interface. The �uid �ow
is described by the compressible Navier-Stokes equations in the ALE formulation and solved using an
implicit discontinuous Galerkin scheme with interior penalty for viscous �uxes. The elastic structure is
modeled by nonlinear elastodynamics with large deformations and solved by an implicit �nite-element
method. Because the meshes do not conform at the interface, aerodynamic stresses and structural
displacements are transferred using radial basis function interpolation. The complete FSI framework
is validated on the well-known Turek-Hron benchmark.

136



4 Minisymposia � NA N10 � Numerical Methods for Fluid-Structure Interaction Problems

Numerical Approximation of Fluid-Structure Interaction: From Mathematical
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Abstract

This talk is devoted to the mathematical modeling and numerical approximation of �uid-
structure interaction (FSI) problems. Mutual interactions between �owing �uids and vibrating struc-
tures are critical across a wide range of engineering and scienti�c disciplines. A prominent historical
example of such phenomena is the collapse of the Tacoma Narrows suspension bridge due to aeroelastic
instability. Today, FSI must be rigorously accounted for in the design of bridges, tall buildings, and
lightweight membrane structures, as well as in mechanical engineering, where aircraft wings or turbo-
machinery blades may oscillate dangerously due to �uid-structure coupling. Furthermore, FSI is es-
sential in biomechanics, notably in the study of blood �ow through elastic arteries and the self-induced
vibrations of vocal folds during human phonation. While traditional aeroelasticity and hydroelasticity
often rely on linearized models limited to small deformations to determine stability regions, these ap-
proaches fail to capture nonlinear phenomena such as post-�utter behavior or limit cycle oscillations.
Numerical simulations represent a practical tool for exploring these complex interactions.

Moving from modeling to numerical implementation, we provide a survey of several key aspects
of the numerical approximation of FSI problems in the context of incompressible �ows. To treat
the domain motion, the Arbitrary Lagrangian-Eulerian (ALE) formulation is introduced, and the
application of ALE techniques across di�erent spatial discretization methods � including the �nite
volume and �nite element methods � are examined. In particular, the e�ects of time discretization
schemes on the ALE framework are explored, evaluating the overall stability and accuracy of the
numerical solution. Coupling strategies, such as monolithic and partitioned approaches, are reviewed.
To satisfy the divergence constraint, the choice of suitable �nite element pairs is addressed in relation
to stabilization methods for convection-dominated �ows at high Reynolds numbers. Finally, numerical
examples are presented, ranging from classical aeroelastic problems to the complex simulation of human
phonation.
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We compare two e�cient linear �nite element schemes for non-linear �uid�structure interaction be-
tween an incompressible viscous �uid and an elastic plate or shell, formulated in the arbitrary Lagrangian�
Eulerian (ALE) framework on a �xed reference domain. Both methods employ backward Euler time
discretization and a low-order spatial discretization with P1-bubble/P1 elements for the �uid and P1
elements for the structure. The semi-implicit monolithic scheme from [1] advances the coupled system
by a single linear solve per time step and dissipates the total energy at the discrete level. The parti-
tioned scheme from [2] updates �uid and structure sequentially without sub-iterations while preserving
a discrete energy estimate, even for large deformations with a convection term.

We establish optimal �rst order convergence with respect to the time step and mesh size and con-
�rm it numerically in strongly deforming regimes. Figure 1 illustrates representative large-deformation
snapshots together with the observed timestep convergence. Finally, we compare e�ciency: the mono-
lithic scheme reduces cost relative to a fully implicit solve [1], and the partitioned variant further
lowers per-step cost while maintaining comparable accuracy. The approach naturally extends to fully
non-linear bulk elasticity models, including compressible neo-Hookean and Saint Venant�Kirchho�
materials.
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Abstract

This presentation focuses on the �uid�structure�acoustic interaction (FSAI) problem with particular
emphasis on its application to human phonation, [1]. The problem involves the coupling of three
physical subsystems: a complex air�ow, the vibration of an elastic structure represented by the vocal
folds, and the surrounding acoustic �eld. The general mathematical model of the FSAI problem is
introduced and possible simpli�cations of the fully coupled formulation are discussed.

The �uid�structure interaction (FSI) is governed by the incompressible Navier�Stokes equations
coupled with a geometrically nonlinear elasticity model, which is suitable for large deformations and,
more importantly, signi�cant rotations of the vocal folds. The �uid formulation employs the Arbitrary
Lagrangian�Eulerian (ALE) method to treat the time-dependent �uid domain, and SUPG stabilization
is applied within the �nite element discretization to ensure numerical stability in convection-dominated
regimes. Special attention is devoted to the inlet boundary condition, which is imposed in a penalized
form, [4]. This approach can be interpreted as a generalization of classical Dirichlet and Neumann
boundary conditions and has proven to be more robust and physically appropriate for modelling in�ow
conditions in phonatory �ows. The in�uence of structural prestressing�mimicking the prephonatory
con�guration of the vocal folds�is also investigated and shown to be signi�cant, [2].

An aeroacoustic model based on a perturbation approach is brie�y introduced as a reason-
able approximation of the full compressible Navier�Stokes equations that retains the essential sound-
generation mechanisms, [3]. Finally, numerical simulations of �ow-induced vocal fold vibrations and
the subsequent propagation of sound through the human vocal tract are presented.
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Hölder Regularity for Degenerate First-Order Hamilton-Jacobi Equations
under Controllability Conditions

Megan Gri�n-Pickering
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Abstract

This is joint work with Alpár Mészáros (Durham University, Durham, England, United Kingdom).

Hamilton-Jacobi(-Bellman) equations are key elements in optimal control and mean �eld game theory.
We study the regularity of solutions to �rst-order Hamilton-Jacobi equations. Despite the lack of
parabolic structure, it is known that viscosity solutions of �rst-order Hamilton-Jacobi equations are
Hölder continuous provided that the Hamiltonian is coercive with respect to the momentum variable
with superlinear growth (e.g. [1, 2]). However, a large class of �rst-order HJB equations do not
satisfy this hypothesis, even when the Lagrangian cost in the underlying optimal control problem has
superlinear growth with respect to the control variable. This occurs if, in the controlled ODE, certain
directions are forbidden to the controller. Concretely, consider a linear time-invariant system

ẋ = Ax+Bα, x, α ∈ Rn (11)

where A and B are constant n×n matrices; if the rank of B is strictly less than n, then the Hamiltonian
in the HJB equation for an optimal control problem based on this system cannot be coercive in any
direction p that is orthogonal to the image of B.

Motivated by this type of control problem, we study viscosity solutions u of �rst-order Hamilton-
Jacobi equations of the form

∂tu+ (Ax)⊤Dxu+H(t, x,Dxu) = 0,

where H has degenerate superlinear growth of the form

|B⊤Dxu|q − f(t, x) ≲ H(t, x,Dxu) ≲ |B⊤Dxu|q + C

for some q > 1, constant C ∈ R and f locally Lr for r su�ciently large. We show that, if the system
(11) is controllable, then u is Hölder continuous.
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The E�ect of Quadrature on the Convergence of Policy Iteration
for Hamilton�Jacobi�Bellman Equations

Thomas Hall, Iain Smears, and Harry Wells
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Abstract

Modern �nite element libraries allow users to express partial di�erential equations directly in variational
form, with the added convenience of automatic selection of numerical quadrature. In the context of
Hamilton�Jacobi�Bellman equations, we show that the choice of quadrature plays a signi�cant role
in the observed performance of the policy iteration solver for the nonlinear problem, which is known
from theory to converge locally superlinearly in the absence of quadrature error.

In particular, we show that automatic quadrature selection can result in inconsistent choices
in the assembly of matrix and right-hand side, thereby causing stagnation and, in some cases, loss of
convergence of the policy iteration. We also show that the simple remedy of enforcing consistent choices
of quadrature for both matrix and right-hand side recovers the expected superlinear convergence. These
results reveal a subtle but signi�cant interaction between quadrature and nonlinear iteration in �nite
element implementations.
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Wellposedness and Quantitative Convergence for Distributed Equilibria of
Displacement Monotone N-Player Games with Interaction Through Controls

Hei Jie Lam
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hei.j.lam@durham.ac.uk

Abstract

In this talk we will study the wellposedness of distributed equilibria of N -player games under
displacement semi-monotonicity and convexity assumptions, in which the running cost of a player
depends also on the controls used by other players. We consider running costs that are not necessarily
separable, resulting in a set of consistency/�xed point relations on in�nite dimensional spaces. We
will also talk about quantitative convergence results (both for optimal trajectories/control and value
functions) for the N -player games to the corresponding Mean Field Games of Controls (MFGC).
Our approach works for both stochastic and deterministic cases but in this talk we will focus on the
deterministic case (distributed equilibria coincides with open-loop equilibria in this case), where further
quantitative convergence results can be proved for the gradients of value functions. This talk is based
on joint work with Alpár Mészáros (Durham University).
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On Schauder Estimates for Nonlocal Viscous Hamilton Jacobi Equations

Robin Lien
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Abstract

Viscous Hamilton�Jacobi equations arise as dynamic programming equations in optimal control and
di�erential games, where the unknown function represents the value function of an optimally controlled
process. We use a heat-kernel and semigroup approach to study the spatial regularity for such equa-
tions with a nonlocal di�usion term, speci�cally Lévy-type di�usion operators such as the fractional
Laplacian. Using the Duhamel (mild) formulation together with quantitative smoothing estimates in
Hölder spaces, we explain how the order of the di�usion determines the spatial smoothing e�ect: for
any positive time the solution gains the optimal amount of Hölder regularity in space, and we can
quantify how the relevant norms behave as time approaches zero. We focus on two canonical regimes:
solutions with uniformly bounded gradients, and solutions whose gradients may blow up as time ap-
proaches zero. In addition to regularity, we discuss existence, uniqueness, and conditions under which
solutions are classical. Our results are obtained under mild assumptions on the heat-kernel and the
regularity of the data. Our motivation comes from Mean Field Games, and our goal is to extend our
results to the full nonlocal Mean Field Game system with low-regularity data. The talk is based on
our paper "On Schauder estimates for nonlocal and mixed local�nonlocal viscous Hamilton�Jacobi
equations".
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Long Time Behaviour, Stabilisation and Turnpike for Displacement Monotone Mean
Field Games

Alpár R. Mészáros

Durham University, UK
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Abstract

In this talk we will study the long time behaviour of Nash equilibria in Mean Field Games within
the framework of displacement monotonicity. We �rst show that any two equilibria de�ned on the
time horizon (0, T ) must be close as T → +∞, in a suitable sense, independently of initial/terminal
conditions. The way this stability property is made quantitative involves the L2 distance between
solutions of the associated Pontryagin system of FBSDEs that characterises the equilibria. Therefore,
this implies in particular the stability in the 2-Wasserstein distance for the two �ows of probability
measures describing the agent population density and the L2 distance between the co-states of agents,
that are related to the optimal feedback controls. We then prove that the value function of a typical
agent converges as T → +∞ and we describe this limit via an in�nite horizon MFG system, involving
an ergodic constant. All of our convergence results hold true in a uni�ed way for deterministic and
idiosyncratic noise driven Mean Field Games, in the case of strongly displacement monotone non-
separable Hamiltonians. All these are quantitative at exponential rates. The talk is based on a recent
joint work with Marco Cirant (Padova).
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Error Bounds for Finite Element Approximations of Stationary Second-Order Mean
Field Game Systems

Yohance Osborne

Durham University, Durham, United Kingdom
yohance.a.osborne@durham.ac.uk

Abstract

We present error bounds for monotone stabilized �nite element discretizations of stationary
second-order mean �eld game (MFG) partial di�erential inclusion systems of the form

−ν∆u+H(x,∇u) = F [m](x) in Ω,

−ν∆m−G(x) ∈ div(m∂pH(x,∇u)) in Ω,
(12)

supplemented with homogeneous Dirichlet boundary conditions u = 0, m = 0 on ∂Ω, where the
Hamiltonian H = H(x, p) is merely Lipschitz, convex, but (possibly) nondi�erentiable with respect to
p. Here, ∂pH denotes the partial subdi�erential of H with respect to its second argument, and Ω ⊂ Rd

denotes a general bounded polytopal Lipschitz domain. For the system (12) with strongly monotone
running cost F and non-negative source G, we prove an asymptotic rate of convergence in the H1-norm
for the approximations of the value function u and in the L2-norm for the approximations of the player
density m, despite the density having minimal regularity a priori as a function in H1 and there being
no continuity of the set-valued partial subdi�erential ∂pH. The analysis we present jointly leverages
recent a priori �nite element error analysis for MFG systems with di�erentiable C1,1 Hamiltonians [1],
and new quantitative results on the approximation of MFG systems with merely C0,1 Hamiltonians by
MFG systems with regularized C1,1 Hamiltonians as the regularization parameter vanishes [2]. This
talk is based on joint work with Iain Smears in [3].
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Fully Nonlinear Mean Field Games with Nondi�erentiable Hamiltonians

Thomas Sales
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Abstract

Mean �eld games [1] are systems of partial di�erential equations modelling the Nash equilibria
of dynamic di�erential games for large populations of players. In their full generality this system
is fully nonlinear and may involve a nondi�erentiable Hamiltonian � in which case not only is the
analysis more involved than the usual quasilinear case (with a di�erentiable Hamiltonian), but even
the statement of the problem is not so obvious. In this talk, we discuss a novel approach to studying
a model problem of the form

H(x,D2u(x)) = F [m](x) in Ω,

D2 :

(
m
∂H

∂M
(x,D2u(x))

)
= G(x) in Ω,

u = 0, m = 0 on ∂Ω

by introducing a non-standard variational inequality formulation. Here H : Ω × Rd×d
sym → R is a

Hamiltonian of the form
H(x,M) := sup

α∈A
{−a(x, α) :M − f(x, α)} .

Under reasonable assumptions, such as assuming the Hamiltonian satis�es a uniform Cordes condition,
we show that this variational inequality formulation admits a solution and moreover this solution is
unique under the usual monotonicity assumptions. This talk is based on joint work [2] with Iain
Smears (UCL).
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A Posteriori Error Bounds for Finite Element Approximations of Mean Field Games
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Abstract

A posteriori analysis is a powerful tool in the �nite element method (FEM) approximation of
partial di�erential equations (PDE). The analysis provides computable error estimators which can be
used to reliably evaluate the accuracy of a numerical approximation without prior knowledge of the
underlying analytical solution.

In this talk we present recent works on the a posteriori analysis of stabilised FEM approximations
to mean �eld games (MFG). A posteriori analysis for MFG presents several interesting challenges due
to the lack of coercivity of the MFG system, the nonlinear coupling terms, the requirement of a discrete
maximum principle, and the loss of Galerkin orthogonality due to stabilisation. To overcome this we
prove an equivalence result between approximation error and the dual norm of the corresponding
PDE residuals of the MFG system. Then we derive computable error estimators and we prove their
reliability and e�ciency with respect to the error between exact and numerical solutions.
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Unconditionally Stable Finite Element Scheme for Fluid-Structure Interaction Problems

Daniele Bo�

King Abdullah University of Science and Technology (KAUST), Saudi Arabia
and University of Pavia, Italy
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Abstract

In this talk I will present a model for the numerical approximation of �uid-structure interaction
problems based on a �ctitious domain approach and on the use of a Lagrange multiplier. I will follow
the formulation of [1] which is a follow up of a method of the family of Immersed Boundary schemes
such as [2, 3].

One of the main features of our approach is the unconditional stability in time also when a
semi-explicit time marching scheme is used [4]. As opposed to other un�tted approach, the presence
of small cut cells doesn't a�ect the stability and the conditioning of the numerical scheme [5].
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Hierarchical Surrogate Modeling for Droplet-Laden Stokes Flows

Davide Pradovera∗, Thomas Frachon†, and Sara Zahedi†
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Abstract

We present a surrogate modeling strategy for Stokes �ows where deformable liquid droplets are
suspended in a carrier �uid [1]. Our approach is based on a multi-�delity framework: at the lowest
�delity, droplets are treated as passive tracers, neglecting their in�uence on the ambient �ow �eld.
Building on this approximation, we derive a PDE whose solution represents the current modeling
error. This error equation is then solved approximately to correct the �ow �eld, and the procedure is
iterated.

Two �delities are employed in an alternating fashion: Stokes �ow in the absence of droplets
and �ow around a single droplet in free space. By systematically combining these models, the method
can capture droplet-�ow, droplet-boundary, and droplet-droplet interactions. If the droplets are ge-
ometrically similar, we further develop an e�cient strategy that exploits this structure through an
o�ine�online decomposition, enabling the reuse of precomputed single-droplet solutions. Numerical
experiments demonstrate the accuracy and e�ciency of the proposed surrogate across a range of tests,
including scenarios with up to 105 droplets. Notably, we show that the proposed surrogate achieves
signi�cantly reduced computational cost compared to fully resolved multi-�uid simulations with state-
of-the-art software.
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Structure-Preserving Fully Discrete Methods for Magnetoelastic Materials

Michele Ruggeri
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Abstract

Magnetoelastic materials are smart materials with a strong interplay between their mechanical
and magnetic properties, and as such, they provide an example for a multiphysics system. In this talk,
we present structure-preserving fully discrete numerical schemes [1, 2] for approximating solutions to a
nonlinear system of evolutionary partial di�erential equations modeling the dynamics of magnetization
and displacement in magnetoelastic materials in the small strain regime. For each method, we discuss
well-posedness, energetic behavior, accuracy, (unconditional) stability and convergence, and illustrate
its performance by means of numerical experiments. This is joint work together with Martin Kruºík
(Czech Academy of Sciences) and Hywel Normington (University of Strathclyde).
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Domain Decomposition with Neural Model Order Reduction
for Multiscale Mixed-Dimensional Problems
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Abstract

Multiscale and multiphysics problems involving heterogeneous media and coupled processes
across di�erent spatial dimensions arise in a wide range of scienti�c and engineering applications,
including transport phenomena in biological tissues, porous media, and vascularized systems [1, 2].
The numerical approximation of such problems is particularly challenging due to geometric complexity,
strong scale separation, and the high computational cost associated with repeated simulations in
parametrized or data-rich settings. In this work, we present a computational framework that combines
non-overlapping domain decomposition methods with non-intrusive, data-driven reduced order models
to e�ciently approximate multiscale mixed-dimensional partial di�erential equations, with a particular
focus on coupled 3D�1D formulations.

The proposed approach relies on a localization strategy in which the global problem is de-
composed into parametrized local subproblems, coupled through optimized Schwarz-type transmission
conditions. Reduced order models, constructed from localized high-�delity data and implemented
using neural-network-based surrogates [2], are embedded within domain decomposition iterations to
accelerate the solution of the most computationally demanding subdomain problems. We discuss the
mathematical structure of the method, including the notion of local representability and the impact
of surrogate-induced perturbations on convergence and stability. Numerical results on representa-
tive mixed-dimensional di�usion and transport problems illustrate the e�ectiveness of the proposed
domain decomposition�neural reduced order model paradigm in achieving signi�cant computational
savings while preserving accuracy and global coherence. The presented framework provides a �exible
foundation for scalable, learning-augmented solvers for complex multiphysics systems.
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Block-Jacobi Preconditioners for Advection Problems

Ivo Dravins
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Abstract

We present an a class of block-Jacobi preconditioners for advection-dominated problems. We
discuss its construction and application for various discretization schemes including high-order discon-
tinuous Galerkin discretizations on hexahedral meshes with tensor product basis functions. We form
the element-wise inverses based on the fast diagonalization method for an approximation of the cellwise
problem by constant coe�cients on a Cartesian mesh. In order to overcome the degradation of the
cellwise inverse when the transport speed is highly variable, we analyze cellwise iterative solvers.

This talk is based on joint work with Martin Kronbichler and Katharina Kormann of the Ruhr
University Bochum, Germany.
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Determining the Space Dependent Coe�cients in Space-Time Fractional Di�usion
Equations via Krylov Preconditioning

Muhammad Faisal Khan
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Abstract

We consider a time-space fractional di�usion equation with a variable coe�cient and investigate
the inverse problem of reconstructing the source term, after regularizing the problem with the quasi-
boundary value method to mitigate the ill-posedness. The equation involves a Caputo fractional
derivative in the space variable and a tempered fractional derivative in the time variable, both of
order in (0, 1). A �nite di�erence approximation leads to a two-by-two block linear system of large
dimensions. We conduct a spectral analysis of the associated matrix sequences, employing tools from
Generalized Locally Toeplitz (GLT) theory, and construct the preconditioner guided by the GLT
analysis. Numerical experiments are reported and commented, followed by concluding remarks.
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H-LU Preconditioners for the RBF-FD Discretized Oseen Equations

Michael Koch, Sabine Le Borne
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Abstract

The possibility of using H-matrices as preconditioners for the Oseen equations has been known
for a while. They have been shown to be robust for �nite elements as well as meshless discretizations
[1, 2]. However, despite having an asymptotic runtime complexity of O(N log(N)2), they may in
practice be quite slow when compared to competing methods due to large constants hidden in the
O-notation.

We present some recent improvements to reduce the runtime for setting up these preconditioners.
These improvements are due to a recently introduced arithmetic for H-matrices as well as clusterings
that are adapted to the structure of the Oseen problem. These changes can be applied regardless of
the underlying discretization.

Lastly, we present one more improvement that is possible if we discretize the Oseen equations
using the meshless Radial Basis Function - Finite Di�erence method (RBF-FD) [3] by utilizing the
�exibility of this method in the construction of the preconditioner.
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On Direct Multilevel Solvers Induced by AMG
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Abstract

We consider an algebraic multigrid (AMG) scheme for the direct solution of complex-valued
square linear systems based on a recursive 2 × 2 block partitioning of the coe�cient matrix and
study the optimal choices of its components. In particular, we complement existing results that
characterize optimal choices for nonsymmetric-cycle methods [1, 2] by analyzing the spectral behavior
of the symmetrized variant. We analyze the error propagation operator of the two-level symmetric-cycle
method by calculating its invariant subspaces and its nonzero eigenvalues that govern the behavior of
the error after a single cycle. We show that the error propagation operator can be studied separately
for pairs of modes, working as bases of the invariant subspaces. The main result is an explicit choice
of smoothing parameters that makes all the pairs of modes respond identically, forcing the nontrivial
eigenvalues of the error propagation operator to collapse to a single, a priori known value, i.e., we give
an explicit choice for the smoothing parameters so that the nonzero part of the spectrum of the error
propagation operator collapses to a single, a priori known point on the real line. As a consequence, we
give a closed-form formula for the inverse of a general square matrix that, to the best of our knowledge,
is new in the literature. Additionally, the framework provides a clear, self-contained description of an
ideal AMG W-cycle, o�ering a concrete target for the design of related schemes. We illustrate the
theory with direct applications to general matrices and with analyses of representative matrices arising
in numerical methods.
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Exploiting Low-rank Structures for the Solution of PDEs
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Abstract

Exploiting low-rank structures for the solution of partial di�erential equations (PDEs) has
emerged as a powerful technique in the �eld of numerical simulation and scienti�c computing. Many
real-world systems exhibit inherent low-dimensional patterns among solution variables, allowing for
more e�cient computation. By e�ciently approximating complex PDE solutions with fewer degrees
of freedom, low-rank methods facilitate scalable algorithms and o�er enhanced interpretability, mak-
ing them invaluable tools for tackling high-dimensional problems in various scienti�c and engineering
domains.

In this talk we are going to focus on the solution of evolutionary PDEs. In particular, we
will show how the space-time formulation of the discrete problem can be cast in terms of a single
Sylvester matrix equation, in place of a sequence of shifted linear systems as costumary in time-
marching schemes. This reformulation allows to design ad-hoc numerical strategies tackling the space
and time components of the algebraic equation separately. In particular, a novel solution strategy that
combines projection techniques � for the space component � with the full exploitation of the entry-wise
structure of the discrete time operator is proposed. The resulting scheme is able to e�ciently solve
problems with a tremendous number of degrees of freedom while maintaining a low storage demand
as illustrated by several numerical results.
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Iterative Methods for Fractional Di�erential Equations via the ⋆-Product
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Abstract

We address the numerical solution of non-autonomous linear fractional di�erential equations of
the form

Dα
t u(t) = Â(t)u(t), u(0) = v,

where 0 < α < 1 and Â(t) is analytic in time. These problems arise in applications involving memory
e�ects and nonlocal dynamics. Our new method expands the solution on a suitable polynomial basis
and reformulates the problem as a structured matrix equation that links the fractional dynamics across
time; see [1]. The approach is related to the ⋆-product formalism, a generalization of the Volterra
convolution that enables a tractable discretization of the fractional operator and, in certain cases, even
yields closed-form expressions.

We also present preliminary results on the extension of this framework to partial di�erential
equations, showing that similar structured systems appear and can be exploited for numerical compu-
tations.
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Block Schwarz Methods and Preconditioning Strategies Using Generalized Locally
Toeplitz Tools: Proposals, Analysis, and Numerical Validation
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Abstract

In the current work we present a spectral analysis of the additive and multiplicative Schwarz
methods within the framework of domain decomposition techniques, by investigating the spectral prop-
erties of these classical Schwarz preconditioning matrix sequences, with emphasis on their convergence
behavior and the e�ect of transmission operators. In particular, we focus on restricted variants of
the Schwarz methods aimed at improving parallel e�ciency, while preserving their convergence fea-
tures. In order to rigorously describe and analyze the convergence behavior, we employ the theory
of generalized locally Toeplitz (GLT) sequences, which provides a robust framework for studying the
asymptotic spectral distribution of the discretized operators arising from Schwarz iterations. By as-
sociating each operator sequence with the appropriate GLT symbol, we derive explicit expressions for
the GLT symbols of the convergence factors, for both additive and multiplicative Schwarz methods.
The GLT-based spectral approach o�ers a uni�ed and systematic understanding of how the spectrum
evolves with mesh re�nement and overlap size (in the algebraic case). Our analysis not only deepens the
theoretical understanding of classical Schwarz methods, but also establishes a foundation for examining
future restricted or hybrid Schwarz variants using symbolic spectral tools. These results enable the
prediction of the remarkable e�ciency of block Jacobi/Gauss�Seidel and block additive/multiplicative
Schwarz preconditioners for GLT sequences, as further illustrated through numerical experiments.
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Reliable Waveform Relaxation Convergence Estimates
for Atmosphere-Ice-Ocean Coupling
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Abstract

Climate models are large, coupled codes solving nonlinear systems of partial di�erential equations.
We focus on the atmosphere, ocean, and sea ice components, which are coupled at the sea surface
via boundary conditions. Coupling algorithms used in practice correspond to a single step of iterative
Schwarz waveform relaxation (WR) methods. Not iterating is computationally cheap but introduces
numerical coupling errors which can be substantial [1]. Coupling error reduction is directly linked to
the convergence factor of the WR iteration. We are therefore interested in reliably estimating the
latter.

To this end, we recently contributed with the WR convergence analysis of a simpli�ed model for
thermodynamical atmosphere-ice-ocean coupling: in essence, coupled heat equations with discontinu-
ous material parameters and nonstandard interface boundary conditions [2]. In this talk, we compare
the results from this analysis to WR convergence results we obtain with a coupled single column climate
model: the EC-Earth AOSCM, which uses the same coupling setup as its host model, EC-Earth. Our
analysis in [2] explains observed fast WR convergence in ice-free simulations. When sea ice is present,
WR in the EC-Earth AOSCM converges much faster than the analysis predicts. This discrepancy can
be reduced by modifying the sea ice component in the simpli�ed model. We also show how discontinu-
ities in the EC-Earth code can slow down numerically observed WR convergence. Our work illustrates
that simpli�ed models and established WR analysis techniques are useful tools to understand WR
convergence for state-of-the-art atmosphere-ice-ocean codes.
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The Hopf Bifurcation for Neutral Delay Di�erential Equations
with State-Dependent Delay
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Abstract

We consider neutral delay di�erential equations (NDDEs) with state-dependent delays of the form

d

dt
[x(t) + g(xt, a)] = f(xt, a),

where xt(s) = x(t + s) ∈ Rn, and a ∈ R is a parameter. The functionals f and g do not satisfy the
classical smoothness properties that are assumed for DDEs with constant delay. Consequently, the
Hopf bifurcation theorem cannot be applied directly. In this research, we study periodic boundary-
value problems for NDDEs using a weaker di�erentiability concept (mild di�erentiability) and prove the
Hopf bifurcation theorem (existence of a smooth branch of periodic orbits near an equilibrium xeq(a)
changing stability at xeq(aH)) under standard conditions with the following additional restriction on
the neutral term:

|∂xg(x, a)z| ≤ κ∥z∥0 for some κ < 1

and all a and continuously di�erentiable x near (aH, xeq(aH)).
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Functional Runge-Kutta Methods for Stochastic Delay Di�erential Equations
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Abstract

Stochastic Delay Di�erential Equations (SDDEs) hold signi�cant importance in the advanced modeling
of problems in the natural sciences, economics and engineering, e.g., those related to supply chains and
sustainable innovation in general. While time integration is essential for simulating and understanding
their behavior and properties, it poses nontrivial challenges due to the presence of both randomness and
memory e�ects. In this talk we present an extension to SDDEs of the so-called functional Runge-Kutta
methods, introduced for DDEs in [2] and further analyzed in [1], which provide an approximation to
the whole history of the system at each time step. This allows for greater freedom in the choice of
the integration mesh beyond the necessary breaking points independently of the delay structure or the
underlying Brownian motion, thus potentially overcoming the limitation of traditional methods, which
typically require commensurable delays and step sizes.

This is a joint work with Alessia Andò, Davide Liessi and Faraz William from the University of
Udine and Stefano Maset from the University of Trieste, and it is partially supported by the Italian
Ministry of University and Research (MUR) through the PRIN 2022 project (No. 20229P2HEA)
�Stochastic numerical modelling for sustainable innovation�, Unit of Udine (CUP G53C24000710006).
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Extracting Tent Maps from the Mackey-Glass Attractor
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Abstract

Since its appearance in the celebrated paper [5], the Mackey�Glass equation has become an essential
reference in the �eld of delay di�erential equations (DDEs). Its importance goes well beyond being a
prototype model for investigating dynamical diseases in biology and medicine or for investigating the
e�ects of delayed feedback in control and relevant applications. Even from a strictly mathematical
point of view, it represents a cornerstone benchmark to understand emerging analytical techniques or
to test advanced computational methods. Despite the great attention it has received in almost half a
century, a rigorous mathematical proof of chaos in the Mackey-Glass equation is still an open problem.
However, several numerical simulations highlight the chaotic nature of the Mackey-Glass system.

Inspired by the pioneering work of Lorenz [2], in this talk we present several computational
results showing the presence of tent-like scalar maps in the dynamics of the Mackey-Glass equation.
Up to our knowledge, an in-depth study on tent maps in the dynamics of this system has not been
provided yet. The numerical evidence of the presence of such maps can be a strong indicator of chaotic
behavior, since their iteration gives rise to chaotic dynamics. We provide an interpretation of the
adopted tools on the basis of the arguments proposed by Siegberg in [4] to reduce the dynamics of
simpler DDEs to tent maps in order to apply standard results on chaotic maps [1]. The emerging key
mechanism is that of a double reduction: �rst from continuous to discrete time, second from in�nite
to �nite dimensional state stapce.

This is a joint work with Alessia Andò and Dimitri Breda (University of Udine), supported
by FSE+ grant: �Computational and datadriven models for advanced sustainable processes�, CUP:
G23C25000620008.
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Towards a Proof of Chaotic Dynamics in the Mackey�Glass Equation
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Abstract

In this talk, we present a constructive strategy to prove the existence of a transverse intersection
between the stable and unstable manifolds of a periodic orbit in the Mackey�Glass equation

d

dt
u(t) = −au(t) + b

u(t− τ)

1 + u(t− τ)ρ
, a, b, ρ ≥ 0, τ > 0.

Such a phenomenon is generally referred to as the Poincaré scenario, and constitutes a classical geo-
metric mechanism for the existence of chaotic dynamics via a Smale horseshoe.

The approach begins with reformulating the delay di�erential equation as a discrete dynamical
system, de�ned a function space, through the time-τ map. The phase space is discretized using
functions admitting convergent Chebyshev expansions, whose coe�cients are modeled in a weighted
ℓ1 Banach space. The transverse homoclinic orbit is then characterized as the zero of a nonlinear
operator F (x) = 0, arising from a projected shooting method on the invariant stable and unstable
manifolds. The strategy requires (i) computing a (non-degenerate) periodic orbit, (ii) determining its
Morse index, and (iii) retrieving a local graph of its (in�nite-dimensional) stable manifold. With this
in place, we verify the existence of a transverse intersection via a computer-assisted proof based on
the contraction of a quasi-Newton operator.
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Compressible Active Nematic Liquid Crystals: Existence of Dissipative Solutions

Kuntal Bhandari
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Abstract

We discuss the hydrodynamics of compressible active nematic liquid crystals in a three-dimen-
sional and bounded domain, with a nonlinear viscosity tensor and nonhomogeneous boundary data,
in a Landau-de Gennes framework. We prove the existence of dissipative solutions within a Beris-
Edwards type model for active nematodynamics, which are weak solutions satisfying the underlying
equations modulo a defect measure. The proof follows from a three level approximation scheme �
the Galerkin approximation, the classical parabolic regularization of the continuity equation, and the
convex regularization of the potential generating the viscous stress. This is a joint work with Apala
Majumdar (Manchester) and �árka Ne£asová (Prague).
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A Free-Discontinuity and Free-Boundary Problem
for Smectic A Liquid Crystals
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Abstract

Smectic liquid crystals are a phase of matter in which the constituent molecules tend to align
locally parallel to one another and to arrange themselves in layers. Experimental evidence shows that
the con�guration of the layers in smectic �lms may be rather complex, possibly with defects � that is,
localised regions of sharp change in the orientation of the layers. Defects may occur at isolated points,
along lines or surfaces. In this talk, we discuss a free-discontinuity and free-boundary variational
problem for smectic A liquid crystals in two dimensions. We focus on a speci�c form of the energy
functional, which is lower semicontinuous and penalises dislocations of the layers along the defects. Our
results provide existence of minimisers and some regularity properties (away from the free boundary).
The talk is based on joint work with John M. Ball (Heriot-Watt University, Edinburgh and Hong
Kong Institute of Advanced Studies) and Bianca Stroffolini (Università Federico II, Napoli).
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A Relative Energy Inequality for Electrolytes with Liquid-Crystal-Like Solvent:
Weak-Strong Uniqueness and a Posteriori Error Estimates
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Abstract

We study an anisotropic Navier�Stokes�Nernst�Planck�Poisson (NSNPP) system whose constant in
time anisotropy is motivated by continuum models for liquid crystals. Building on the concept of
suitable weak solutions [1], we derive a relative energy inequality for the NSNPP system [2]. This
inequality yields a weak�strong uniqueness principle and provides a robust analytical tool for a poste-
riori error estimation. We further investigate the high-viscosity (low-Reynolds number) regime, which
leads to an anisotropic Stokes�Nernst�Planck�Poisson (SNPP) limit system. Using the relative energy
framework, we obtain quantitative error estimates measuring the distance between solutions of the
NSNPP and SNPP models in natural energy and dissipation norms.
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Variational Approximation of the Heat �ow of Harmonic Maps
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Abstract

Harmonic maps play a central role in both di�erential geometry and the analysis of partial
di�erential equations. In particular, harmonic maps and their associated heat �ow naturally arise in
the Oseen�Frank model for nematic liquid crystals, where they describe the local orientation of the
molecules.

In this talk, I will present a variational approximation of the harmonic map heat �ow. The
approach is based on the Weighted Energy�Dissipation (WED) scheme, which relies on a functional
de�ned over entire trajectories and depending on a small parameter ε. As ε ↘ 0, minimizers of this
functional are shown to converge to weak solutions of the heat �ow.

For smooth target manifolds with nonpositive sectional curvature, we recover�through a purely
variational argument�the classical theorem of Eells and Sampson.

Moreover, the variational structure of the scheme allows us to extend the analysis to CAT(0)
targets. In this more general setting, we prove that solutions to the �ow are Lipschitz continuous in
the space variable, thereby settling a long-standing open problem in the area. This is a joint work
with Fang-Hua Lin, Yannick Sire and Changyou Wang.
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High and Low-Mach Number Regimes for Capillary Fluids
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Abstract

The talk will be devoted to the high and low-Mach number limit for compressible capillary �uids with
density dependent viscosity. We will present recent results concerning high-Mach number �ows, weak-
strong uniqueness property and dispersion of the acoustic waves in the low-Mach number regime. This
is a joint work with Donatella Donatelli (DISIM, L'Aquila) and Lars Eric Hientzsch (KIT, Karlsruhe).
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Anelastic Approximation for the Degenerate Compressible Navier-Stokes Equations
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Abstract

In this talk, we revisit the low Mach and low Froude number limits for the compressible
Navier�Stokes equations with degenerate, density-dependent viscosity. Using the relative entropy
inequality based on the concept of κ-entropy, we rigorously justify convergence to the generalized
anelastic approximation in the three-dimensional periodic domain for well-prepared initial data. For
general ill-prepared initial data, we also establish a similar convergence result in the whole space, rely-
ing essentially on dispersive estimates for acoustic waves. This is a joint work with F. Fanelli (Bilbao),
Y. Li (Anhui) and E. Zatorska (Warwick).
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Recent Progresses in the Asymptotic Dynamics of Fast Rotating Fluids
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Abstract

In this talk, we will review some recent results describing the asymptotic dynamics of fast
rotating �uids. We will see how to derive the celebrated Taylor-Proudman theorem and the Ekman
pumping e�ect, in the context of incompressible �ows either moving in a domain with topography, or
in presence of non-trivial variations of the density.

These are joint works with M. Bravin (Universidad de Cantabria), J.-Y. Chemin (Université
Claude Bernard Lyon 1) and I. Gallagher (Université Paris Cité).
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Continuous Data Assimilation for Compressible Temperature Driven Fluids
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Abstract

We consider the Navier-Stokes-Fourier system describing the evolution of a compressible tem-
perature driven rotating �uid arising in meteorology. We show convergence of a continuous data
assimilation (CDA) method in the regime of low Mach/high Rossby numbers. This is the �rst result
on convergence of CDA method for a system that is not (known to be) well posed.
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Derivation of the Vlasov-Stokes Equation � the Monokinetic and the Small-Inertia Case
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Abstract

We consider the sedimentation of N spherical particles with identical radii R in a Stokes �ow
in R3. The particles satisfy a no-slip boundary condition and are subject to constant gravity. The
dynamics of the particles is modeled by Newton's law. In a mean-�eld scaling with N → ∞ NR ∼ 1,
one expects that the evolution of the N -particle system is well approximated by the Vlasov-Stokes
equation. The non-binary and singular nature of the implicit particle interaction through the �uid
poses a major challenge for its rigorous derivation; as for the Vlasov-Poisson equation, it is still open
whether particle clustering might prevent the validity of the mean-�eld limit.

We show that clustering does not occur and derive the Vlasov-Stokes equation in the following
two cases. Firstly, in the monokinetic case, where we show a short time result. Secondly, in the case
where the particle inertia is vanishing as N → ∞. In this case, the microscopic system is to leading
order well-approximated by the transport-Stokes equation. However, the Vlasov-Stokes equation takes
into account the (small) inertia and therefore provides a better error estimate. The proof is based on
stability estimates for the Vlasov-Stokes equation in the 2-Wasserstein distance and on an adaptation
of Hauray's work for mean-�eld limits to 2-Wasserstein distances.
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Hydrodynamic Limit of the Kinetic Cucker-Smale Model Toward the Incompressible
Euler-Alignment Model
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Abstract

We present the rigorous hydrodynamic limit of the kinetic Cucker-Smale model in the d-
dimensional torus including collisions described by the nonlinear Fokker-Planck operator. We focus on
the regime where collisions have large frequency and also large mean thermal velocity. The limiting
system is characterized by the incompressible Euler-alignment model with weakly singular in�uence
function. Contrarily to previous literature, where all the resulting hydrodynamic limits led to (both
pressureless and pressured) compressible versions of the Euler-alignment system, we obtain incom-
pressible alignment models for the �rst time in the literature. We develop a holistic method combining
techniques from hydrodynamic limits for kinetic systems based on relative entropy methods for the
macroscopic quantities, together with tools from incompressible limits of Euler-type systems via com-
pensated compactness arguments. We also discuss some well-posedness results of the involved systems,
with particular emphasis on the new target system.

This is based on a recent joint work with Francesco Fanelli (Basque Center for Applied Mathe-
matics) and Gabriele Sbaiz (Università degli studi di Trieste).
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Dynamics of a Large System of Heavy Particles in a Newtonian Fluid
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Abstract

We consider the motion of a large number of heavy particles in a Newtonian �uid occupying
a bounded spatial domain. When we say �heavy", we mean a particle with a mass density that
approaches in�nity at an appropriate rate as its radius vanishes. We show that the collective e�ect
of heavy particles on the �uid motion is similar to the Brinkman perturbation of the Navier�Stokes
system identi�ed in the homogenization process.
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Incompressible Limits at Large Mach Number for a Reduced
Compressible MHD System
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Institute of Mathematics of the Polish Academy of Sciences, Warsaw, Poland
awrob@impan.pl

Abstract

This paper studies a singular limit problem for a reduced model for compressible non-resistive
MHD. This system can also be related to a certain class of two-�uid models. By a suitable rescaling of
the magnetic pressure in terms of some parameter ε > 0, by letting ε→ 0 we perform the incompress-
ible limit while keeping the Mach number of order O(1). The study is conducted in the framework
of global in time �nite energy weak solutions and for ill-prepared initial data. We also consider a
similar problem in presence of a strong Coriolis term. The key ingredient of the proof, based on a
compensated compactness argument, is the use of the transport equation (well-known in the context of
two-�uid models) underlying the dynamics. Thanks to it, and di�erently from previous studies about
the incompressible limit, we are able to identify the asymptotics of the terms of order O(ε) and to
characterise their dynamics; such an information is in fact crucial to obtain a closed system in the
limit. This is recent joint work with Francesco Fanelli and Young-Sam Kwon.
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On the Singular Set of Fractional Harmonic Maps
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Abstract

In this talk I will present an Allard-type regularity theorem for the singular set of s-harmonic
maps into S1, with s ∈ (1/2, 1). The main result shows that the singular points in the top stratum
attaining the fundamental energy level are an (n − 2)-dimensional manifold of class C1,α. Then, I
will discuss how to interpret such result as a regularity theory for codimension-two nonlocal minimal
surfaces.

The talk is based on some joint work with María Medina de la Torre (UAM) and Joaquim Serra
(ETHZ).
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Non-Local Constrained Curvature Flows within Non-Flat Ambients
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Abstract

The mean curvature �ow is the most natural way to deform a hypersurface according to its cur-
vature, since it evolves the parametrization by means of the heat equation. Huisken in 1987 introduced
a variant that keeps the enclosed volume constant while the area decreases. For this modi�cation, a
global term is added to the speed of the original �ow, which makes the usual methods in geometric
�ows (e.g. maximum principles) either fail or become more intricate. Moreover, the resulting evolu-
tion is not equivalent to the unconstrained �ow because, for instance, an initially embedded curve may
develop self-intersections. Accordingly, constrained mean curvature type �ows are more challenging;
indeed, there was no extension of Huisken's result to a non-Euclidean ambient space until 2007 [2]. In
this talk, we will give a sketchy portrait of the development of the theory from the early stages to the
recent applications, including the quermassintegral preserving mean curvature �ows in the sphere [3]
and constrained �ows of curves within pinched Hadadard surfaces [1].
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Backwards Uniqueness and Rates of Singularity Formation in Mean Curvature Flow
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Abstract

The question of backwards uniqueness for parabolic PDE asks whether the same �nal state can be
reached via the �ow starting from two di�erent sets of initial data. Backwards uniqueness is a far
more subtle property compared to standard uniqueness but gives insight into the �ne structure of
solutions and singularity formation. I will discuss two recent results concerning the comparative rate
of singularity formation in closed Mean Curvature Flows:

� For �ows with a compact singularity, we show that two �ows cannot approach each other faster
than polynomially, extending a result of Martin-Hagemayer�Sesum.

� For isolated conical singularities, we show backwards uniqueness by �rst proving a backwards
uniqueness theorem assuming a rate of convergence and then show that this rate is always
saturated by two �ows that agree on the singular time slice.

This talk is based on joint work with Or Hershkovits.
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Phase Transitions with Bounded Index: Parallels to De Giorgi's Conjecture

Enric Florit-Simon

ETH Zurich (Switzerland)
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Abstract

We will discuss recent progress on the regularity for stable [1] and �nite Morse index [2] solutions
to the Allen�Cahn equation. The focus will be on the connections (or, perhaps more surprisingly, the
lack thereof) with minimal surface theory and two in�uential conjectures of De Giorgi and Yau.
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Non-Uniqueness of Locally-Minimizing Clusters
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Abstract

Optimal bubble cluster problems concern the study of partitions of the Rn into a �nite collection
of chambers, some with �nite volume and some with in�nite volume. One looks for local minimizers of
interfacial area subject to volume constraints on the �nite-volume chambers. The case of one in�nite-
volume chamber is the classical multiple bubble problem and has received much attention in recent
decades, with a well-known conjecture of Sullivan predicting the existence of a unique minimizing
con�guration when there are not too many chambers.

We study a variant of the multiple bubble problem in Rn with more than one in�nite-volume
chamber, with particular focus on the simplest case of 1 �nite-volume chamber and 2 in�nite-volume
chambers. Here, Bronsard & Novack showed that uniqueness of local minimizers also holds in low
dimensions n ≤ 7. In stark contrast, we show that uniqueness fails in a large number of dimensions
n ≥ 8, and we provide some particular surprising phenomena that local minimizers can exhibit in
higher dimensions. This is joint work with Lia Bronsard, Robin Neumayer and Michael Novack.
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Brakke's Mean Curvature Flows: an Overview

Salvatore Stuvard
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Abstract

The aim of this talk is to provide an overview of the state of the art concerning the notion of weak
solutions to Mean Curvature Flow known as Brakke Flow. The focus will be on recent advances on
both existence and regularity.
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Stationary Points of Conformally Invariant Polyconvex Energies
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Abstract

In this seminar we present recent work, in collaboration with A. Guerra, concerning the regu-
larity of stationary points for a class of planar polyconvex functionals that are conformally invariant,
a natural assumption in view of geometric applications. After a brief overview of the literature, we will
introduce a partial regularity result for this class of energies. Furthermore, if time allows, we will show
how full C1 regularity can be established for orientation-preserving stationary points.
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Global Minimality of the Hopf Map in the Faddeev-Skyrme Model
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Hausdor� Center for Mathematics, University of Bonn, Bonn, Germany
zemas@iam.uni-bonn.de

Abstract

The Faddeev-Skyrme model is a by now classical nonlinear O(3)-sigma model which has proved
very successful in quantum �eld theory, in particular in detecting topological solitons. A prototype
mathematical model for �elds u : S3 → S2 consists of the harmonic map energy together with its
symplectic variant acting as a singular perturbation. We prove that, modulo rigid motions, the Hopf
map is the unique minimizer of the Faddeev�Skyrme energy in its homotopy class, for an explicit
su�ciently large range of the coupling constant. This is joint work with A. Guerra (University of
Cambridge) and X. Lamy (University of Toulouse).
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Linearization in Elastodynamics
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Abstract

Nonlinear viscoelastodynamics predicts the deformation and internal stresses of a solid body under the
action of applied forces. The state of the specimen is described by a deformation y : [0, T ]× Ω → Rd

such that y(t, ·) : Ω → Rd is one-to-one and continuous. Denoting by ϱ : Ω → R the density of the
body, the deformation ful�lls the following force balance.

ϱ∂tty − div T = f̃ , (13)

in the time-space cylinder [0, T ]× Ω; here T is a stress tensor and f̃ is the volume density of applied
body forces.

The stress tensor T in (13) must be de�ned constitutively. We will consider generalized standard
materials for which it is assumed that the stress tensor can be determined by taking an appropriate
functional derivative of two underlying functionals: The so-called elastic energy functional y 7→ E(y)
and the dissipation functional y 7→ R(y, ∂ty). Written abstractly, the stress tensor is assumed to be
obtained via the additive rule

−divT = DE(y) +D2R(y, ∂ty), (14)

which is also referred to as the Kelvin-Voigt rheology.
It has been shown recently [1] can actually be approximated by suitable quasistatic and static

equations; that is by
−div T = f̃ , and DE(y) = f̃ , (15)

with appropriately changed E and R.
Problem (15) has been extensively studied in the past years in the context of model reduction,

i.e. passing to a simpler model in solid mechanics. A prominent example is linearization [2] when a
model reduction is sought for very small strains.

On the example of linearization we show how these results can be extended to the dynamic
setting.

This is a joint work with Malte Kampschulte (Charles University, Prague) and Martin Kruºík
(ÚTIA, Prague).
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Core-Radius Approximation of Singular Minimizers in Nonlinear Elasticity

Marco Bresciani
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Abstract

We study a variational model in nonlinear elasticity allowing for cavitation which penalizes both the
volume and the perimeter of the cavities. Speci�cally, we investigate the approximation of the energy
(in the sense of Γ-convergence) by means of functionals de�ned on perforated domains. Perforations
are introduced at �aw points where singularities are expected and, hence, the corresponding deforma-
tions do not exhibit cavitation. Notably, those points are not prescribed but rather selected by the
variational principle. Our analysis is motivated by the numerical simulation of cavitation and extends
previous results on models which solely accounted for elastic energy without contributions related to
the formation of cavities.

The talk is based on joint work with Manuel Friedrich (JKU Linz)
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Nonlinear Models in Thermo-Viscoelasticity

Manuel Friedrich
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Abstract

In this talk, I present a quasistatic nonlinear model in thermo-viscoelasticity at �nite strains
within the Kelvin�Voigt rheology, where both the elastic and the viscous stress tensors satisfy the
principle of frame indi�erence. Weak solutions are obtained by means of a staggered time-discretization
scheme in which the deformation and the temperature are updated alternately. In particular, we discuss
the relevance of frame-indi�erent approximation schemes.
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Problems with Inertia and Their Variational Limits
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Abstract

The aim of this talk is to present some recent results on the variational characterisation of
problems involving inertia in terms of energy and dissipation. Not only can we directly show existence
of weak solutions from this characterisation in a straighforward approach, but also we can consider
variational limits of a sequences of such problems, far extending the well-known idea of Γ-convergence.

This will be illustrated at classical examples, such as the limit from non-linear to linearized
elasticity, highlighting its usefulness for continuum mechanics.
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An E�ective Damage and Fracture Model Based on Micro-Structure
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Abstract

Macroscopic damage and failure phenomena of solids typically are the result of the accumulation
of small cracks or defects on a microscopic scale. In engineering literature, various multi-scale or
homogenized models are proposed in order to describe time-dependent damage phenomena originating
from �ne structure on the micro-scale. In this lecture, we discuss these approaches in the framework of
homogenization and evolutionary Γ-convergence. The lecture relies on joint work with Hauke Hanke
(formerly WIAS Berlin).
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Existence and Selection in the Solutions in the Energy-Variational Framework

Robert Lasarzik
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Abstract

We introduce the concept of energy-variational solutions for a broad class of nonlinear evolu-
tionary partial di�erential equations (PDEs), with a particular emphasis on low-regularity settings [1].
This framework, based on a variational inequality, provides a robust solution theory applicable to
diverse problems�from �uid dynamics and elasticity to geometric �ows [3]. A key advantage of this
approach lies in its ability to handle nonlinear and singular evolutionary PDEs, where classical solu-
tion concepts may fail [2]. We establish existence of solutions via a minimizing movements scheme and
systematically analyze their properties. Finally, we discuss selection criteria within this framework to
ensure uniqueness and physical relevance of solutions [4].

References

[1] A. Agosti, R. Lasarzik, and E. Rocca. Energy-variational solutions for viscoelastic �u-
ids. Adv. Nonlinear Anal., 13, 2024. https://doi.org/10.1515/anona-2024-0056 doi:10.1515/

anona-2024-0056.

[2] T. Eiter and R. Lasarzik. Existence of energy-variational solutions to hyperbolic con-
servation laws. Calc. Var. 63:103, 2024. https://doi.org/10.1007/s00526-024-02713-9 doi:

10.1007/s00526-024-02713-9.

[3] R. Lasarzik. Energy-variational structure in evolution equations. arXiv 2503.11438, 2025.
https://doi.org/10.48550/arXiv.2503.11438 doi.org/10.48550/arXiv.2503.11438.

[4] T. Eiter, R. Lasarzik, and M. �liwi«ski. Existence and selection of solutions in the
energy-variational framework with applications in �uid dynamics. iarXiv 2601.20455, 2025.
https://doi.org/10.48550/arXiv.2601.20455 doi.org/10.48550/arXiv.2601.20455.

189



5 Minisymposia � PDE P04 � Variational Methods in PDEs and Continuum Mechanics

Derivation of Membrane Models in Nonlocal Hyperelasticity
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Abstract

Motivated by the analysis of thin structures, we study the variational dimension reduction of
hyperelastic energies involving nonlocal gradients to an e�ective membrane model. When rescaling
the thin domain, initially isotropic interaction ranges naturally become anisotropic, which leads us
to develop a theory of anisotropic nonlocal gradients with direction-dependent interaction ranges. In
contrast to existing nonlocal derivatives with �nite horizon, which are typically de�ned via interaction
kernels supported on balls of positive radius, our formulation employs ellipsoidal interaction regions
whose principal radii may vanish independently. This yields a uni�ed framework interpolating be-
tween fully nonlocal, partially nonlocal, and purely local models. Using these tools, we establish a
Γ-convergence analysis for the associated nonlocal thin-�lm energies. The limit functional retains the
structural form of the classical membrane energy, and the classical local model is recovered exactly
when all interaction radii vanish.

This talk is based on joint work with Dominik Engl and Hidde Schönberger.
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A Two-Dimensional Variational Approach to the Modelling of Ferronematic Thin Films
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Abstract

Colloidal suspensions of magnetic particles in liquid crystals are complex �uids that show a
coupling between the magnetic particles and the surrounding liquid crystal, which we assume to be in
the nematic phase. The material is then referred to as ferronematics. The coupling results in special
e�ective material properties and potential applications in display technologies or multi�uidics devices.
In the joint work with Shilpa Dutta, James Dalby and Apala Majumdar [1], we are particularly
interested in thin �lms and consider a variational approach that combines the Landau-de Gennes
approach for nematic liquid crystals with the theory of micromagnetics. The talk summarizes our
analytical �ndings and shows our numerical results obtained as stable ferronematic equilibria by solving
the related gradient �ow equations. We observe the in�uence of the stray �eld on interior nematic
defects and magnetic vortices.
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Directed Hypernetworks: Heteroclinic Dynamics and Reluctant Synchrony Breaking
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Abstract

Interconnected real-world systems frequently involve non-pairwise interactions among agents � known
as higher-order interactions. Their role is increasingly recognized as crucial in shaping collective
dynamics. The higher order interaction structure can be naturally represented using hypergraphs
or hypernetworks. This talk explores the dynamics of such hypernetworks, revealing that simple
model equations exhibit obstructions to constructing certain heteroclinic structures in phase space
when interactions are undirected, while their directed counterparts do not impose such restrictions.
Motivated by this, we introduce a general class of directed hypernetworks and de�ne corresponding
admissible maps that preserve the underlying interaction structure. For this class, we establish a
complete classi�cation of all robust patterns of (cluster) synchrony supported by a given hypernetwork.
Remarkably, these robust synchrony patterns are determined by higher-degree polynomial admissible
maps. This contrasts sharply with classical networks, where cluster synchronization arises linearly;
here, it emerges as a higher-order, nonlinear phenomenon. This nonlinear nature gives rise to a novel
type of �reluctant� synchrony-breaking bifurcation, in which a high-order tangency of the solution
branch to a non-robust synchrony space causes previously synchronous nodes to separate exceptionally
slowly.
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Emergent Spatiotemporal Dynamics in Large-Scale Brain Networks with Next
Generation Neural Mass Models
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Abstract

Macroscopic brain activity is characterized by prominent oscillatory phenomena that support
a wide range of cognitive processes. Understanding how these collective dynamics arise from large-
scale anatomical connectivity remains a central challenge in computational neuroscience. Here we
study a whole-brain model comprising 90 anatomically connected regions, each represented by a next-
generation neural mass model (NG-NMM) that explicitly accounts for interacting excitatory and in-
hibitory populations. We characterize homogeneous steady and oscillatory solutions of the network and
examine their stability under both global and spatially structured perturbations. To address hetero-
geneous perturbations, we project them onto an appropriate eigenbasis of the connectivity and derive
a dispersion relation, known as the Master Stability Function in the case of periodic orbits, linking
network structure to perturbation growth rates. Analytical predictions are supported by numeri-
cal simulations and Lyapunov exponent calculations, which reveal that instabilities of homogeneous
states give rise to complex spatiotemporal activity, including traveling waves and chaotic patterns.
NG-NMMs exhibit a substantially rich dynamical landscape, both near homogeneous regimes and in
symmetry-broken states. These results suggest that next-generation neural mass models o�er a pow-
erful and biologically grounded framework for investigating the emergence of complex dynamics in
large-scale brain networks.
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Switching States: Heteroclinic Cycles as Organizing Centers of Neuronal Dynamics
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Abstract

Neuronal networks exhibit spontaneous and evoked transitions between high- and low-activity
regimes, referred to as up and down states. These states, along with the network's rhythmic patterns,
are critical for perception, memory consolidation, and sensory processing. Due to their importance,
identifying the fundamental dynamical principles that organize these large-scale state transitions is a
major open question. Here, we propose necessary conditions for the existence of a novel bifurcation
structure as a universal organizing center governing these transitions. Using bifurcation analysis and
simulations of two-dimensional canonical mean-�eld network models we show that this bifurcation
structure emerges robustly in this setting. An extension of the Wilson-Cowan model incorporating as-
trocyte dynamics and the Jansen-Rit model, enable us to demonstrate the persistence of the organizing
center in higher dimensions. Our results reveal that the dynamic interplay between external inputs
and network (synaptic) connectivity converges onto this shared mechanism, providing a fundamental
principle for understanding how distinct brain states arise and are regulated across neuronal systems.
Extending beyond phenomenological mean-�eld network models, we further show that it is the shared
mathematical structure of the nonlinear input�output relationships rather than model-speci�c details
that preserves the organizing center across modeling frameworks, thus revealing a fundamental and
general mechanism underlying dynamic state transitions.
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Heteroclinic Networks in Coupled Cell Systems
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Abstract

A coupled cell system is an ODE system associated with a coupled cell network, where the
dimension is determined by the number of cells. A heteroclinic connection is a set of solution trajec-
tories between two equilibria of an ODE system. A realization of a heteroclinic network is an ODE
system that exhibits equilibria corresponding to the nodes and heteroclinic connections between them
according to the heteroclinic network. This paper investigates the realization of heteroclinic networks
within coupled cell systems, focusing on embedding heteroclinic connections in 2D and 3D invariant
subspaces. We adapt Field's method of embedding each heteroclinic connection in distinct 2D syn-
chrony subspaces to support multiple connections within the same subspace. Using the concept of book
embedding from graph theory, we demonstrate that any heteroclinic network can be realized using a
coupled cell system with a number of cells proportional to the network's book-thickness. Additionally,
we extend our analysis to 3D synchrony subspaces, allowing for more complex realizations. In this
case, the number of cells necessary for a realization is proportional to the number of nodes in the
heteroclinic network.

For a deeper discussion of the subject we refer the reader to [1].
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Phase Synchronisation in Coupled Oscillator Chains with Endpoint Heterogeneity
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Abstract

The emergence of collective dynamics within heterogeneous networks is a key feature of many biological
networks. Heterogeneity of excitability, for example, has become a focus in the study of how pancre-
atic islets coordinate insulin secretion. This has raised the question of how highly excitable nodes
might coordinate collective dynamics through networks where a large percentage of the population is
intrinsically quiescent. To study this, we consider a discrete version of the Complex Ginzburg�Landau
equation, parameterised such that in the absence of coupling, the endpoints exhibit globally attracting
limit cycle behaviour and the interior nodes exhibit globally attracting trivial �xed point dynamics.
Through model simulation and numerical continuation, we interrogate the relationship between model
parameters and the stability of several phase-locked solutions of the system, focussing on two key
solution types, the chevron and anti-phase chevron solutions, in which the exterior nodes exhibit a
phase di�erence of 0 and π, respectively. We �nd that the anti-phase chevron solution stabilises as
the excitability of the interior nodes decreases, or as the shearing e�ect of non-zero, coupling-induced
amplitude perturbations from the natural limit cycle increases. Moreover, we �nd multiple regions of
bistability with solutions with di�erent phase synchronisation properties, highlighting that solutions
observed in such networks may depend sensitively on initial conditions. Overall, our work highlights
that chains with distributed heterogeneity exhibit a multitude of phase synchronised solutions, which
are likely to be relevant in a range of real world networks.
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Computing Phase Dynamics in Delay�Coupled Oscillators
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Universität Hamburg, Germany
babette.de.wolff@uni-hamburg.de

Abstract

Network interactions between coupled oscillator units are often subject to time delays, since
signals travel at �nite speed from one node to another. Motivated by this, I will discuss a higher-order
phase reduction method � i.e. a method to derive equations for the phases of coupled oscillators � for
networks systems with delayed coupling. The resulting phase equations are �nite dimensional, which
makes them in particular suitable for a further (numerical) analysis.

In the talk, I will �rst discuss the dynamical systems approach behind the phase reduction
method; next, I will discuss how one can compute such a phase reduction numerically, thus making
it a starting point of further numerical analysis of synchronisation and bifurcation behaviour. This is
based upon joint work with Christian Bick and Bob Rink [1] and upon currently ongoing work with
Kyle Wedgwood.
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Stability of Phase-Locked States in Signed Kuramoto Networks:
Structure versus Adaptation
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Abstract

Adaptive Kuramoto models admit a variety of nontrivial phase-locked con�gurations, including
antipodal and rotating-wave states. A central open question is whether the observed persistence of such
con�gurations can be attributed to intrinsic properties of the associated signed interaction networks,
or whether it relies essentially on adaptive coupling dynamics.

In this talk, we address this question by studying the stability of antipodal and rotating-wave
phase con�gurations on �xed signed networks that preserve the same phase symmetries but are not
generated by adaptive dynamics. We will show that for two canonical classes of static signed networks,
stability is highly constrained, with unstable modes persisting under parameter variations generically.
Furthermore, we characterize how adaptive coupling in�uences invariant sets and basins of attraction
for the con�gurations where stability is permitted.

Taken together, these results demonstrate that while static network structure imposes severe
constraints on the stability of phase-locked con�gurations, adaptive coupling dynamics organize and
delineate their robustness when stability is permitted.
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Self-Attention as a Multi-Agent System: a Dynamical Perspective on Transformers
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Abstract

Transformers [1], the architecture underlying modern large language models, (speci�cally its
self-attention component) was recast in [2] as the multi-agent system

ẋk(t) = P⊥
xk(t)

 n∑
j=1

exp (⟨Qxk(t),Kxj(t)⟩)V xj(t)

 , k = 1, . . . , n, (16)

where xk(t) ∈ Sd−1 represents the state of the k-th token after the t-th attention layer and Q,K, V ∈
Rd×d are the trained query, key and value matrices and P⊥

xk(t)
is the projection onto Sd−1. The output

of the model is determined by the long-time state of the system, making its asymptotic behavior a
central object of study. The goal of this talk is to illustrate how methods from collective dynamics can
help analyze large language models.

In this talk I present a dynamical systems perspective on a 2D linearized transformer architec-
ture, where the evolution of tokens across attention layers can be reformulated as a Kuramoto-type
interacting particle system. Using the Ott�Antonsen ansatz, the high-dimensional dynamics admits a
low-dimensional reduction describing the evolution in a reduced vocabulary regime. I will show that
this reduced system exhibits a rich range of behaviors depending on the trained parameters, including
gradient-�ow regimes leading to steady states and Hamiltonian regimes generating oscillatory dynam-
ics. I will also discuss how these phenomena persist beyond the Ott�Antonsen manifold using the
Watanabe�Strogatz transformation to analyze the stability of the full particle system.
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Spectral Analysis of Bochner-Positive Alignment Models and Application to Relaxation

Roman Shvydkoy

University of Illinois at Chicago
shvydkoy@uic.edu

Abstract

We will identify a class of alignment models where the spectral gap condition � necessary for
the analysis of long time behavior � can be associated with the positive-de�niteness of the averaging
protocol. We show that if the communication kernel factors through a feature space with organized
underlying structure, such as a connected abelian group, then the spectral gap can be computed in
terms of thickness of the �ock. This leads to vast generalizations of the previously established relaxation
results for kinetic Fokker-Planck-alignment models as well as regularity of solutions.
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Global Solutions to Cross-Di�usion Systems with Independent Advections
in One Dimension

Jakub Skrzeczkowski
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Abstract

We consider cross-di�usion systems describing evolution of two species u and v moving according
to the Darcy's law with the pressure law p(s) = 1

α−1s
α−1 where s = u+v. One of the most challenging

questions in the �eld is the construction of solutions to the problem in the presence of additional
advection �elds, without imposing any arti�cial structure (for instance, preventing the species from
mixing). Although advection arises naturally in these models, it breaks the symmetry of the system
and prevents application of techniques developed in recent years. We solve the problem in one space
dimension in a uni�ed way for all pressure exponents α ∈ (0,∞) and arbitrary initial data (segregated,
mixed, or partially mixed). In the regime α ∈ (0, 1] this extends existing results to general initial
conditions, while for α > 1, it provides the �rst existence result without structural assumptions. We
construct the solutions as a limit of a vanishing viscosity approximation (uε, vε). The main challenge
is to identify the limit of the product uε ∂xp(sε) with sε = uε + vε and the key new insight is that
possible oscillations of uε and ∂xp(sε) are correlated, which simpli�es the analysis of the associated
Young measures in the compensated compactness argument and yields strong convergence of both
quantities. Quite surprisingly, the argument relies on only three entropies, which is especially helpful
for α > 2, where it is unclear whether additional entropies are available.
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Existence and Weak-Strong Uniqueness of Measure Solutions to
Euler-Alignment/Aw�Rascle-Zhang Model of Collective Behaviour
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Abstract

I will talk about the multi-dimensional Euler-alignment system with a matrix-valued communi-
cation kernel, motivated by models of anticipation dynamics in collective behaviour. A key feature of
this system is its formal equivalence to a nonlocal variant of the Aw�Rascle�Zhang (ARZ) tra�c model,
in which the desired velocity is modi�ed by a nonlocal gradient interaction. We prove the global-in-
time existence of measure solutions to both formulations, obtained via a single degenerate pressureless
Navier�Stokes approximation. Furthermore, we establish a weak-strong uniqueness principle adapted
to the pressureless setting and to nonlocal alignment forces. As a consequence, we rigorously justify
the formal correspondence between the nonlocal ARZ and Euler-alignment models: they arise from
the same inviscid limit, and the weak-strong uniqueness property ensures that, whenever a classical
solution exists, both formulations coincide with it. The talk is based on the article [1].
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Heterogeneity in Reaction�Di�usion Systems: A Feature, Not a Perturbation
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Abstract

Spatial heterogeneities are frequently regarded as an inconvenience: they break translation in-
variance, make spectral analysis more intricate, and can obscure the clarity of bifurcation scenarios
familiar from homogeneous media. In this talk, we contend that heterogeneity is not merely a com-
plication, but also a valuable tool o�ering a controlled mechanism to generate, choose, and stabilize
coherent structures. We develop an analytical framework addressing existence, stability, and bifurca-
tions of solutions in reaction�di�usion systems with spatially dependent coe�cients, with particular
emphasis on front and wave train dynamics. The presentation is structured around two representa-
tive case studies. First, we examine heterogeneous front solutions in a FitzHugh�Nagumo equation,
where spatial variability produces fronts that propagate at non-constant speeds through stationary
heterogeneous background states. Second, we investigate wave trains governed by a Ginzburg�Landau
amplitude equation arising as slow modulations within a Swift�Hohenberg model, highlighting how
spatially non-uniform coe�cients in�uence wave-number selection. A common thread throughout is
the use of perturbation techniques involving a small parameter - but importantly, this parameter
does not quantify the magnitude of the spatial heterogeneity. Rather, it re�ects a scale separation
or nearness to a critical regime, which permits order-one heterogeneities while preserving analytical
tractability. The key novelty is an extension of classical perturbative approaches to systematically
include non-autonomous terms, leading to solvability conditions and reduced modulation equations in
spatially varying environments.
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Subcritical Transition to Turbulence via Large-Scale Coherent Structures
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Abstract

Subcritical wall-bounded �ows (like pipe �ow, plane Couette �ow or plane channel �ow) undergo
a transition to turbulence through the nonlinear dynamics of coexisting laminar and turbulent regions.
When generated, turbulent motions at su�ciently low Reynolds number spontaneously take the form of
large-scale localized structures, known as pu�s in pipe �ow or bands in planar �ows, which coexist with
laminar �ow. In contrast to large Reynolds number regimes where turbulence always contaminates
the �ow via expanding fronts, these low-Reynolds-number structures either decay or propagate by
self-replicating.

I will review some of the progress made in modelling these self-sustained nonlinear structures
with reduced-order PDEs1,2. Localized turbulent structures are sustained by spatial energy �uxes
from laminar to turbulent regions, driven by emergent large-scale mean �ows, which, in planar setups,
cause regular patterns to form4,5. I will then discuss con�gurations where this large-scale mean �ow
is absent or suppressed, focusing on a controlled numerical simulation of plane Couette �ow6. In this
setup, transition to turbulence is not mediated by permanent localized structures, but rather occurs
via the propagation of �uctuating fronts at all Reynolds numbers. This simpler transition scenario,
also present in curved or body-forced pipes, can be modeled by a noise-driven metastable one-variable
system. I will discuss how the noise level in this model dictates whether the transition to turbulence
is discontinuous or continuous.
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Think Global, Act Local: Inducing Fully Localised Patterns via Spatial Heterogeneity
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Abstract

The existence of localised two-dimensional patterns has been observed and studied in numerous
experiments and simulations: ranging from optical solitons, to patches of desert vegetation, to �uid
convection. And yet, our mathematical understanding of these emerging structures remains extremely
limited beyond one-dimensional examples.

In this talk I will discuss how adding a compact region of spatial heterogeneity to a PDE model
can not only induce the emergence of fully localised 2D patterns, but also allows us to rigorously prove
and characterise their bifurcation [1]. The idea is inspired by experimental and numerical studies
of magnetic �uids and tornados, where our compact heterogeneity corresponds to a local spike in the
magnetic �eld and temperature gradient, respectively. In particular, we obtain local bifurcation results
for fully localised patterns both with and without radial or dihedral symmetry, and rigorously continue
these solutions to large amplitude. Notably, the initial bifurcating solution (which can be stable at
bifurcation) varies between a radially-symmetric spot and a 'dipole' solution as the width of the spatial
heterogeneity increases. This work is in collaboration with David J.B. Lloyd and Matthew R. Turner
(both University of Surrey).
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Dynamics of a Rimming Flow in a Cylinder of Finite Length
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Abstract

A rimming �ow is the �ow of a �uid partially �lling a rotating cylinder. We assume that the
�uid forms a capillary-driven thin �lm coating the inner wall. The �lm height h of the surface above
the cylinder can be modelled by the following fourth-order degenerate-parabolic evolution equation [1]:

ht + hθ + γ div
(
h3∇(∆h+ h)

)
= δ(h3 cos(θ))θ

with time t > 0, cylindrical coordinates (θ, z) ∈ T × (0, L) and Neumann-type boundary conditions
on the cylinder covers. Competing e�ects relevant to this equation are the cylinder rotation, surface
tension γ > 0, viscosity and gravity δ ≥ 0. We investigate the stability of positive steady states. For
small gravity 0 < δ ≪ 1 and short cylinders (L < π) we show that certain steady states are stable and
while they are unstable for long cylinders (L > π). For cylinders of critical length L = π we investigate
solutions of the form

h(t, θ, z) = m+ a1(δ
2t)ei(θ−t) + a−1(δ

2t)e−i(θ−t) + b(δ2t) cos(z)

and formally derive an ODE for the (slow) coe�cients a1, a−1 ∈ C, b ∈ R, thus describing the dynamics
of such solutions on the slow time scale τ = δ2t.

This talk is based on joint work with Janne Laudien (Stuttgart), Christina Lienstromberg
(Stuttgart) and Juan J. L. Velázquez (Bonn).
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Beyond the Marginal Stability Criterion: Travelling Waves and Model Discrimination
in Reaction�Di�usion Systems
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Abstract

This work investigates the transient dynamics of pattern formation in reaction�di�usion sys-
tems in supercritical regime, with particular emphasis on waves emerging from localised perturbations
in Turing-type models. While classical studies of di�usion-driven instability have largely focused on
stationary patterns, we instead examine pattern formation as an inherently spatio-temporal process.
Two complementary analytical approaches are employed: the marginal stability criterion and weakly
nonlinear multiple-scales analysis via envelope equations. The former is �rst critically revisited, high-
lighting its assumptions and limitations. In contrast, the weakly nonlinear framework provides access
not only to the wave speed but also to the pro�le and amplitude of the propagating front. By com-
paring the two approaches in the vicinity of the bifurcation point, we show that they yield consistent
predictions for the wave speed, while also allowing us to delineate the regime of validity of the marginal
stability criterion.

Our �ndings establish that Turing systems possess a unique characteristic propagation speed
that depends on both di�usion and reaction parameters, o�ering a dynamic counterpart to the tra-
ditionally studied pattern wavelength. The analytical predictions are validated against numerical
simulations for prototypical reaction kinetics, including Schnakenberg and CDIMA systems. Beyond
their theoretical relevance, the results address an increasingly important issue in the application of
reaction�di�usion models to real-world systems: model discrimination. Given the �exibility in choos-
ing reaction terms, spatial heterogeneities, domain geometries, and boundary conditions, it is often
possible to reproduce observed patterns without uniquely identifying the underlying mechanism, rais-
ing concerns about covariance versus causality. In this context, the propagation speed of travelling
waves�available here in explicit analytical form�provides a complementary and potentially more dis-
criminating observable alongside the classical pattern wavelength. More broadly, the study o�ers a
systematic framework for analysing front propagation and transient dynamics, contributing to a more
rigorous and testable application of reaction�di�usion models in experimental settings.
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Abstract

We consider systems of the form

∂τU +A(∂ξ)U +
1

ε
EU = T2(U ,U) + εT3(U ,U ,U),

with 0 < ε ≪ 1 a small perturbation parameter. We are interested in an e�ective description of
high-frequency wave-packet propagation associated to highly oscillatory initial conditions

U(ξ, 0) = U∗(ξ)e
ik0ξ/ε + c.c..

For polarized initial conditions classical perturbation analysis yields NLS approximations up to an arbi-
trary order. For non-polarized initial conditions, in lowest order a system of decoupled NLS equations
can be derived as an approximate description of the associated solutions. Assuming non-resonance
conditions, we prove estimates that rigorously control the error between these formal approximations
and true solutions of the original system. The estimates imply that solutions to non-polarized initial
conditions split into polarized wave packets. The interaction of these wave packets results in phase
and envelope shifts, for which explicit formulas are provided. The result improves results from the
existing literature in at least two directions, �rstly, the handling of higher order approximations in
case of quadratic nonlinearities T2(U ,U) and secondly, the handling of non-polarized initial conditions
which is the main novelty of the present work.

This is a joint work with X. Meng and G. Schneider.
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Traveling Bore Wave Solutions to the Free Boundary Incompressible
Navier-Stokes Equations
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Abstract

In this talk we will discuss the construction of two-dimensional traveling bore wave solutions
to the free boundary incompressible Navier-Stokes equations for a single �nite depth layer of constant
density �uid. Our construction is based on a rigorous justi�cation of the formal shallow water limit,
which postulates that in a certain scaling regime the full free boundary traveling Navier-Stokes system
of PDEs reduces to a governing system of ODEs. We �nd heteroclinic orbits solving these ODEs
and, through a delicate �xed point argument employing the Stokes problem in thin domains and a
nonautonomous orbital perturbation theory, use these ODE solutions as the germs from which we
build bore PDE solutions for su�ciently shallow layers. This is joint work with Noah Stevenson.
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Abstract

The Rayleigh Bénard convection problem from �uid dynamics is well-known for its rich dynam-
ics, nonlinear waves and roll state spatial patterns. In this talk we present here our recent results
on the issue of energetic consistency in Fourier-Galerkin truncations of this problem [1, 2]. We give
mode selection criteria which are necessary and su�cient for a truncated model to satisfy the potential
energy balance associated with the PDE. We prove also that the potential energy balance is su�cient
for the truncated system to admit a compact attractor, and that there exist unbounded trajectories
(so called "runaway modes") in a large class of energetically inconsistent models. Finally, we examine
the cascade of bifurcations of roll states, their stability and their heat transport via a hierarchy of
energetic consistent models.
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Homogenization of Elasto-Plastic Plate Equations with Vanishing Hardening
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Abstract

In this work, we consider a lower dimensional homogenized thin plate model within the frame-
work of linearized elasto-plasticity. Building on recent work analyzing the interaction between ho-
mogenization and dimension reduction in perfectly plastic materials, we focus on the extreme regime
where the plate thickness vanishes much faster than the period of oscillation of the heterogeneous
material. Our investigation is devoted to the derivation of the existence of a quasistatic evolution for
a multiphase elasto-plastic composite without imposing any kind of ordering constraints on admissible
yield surfaces of the various phases, generalizing in that way the result of [1].

The analysis is carried out in two steps: we �rst derive a heterogeneous plate model with
hardening via dimension reduction using evolutionary Γ�convergence techniques and generalizing the
result of [2], and then perform two-scale homogenization while simultaneously letting the hardening
parameters tend to zero by using a stress-strain approach. This approach allows us to reconcile the
Kirchho�-Love structure of limiting displacements with the expected requirement that the e�ective
dissipation potential at each point of the interface between two phases needs to be the pointwise-in-
space inf-convolution of that in either phase.
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Homogenization in Magnetoelasticity Under Small Elastic Response
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Abstract

In this talk, we perform a simultaneous homogenization and linearization analysis for a magnetoelastic
energy functional featuring a mixed Eulerian-Lagrangian structure. Neglecting Zeeman and anisotropic
contributions, we characterize the asymptotic behavior in the sense of Γ-convergence for the sum of a
nonlinear magnetoelastic energy, a symmetric exchange term de�ned on the actual con�guration, and
for the associated magnetostatic self-energy.
This is a joint work with M. Cherdantsev (Cardi� University), E. Davoli (TU Wien) and S. Riccò (TU
Wien).
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Variational Derivation of the Flamant Solution for a Nonlinear Elastic Wedge
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Abstract

When a planar kirigami metamaterial is deformed by slowly modulating a mechanism motion
across the pattern, its individual elastic panels still rotate predominantly, but they must also stretch
slightly to accommodate the modulation. The resulting strain is not con�ned to a small neighborhood
of the hinges, nor does it spread uniformly over the whole panel. Instead, it spreads at leading order in
a manner consistent with the Flamant solution, which is a classical singular solution to linear elasticity
arising from concentrated forces acting at the tip of a wedge.

In this talk, we provide a rigorous variational derivation of this behavior, starting from a generic
family of hyperelastic energy functionals, by studying energy minimization problems on wedge-shaped
domains truncated at a small radius and under small loading, with both parameters tending to zero
simultaneously. We address displacement-controlled boundary conditions as well as pure-traction prob-
lems. By introducing logarithmic polar coordinates, we map the varying domains to a �xed reference
domain and obtain a rescaling consistent with the total linear elastic energy of the Flamant solution;
moreover, these variables induce an anisotropic scaling of derivatives akin to those arising in thin
structure limits. In this framework, we prove convergence of minimal energies and strong convergence
of the associated low-energy strains, including an explicit quantitative rate depending on the scaling of
cut-o� and loading. A key ingredient is a geometric rigidity estimate with a constant uniform across
the family of truncated wedge domains. This is joint work with Paul Plucinsky and Ian Tobasco.
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Variational Models for Material Voids:
Dimension Reduction and Homogenization
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Abstract

In this talk, I present variational models for materials with voids in both geometrically linear
and nonlinear elasticity. Speci�cally, we consider functionals featuring elastic bulk terms and a surface
contribution proportional to the surface area of the voids within the material. We �rst discuss a
relaxation result that leads to an additional surface term related to the phenomenon of collapsing
voids. We then present applications to the derivation of plate theories via dimension reduction, as well
as to e�ective homogenization limits for heterogeneous materials.
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Rigorous Derivation of a Biot-Plate-System for a Thin Poroelastic Layer
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Abstract

We consider incompressible �uid �ow in a thin poroelastic layer and rigorously derive a macro-
scopic model when the thickness of the layer tends to zero. Within the layer we assume a periodic
structure and both, the periodicity and the thickness of the layer, are of order ε. The �uid �ow is
described by quasistatic Stokes-equations and for the elastic solid we consider linear elasticity equa-
tions, and both are coupled via continuity of the velocities and the normal stresses. For ε → 0 the
thin layer reduces to a lower dimensional manifold. Via a simultaneous homogenization (structure
within the layer) and dimension reduction (thickness of the layer) we derive a limit model given by
a coupled Biot-Plate-system consisting of a generalized Darcy-law coupled to a Kirchho�-Love-type
plate equation including the Darcy pressure.
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The E�ects of Pressure Loads in the Dimension Reduction of Elasticity Models
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Abstract

We study the dimensional reduction from three to two dimensions in hyperelastic materials
subject to a live load, modeled as a constant pressure force. Our results demonstrate that this loading
has a signi�cant impact in higher-order scaling regimes, namely those associated with von Kármán-
type theories, where a nontrivial interplay between the elastic energy and the pressure term arises. In
contrast, we rigorously show that in lower-order bending regimes, as described by Kirchho�-type the-
ories, the pressure load does not in�uence the minimizers. Finally, after identifying the corresponding
Γ-limit, we conjecture that a similar independence from the pressure term persists in the most �exible
membrane regimes. This is a joint work with F. Riva (Prague).
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Abstract

Both dimensional reduction and homogenization is rigorously obtained for integral functionals
de�ned on the manifold constrained Orlicz-Sobolev and BV spaces. The achieved results �nd applica-
tion in the study of equilibria for liquid crystals, in ferromagnetism or for magnetostrictive materials
where the physical quantities take their values into a given manifold.
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Josip �ubrini¢

University of Zagreb, Faculty of Electrical Engineering and Computing, Croatia
josip.zubrinic@fer.hr

Abstract

In this talk, we consider a coupled system of linear elasticity and the Stokes equations as the starting
point of our analysis. The model depends on two small parameters: the thickness h of the plate and
the pore scale ε, which in general depends on h. We focus on the regime in which the pore size is small
compared to the plate thickness.

Our main goal is to derive an e�ective poroelastic plate model from the three-dimensional
problem in the limit as h → 0, by combining simultaneous homogenization and dimension reduction
techniques. The resulting model extends the poroelastic plate model derived by Mikeli¢ et al. [1] from
the three-dimensional Biot system by dimension reduction. In particular, it also includes the case of
contact between poroelastic and (poro)elastic plates, as well as the corresponding evolution equation
with an inertial term.

References

[1] A. Mikeli¢, M. F. Wheeler, and T. Wick, Derivation of a poroelastic plate model from 3D Biot's
equations, Arch. Ration. Mech. Anal. 215 (2015), 1035�1062.

218



5 Minisymposia � PDE P09 � Fluid Mechanics and Turbulence

Improving Accuracy in Eddy Viscosity Turbulence Models Through Filtering
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Abstract

The talk will present a class of Eddy Viscosity turbulence models whose derivation is based on �ltering
and approximate deconvolution. The resulting EVmodels are mathematically well posed and physically
sound, leading to improved accuracy. Recent models in this class also allow simple numerical schemes
for �nite element computations. These properties, as well as some numerical results and comparison
with other EV models, will be discussed.
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Reduced Basis Smagorinsky Turbulence Models
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Abstract

Large Eddy Simulation (LES) turbulence models provide accurate space-time predictions of
turbulent �ows. However, these models are little used in engineering applications due to very large
computing times. Reduced Basis (RB) modeling aims at building very fast solvers for parametric PDEs,
with �certi�ed�error levels (that is, meeting pre-set error levels), typically with computing speed-up
ratios ranging from tens to thousands.

We address in this talk the building of RB Smagorinsky turbulence models, a LES turbulence
model for which the mathematical and numerical analysis is well established [3]. We shall use the
so-called �Greedy�algorithms, based upon mathematical a-priori error estimates, what allows to obtain
certi�ed RB models [2]. We shall also use purely physics-based error estimation procedures in the
Greedy algorithm, that have the advantage of being model-independent [1].
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Existence of Solutions for Motions of Cosserat�Bingham Fluids
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Abstract

In the talk we present an existence result for global in time weak solutions for large data for
the equations describing the motion of incompressible homogeneous Cosserat�Bingham �uids. Such
�uids combine the behavior of micro-polar �uids and visco-plastic �uids. The existence proof uses the
Lipschitz truncation technique and the theory of Bochner pseudomonotone operators.
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Semigroup Solutions for a Biot-Poroelastic Plate-Stokes System
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Abstract

In this talk, we discuss our recent work concerning a coupled system of partial di�erential
equations which describe a multilayered �ltration system. This PDE model describes the interaction
of a viscous incompressible �ow with bulk poroelasticity via a poroelastic interface. The geometry
in which the PDE components evolve consists of two 3D toroidal subdomains connected via a plate
interface, which permits elastic deformation and perfusive �uid dynamics. The governing dynamics
comprise Stokes equations in the bulk �uid region, Biot's equations in the bulk poroelastic region, and
the recent poroplate of Mikeli¢ at the interface. Coupling occurs on the top and lower surfaces of the
plate, and involves conservation of mass, stress balance, and a certain slip condition for the �uid free-
�ow. For this multilayered PDE system, we obtain strongly continuous semigroup generation, in large
part via a resolvent analysis which employs a nonstandard mixed variational formulation that captures
the complex, multi-physics coupling at the interface. Subsequently, we discuss how the availability of
the Biot-poroelastic plate-Stokes semigroup straightforwardly admits structural (plate) nonlinearities
into the dynamics, as well as allow for stability and regularity analyses. This is joint work with Galen
Richard and Justin Webster.
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Mathematical Models for Hemorheology and Hemolysis
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Abstract

Blood is a suspension of blood cells in blood plasma. It can be seen as a complex �uid with
non-Newtonian rheology. Under speci�c �ow conditions, such as in Ventricular Assist Devices, blood
is exposed to high mechanical stress, which may lead to damage of Red Blood Cells, the hemolysis.
Mathematical modeling of both, the visoelastic rheology of blood and the hemolysis requires solution
of tensorial equations related to microstructure of the �uid. The aim of the present talk is to provide
comparative analysis of speci�c tensorial models of hemorheology and hemolysis, pointing out their
formal similarity based on shared physical concepts.

All models are formulated in a uni�ed manner, enabling a systematic comparison. The analysis
is complemented by numerical simulations of blood �ow in a multiply corrugated tube, where both
�ow characteristics and hemolysis indicators are evaluated. The main contributions of this work are
the development of a uni�ed framework for strain- (stretch-) based models of rheology and hemolysis,
the formulation of a combined model integrating the approaches of Rajagopal[1, 3] and Arora[2, 4],
and the introduction of a new stretch-tensor invariant-based indicator of hemolysis.

This is a part of an ongoing joint work with Anna Lancmanová, Nico Dirkes, Alberto Girelli,
Adelia Sequeira and Giulia Giantesio.
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On the Compactness of Arti�cial Compressibility Approximations of Weak Solutions
for Fluid Problems in a General Moving Geometry
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Abstract

In this talk a, �uid �ow problem on a time dependent deforming domain for a Newtonian �uid
in two and three space dimensions with arti�cial compressibility approximation is studied. The equi-
continuity in time estimate of the weak solutions under suitable domain regularity assumptions is
proven, which serves as an alternative compactness argument for approximate weak solution sequences
with respect to arti�cial compressibility, bypassing the application of the Lions-Aubin Lemma and its
generalizations for solenoidal solutions on moving domains.

The corresponding estimate, which is uniform with respect to compressibility parameter is ob-
tained by remapping the problem onto a �xed reference domain and using appropriate divergence-free
test functions involving the di�erence of two solutions at di�erent points in time, thus on di�erent
domains. The solenoidal property of the test functions is guaranteed by an appropriate divergence-
preserving transformation between the two domains. The presented result is a generalization of com-
pactness arguments used in author's previous works on �uid-structure interaction in special 2D do-
mains, see e.g., [1].
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Can One Control Large Sustained Oscillations in Fow-Structure Interactions?
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Abstract

Flow-structure interactions are ubiquitous in nature and in everyday life. Flow or �uid by interacting
with structural elements can lead to oscillations, hence impacting stability or even safety. Thus prob-
lems such as attenuation of turbulence or �utter in an oscillating structure such �utter in tall buildings,
�uid �ows in �exible pipes, in nuclear engineering �ows about fuel elements and heat exchanger vanes
are just few prime examples of relevant applications which place themselves at the frontier of interests
in applied mathematics. In this lecture we shall describe mathematical models describing the phe-
nomena, These are represented by a 3 D Euler Equation coupled to a nonlinear dynamic elasticity
on a 2 D manifold. Strong boundary-type coupling at the interface between the two media is at the
center of the analysis. This provides for a rich mathematical structure, opening the door to several
unresolved problems in the area of nonlinear PDE's, dynamical systems, related harmonic analysis,
microlocal analysis and di�erential geometry. This talk aims at providing a brief overview of recent
developments in the area along with a presentation of some new methodology addressing the issues of
asymptotic control to coherent structure and overall stability of the relevant dynamics.
Part of this work performed while the author was a member of the MSRI program "Mathematical
problem in �uid dynamics" at the University of California Berkeley and it is partially based on the
developments reported in [1, 2, 3, 4].
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Regularized Interface Methods for Geometrically Nonlinear
Navier-Stokes-Biot Interaction
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Abstract

We present recent advances in the existence theory for �uid-poroelastic structure interaction
(FPSI) with nonlinear geometric coupling. The model couples incompressible Navier-Stokes �ow in
a moving domain to Biot's system for a poro(visco)elastic medium, with kinematic and dynamic
transmission conditions on the a priori unknown interface. In a �rst step we study a multilayered
con�guration in which the free �uid and the Biot medium are separated by a reticular plate that
carries inertia and elastic energy while remaining permeable to the �uid. A constructive Lie-splitting
scheme yields �nite-energy (Leray-Hopf) weak solutions to a regularized problem and a weak-classical
consistency result as the regularization parameter vanishes.

We then introduce a regularized interface method for FPSI problems with low-regularity inter-
faces and direct �uid-poroelastic contact. The Biot displacement is smoothed by spatial convolution
and we temporarily insert a thin elastic plate of thickness h > 0 at the interface. Uniform-in-h energy
estimates together with compactness on time-dependent domains (Aubin-Lions type) allow passage to
the limit h→ 0, producing weak solutions to the regularized interface problem with fully vector-valued
interface motion.
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Generalized Newtonian Flows with Directional Do-Nothing Boundary Conditions
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Abstract

Generalized Newtonian models have attracted considerable attention over the past few decades,
as they provide an accurate description of many complex �uids, including blood, food products such
as ketchup, yogurt, and sauces, polymeric liquids, suspensions, and slurries; see, for example, [5] for a
mathematical approach to such problems.

In the context of Computational Fluid Dynamics, arti�cial boundaries, particularly out�ow
boundaries, are introduced in the mathematical model to truncate the physical domain and make
numerical simulations feasible.

Here, we consider a mixed boundary value problem for the equations governing incompressible
generalized Newtonian �uids. On the Neumann part of the boundary, we prescribe a Directional
Do-Nothing (DDN) boundary condition, as in [1, 4, 3].

In line with recent studies on the Navier-Stokes equations [2, 4, 3], we investigate the well-
posedness of the generalized Newtonian problem with DDN boundary conditions and complement our
analysis with numerical experiments comparing the classical do-nothing and DDN boundary conditions
for a family of power-law �uids. This is joint work with Pedro Nogueira (CEMAT, Instituto Superior
Técnico, Universidade de Lisboa).
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Contact in Fluid-Plate Interaction: Formation and Detachment
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Abstract

In this talk, I will present a recent result on contact problem for the interaction between an
elastic plate and a compressible viscous �uid located between the plate and a rigid bottom z = 0.
First, by utilizing the vertical �uid dissipation, a new estimate is obtained ln η(t) ∈ L1 for any t > 0
provided that ln η0 ∈ L1, ensuring that additional contact can form only on a set of a measure zero.
Then, by utilizing the expanding capability of compressible �uid pressure, it is shown that all contact
has to detach in �nite time provided that the source force is not pushing down too much. Finally, it is
shown that contact at any point can be detached in any given time with a strong enough source force
localized around that point which is pulling the plate up. This is the �rst result where detachment of
contact is proven.
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Uniform Stabilization of the Boussinesq System in Besov Spaces with Boundary-Based,
Localized, Finite Dimensional, Fluid and Thermal Feedback Controllers
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Abstract

The Boussinesq system models heat transfer in a viscous incompressible heat conducting �uid.
In an open, connected, bounded domain Ω, dimension d =2, 3, we consider an uncontrolled Boussinesq
system which we assume to be unstable. We then seek boundary-based, localized, �nite dimensional,
feedback controllers that stabilize the Boussinesq system in the vicinity of an unstable solution. For
d=3, the setting is a suitable Besov space by necessity, as the Sobolev setting is not adequate; even
in the case of the Navier-Stokes equations (d=3), a component of the Boussinesq system. This was
recently shown by the authors. The proof is constructive. It has no assumptions. The number of
controls is minimal; ie equal to the largest geometric multiplicity of the unstable eigenvalues. The
corresponding linear feedback problem de�nes a strongly continuous, uniformly stable, analytic semi-
group, in fact of maximal regularity up to T = ∞. This latter property is critically used in the
analysis of well-posedness and uniform stabilization of the non-linear feedback problem in the vicinity
of the unstable equilibrium. A key e�ort is in showing controllability (Kalman algebraic conditions)
for the �nite dimensional projection on the unstable subspace. For this, the �ignition key� is based on
two Unique Continuation Properties of suitable overdetermined adjoint eigenproblems, one of which
was recently proved by Carleman-type estimates. This paper is joint work with Irena Lasiecka and
Buddhika Priyasad.
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Numerical Construction of Multiple Positive Solutions
of an Elliptic Problem with Concave and Convex Nonlinearity
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Abstract

We are interested in positive solutions of the semilinear elliptic Dirichlet problem

−∆u = λu(x)q(x)−1 for x ∈ Ω,

u = 0 on ∂Ω

where Ω ⊂ RN is a bounded domain with a C1,α boundary, λ ∈ R is a spectral parameter and q(x) > 1.
The convexity/concavity of the reaction term depends on the spatial variable x, i.e., it is convex in

Ω+
def
= {x ∈ Ω : q(x) > 2} ≠ ∅ and concave in Ω−

def
= {x ∈ Ω : q(x) < 2} ≠ ∅.

In the case of one spatial dimension N = 1, namely Ω = (−1, 1), we numerically construct
multiple (two or more) positive solutions, provided that λ ∈ (0, λ∗) for a certain λ∗ > 0. One of them
(the minimal one) bifurcates from zero, whereas the others bifurcate from in�nity as λ→ 0+.
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On the Multiplicity of Positive Solutions for Spatially Nonhomogeneous
Elliptic Problems
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Abstract

We consider the semilinear Dirichlet problem

−∆u = λf(x, u(x)) for x ∈ Ω; u = 0 on ∂Ω

with a nonlinear reaction term f(x, ·) : s 7−→ |s|q(x)−2s. For s ≥ 0, this term is convex and concave in
the nonempty open subsets

Ω+
def
= {x ∈ Ω : q(x) > 2} , Ω−

def
= {x ∈ Ω : q(x) < 2}

of a bounded domain Ω ⊂ RN with a su�ciently smooth boundary, respectively. Here, λ ∈ R is
a nonnegative spectral parameter that determines the existence and multiplicity of positive weak
solutions (at least two).

For 0 < λ ≤ λ∗, we obtain a C1-solution u ≡ uλ by monotone iterations. For 0 < λ < λ∗, we
obtain another C1-solution, v, by the Leray-Schauder degree theory, which satis�es v(x) > uλ(x) for all
x ∈ Ω. Our a priori estimates are obtained by Young's inequality. Our main contribution is a method
for handling the interplay between convex and concave nonlinearities in two disjoint, nonempty open
subsets of Ω. For Ω = (−1, 1), we will discuss higher multiplicity of positive solutions bifurcating from
in�nity as λ → 0+ by means of the rescaling method. These multiplicity results were motivated by
extensive numerical experiments performed by J. Benedikt. We will also mention mathematical models
from combustion theory and explain the role of the spectral parameter λ and the variable exponent
q(x) in these models.
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On Time-Dependent Schrödinger Equations Constrained by Measurements
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Abstract

If Schrödinger equation idudt = Hu is constrained to states satisfying P (tj)⊥u(tj) = 0 for orthog-
onal projections P (tj) at discrete times tj due to ideal measurements, then time evolution is governed
by the non-autonomous Hamiltonian equation

i du = Hudt− iP⊥u− µ , (17)

which could be considered as a generalized time-dependent Schrödinger equation incorporating free
evolution as well as evolution under measurements into one equation. Hereby, µ denotes counting
measure, the complementary orthogonal projection P⊥(tj) = Id − P (tj) acts at time tj on the left
limit u−(tj) := lim

t↗tj
u(t), and the non-autonomous part P⊥u− µ may be considered as Lagrangian

multiplier determined to satisfy the constraints P⊥u = 0 imposed on the system due to measurement.
Generalizing the space-time formulation in [1], by applying Ne£as theorem [2] we show that for every
initial value u0 in complex Hilbert space there exists a unique càdlàg function u, i.e. u is continuous
from the right and has limits from the left in time, solving (17) in an ultra-weak sense.

We further indicate how classical Schrödinger equations modeling non-ideal measurements,
where evolution is governed by a particular interaction between measured system and measuring de-
vice, tend to generalized Schrödinger equations (17) for the measured system when time of interaction
concentrates at an instant. In this way, the measurement problem of quantum mechanics can be solved:
Quantum mechanical systems are still modeled by Hamiltonian equations on complex Hilbert spaces
to quadratic Hamiltonian functions 1

2 ⟨Hu, u⟩ (inducing vector �elds preserving Kähler structure in
case of non-constrained free evolution), but in presence of constraints, e.g. due to ideal measurements,
dynamics can di�er from those governed by classical Schrödinger equation, and non-ideal measure-
ments modeled by such equations converge for the measured system to (17) when time of interaction
concentrates at an instant so that the measurement becomes ideal.
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An Elliptic Spectral Problem with Concave
and Convex Nonlinearity: Uniqueness
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Abstract

We will discuss the question of existence and multiplicity of positive solutions to the semi-
linear elliptic Dirichlet problem

−∆u = λu(x)q(x)−1 + f(x, u(x)) for x ∈ Ω ; u = 0 on ∂Ω , (18)

where Ω ⊂ RN is a bounded domain with the boundary of class C1,α, λ ∈ R a spectral parameter,
and f(x, u) = |u|r−1 u is a signed r-power (r > 0) of the unknown function of (a positive variable)
u ∈ (0,∞) which depends on the point x ∈ Ω; r = q(x)− 1, for instance.

We will brie�y present basic methods for treating the semilinear problem (18) with a convex

and concave nonlinear reaction f(x, · ) : s 7−→ |s|q(x)−2s : R+

⊂ R → R which (for s ≥ 0) is convex in a nonempty open subset Ω+
def
= {x ∈ Ω:

q(x) > 2} and concave in another nonempty open subset Ω−
def
= {x ∈ Ω: q(x)

< 2} of a bounded domain Ω ⊂ RN . Here, λ ∈ R+ is a nonnegative spectral parameter which decides
about the existence and multiplicity of positive weak solutions (at least two) to problem (18) in case
we take f ≡ 0.

The Dirichlet Laplace operator being linear, we observe that the elliptic equation in problem
(18) is convex (concave , respectively) at a given point x ∈ Ω, provided q(x) ≥ 2 (1 < q(x) ≤ 2).
This is a typical problem with variable powers (exponents).

Finally, if time permits, we will discuss also the classical question of uniqueness for a related
problem with the p(x)-Laplacian provided supx∈Ω q(x)
< infx∈Ω p(x) , holds, and the multiplicity of large solution branches bifurcating from in�nity as
λ↘ 0+.
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Geometric Determinants of Oxygen and Heat Exchange
in Placental Mammals
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Abstract

The mammalian placenta is one of the most complex and unique exchange organs. Despite its transient
nature, this crucial life-support system not only nourishes growing fetuses but also determines their
lifelong health. The human placenta features an intricate disordered micro-porous structure that
packs a large surface area (∼ 10 m2) into a relatively thin disc connected to the fetus via a helically
coiled umbilical cord. The placenta also exhibits unusually high evolutionary diversity across placental
mammals, while the impact of its architecture, and in particular of cord coiling, on human pregnancy
pathologies, such as fetal growth restriction, remains poorly understood [1].

The talk summarises recent progress in hyper-multiscale 3D imaging (spanning µm to cm) [2]
and associated image-based modelling of placental exchange. Our combined analytical and numerical
approaches reduce complexity and o�er direct insights into the dominant geometrical determinants
of maternal�fetal solute and heat transfer in humans and other species. The models demonstrate a
certain universality of upscaled approximations for a wide class of transported solutes [3] and explore
the surprising role of the helical vascular con�gurations of the umbilical cord in modulating solute and
heat exchange [4]. These results clarify the role of placental and cord morphology in the context of
evolution and fetal resilience.

Acknowledgements: Joint work with Tianran Wan, Davis Laundon, Carl Whit�eld, Shier
Nee Saw, Nicholas Cheng, Hwee Kuan Lee, Edward D. Johnstone, Rohan M. Lewis, Alys R. Clark
and Oliver E. Jensen. Supported by A*STAR, EPSRC, BBSRC and Wellcome Leap.
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Homogenization of a Stokes-Transport System in an Anisotropic Porous Medium
with Thin, Evolving Tubes

Kilian Hacker

Friedrich-Alexander-Universität Erlangen-Nürnberg, Germany
kilian.hacker@fau.de

Abstract

In this contribution, we study the asymptotic behavior of a Stokes �ow in an array of thin, evolving
tubes, coupled with advective-di�usive transport within the tubes and in the surrounding medium.
The domain evolution is induced by the transport process via chemical reactions at the microscopic
lateral boundaries of the tubes, leading to a fully coupled problem. Our approach aims to model
the thermal control of blood �ow in human skin, including temperature-dependent production of
biochemical substances and the subsequent dilation and constriction of blood vessels.
After a transformation of the microscopic problem onto a periodic microscopic reference domain, we
rigorously derive a fully coupled e�ective model, by means of the methods of homogenization. It
consists of an anisotropic Darcy model coupled to an e�ective reaction-di�usion-advection system of
partial and ordinary di�erential equations. The e�ective coe�cients (permeability, di�usivity) of the
macroscopic model are computed from solutions to standard cell problems involving the time and space
dependent macroscopic deformation gradient. The anisotropies induced by the special features of the
geometry (array of thin tubes) are exhibited in the e�ective model. This is joint work with Markus
Gahn and Maria Neuss-Radu.
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A Lumen�Tissue Magneto-Two-Phase Flow Model with Transendothelial Transport
for Magnetic Drug Targeting

Jonas Knoch

Department Mathematik, FAU Erlangen-Nürnberg, Erlangen, Germany
jonas.knoch@fau.de

Abstract

Motivated by magnetic drug targeting, we develop a thermodynamically consistent magneto-
two-phase �ow model describing the dynamics of superparamagnetic iron oxide nanoparticles (SPIONs)
in the blood vessel lumen as well as their transendothelial transport into the surrounding tissue. The
strongly coupled system consists of a modi�ed Navier�Stokes equation with an additional inertia term
for the volume-averaged velocity, a transport equation for the SPION volume fraction, and a quasi-
static nonlinear elliptic equation for the magnetic potential. Using Onsager's variational principle,
we derive constitutive relations, including a transmission condition for the SPION phase at the lu-
men�tissue interface. Finally, we present a numerical framework and experiment-inspired simulations
that pave the way toward optimized therapy strategies.
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On Some Multi�uid Systems

Milan Pokorný

Charles University, Praha, Faculty of Mathematics and Physics
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Abstract

We consider certain classes of models for multicomponent �uids of the Baer�Nunziato type and consider
questions of existence of weak/dissipative measure-valued solutions, its weak/measure valued�strong
uniqueness questions as well as low Mach number limits. It is a joint work with Ewelina Zatorska from
University of Warwick.
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Global Solvability for a Stochastic Hyperbolic Keller - Segel System

Nikolai V. Chemetov

Department of Computing and Mathematics, University of São Paulo,
Ribeirão Preto - SP, Brazil
nvchemetov@usp.br

Abstract

In this work we study the stochastic Stratonovich hyperbolic Keller-Segel model with an in�nite
dimensional multiplicative noise in a bounded domain O in R2. The evolution system on a time
interval (0, T ) reads for a.s. in Ω as du = −div(g(u) ∇h) dt+ σ(u) ◦ dWt,

−∆h+ h = u,
for (t,x) ∈(0, T )×O

where u = u(t,x) denotes the cell density and g(u) = u − u2; Wt is a Wiener process given on the
probability space (Ω,F , P ) and σ = σ(u) is the di�usion coe�cient.

This system is closed by the boundary condition

h = a on (0, T )× ∂O

on the boundary ∂O of the domain O, the in�ux boundary condition

u = b on (0, T )× ∂O−

and the initial condition
u = u0 in O at t = 0,

where
∂O− = {x ∈ ∂O : g′(u) (∇h · n) (t,x) < 0}

is the in�ux part of ∂O and n = n(x) is the external normal at x ∈∂O.
We establish the global-in-time existence result for weak entropy martingale solutions to this

stochastic Keller-Segel model with general boundary-initial data (a, b, u0).

The proof combines the stochastic a priori estimates with compactness techniques based on the
kinetic theory [1] and on the Jakubowski-Skorokhod representation theorem [2, 3]. The dependence of
the noise function makes more di�cult for the analysis of a priori estimates, giving rise to nonlinear
terms induced by the martingale part of the equation and the Stratonovich correction term.
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Structure-Preserving LDG Methods for Linear and Nonlinear Transport Equations
with Gradient Noise

Thomas Christiansen

Department of Mathematics, University of Oslo, Norway
thomchr@math.uio.no

Abstract

We develop a framework for constructing local discontinuous Galerkin (LDG) discretizations
that preserve the underlying hyperbolic structure of stochastic partial di�erential equations of the
form

du+ divxf(x, u) dt+
∑
ℓ∈L

divx
(
σℓ(x)gℓ(u)

)
◦ dW ℓ

t = 0, in (0, T ]× Rd.

Here f = (f1, ..., fd) : Rd×R → Rd is a given deterministic heterogenous �ux vector and the stochastic
perturbations enter through Stratonovich gradient noise (or as stochastic heterogenous �uxes), where
each σℓ : Rd → Rd is a prescribed spatial vector �eld and gℓ : R → R is a scalar �ux function. Moreover,
L is a �nite index set and the driving processes {W ℓ}ℓ∈L are mutually independent real-valued Wiener
processes.

Starting from the Itô formulation we design semi-discretizations that reproduce the exact can-
cellation between the quadratic variation and the Itô�Stratonovich correction term (modulo �uxes)
which is the key hyperbolic stability mechanism of gradient noise. By selecting suitable numerical
�uxes, we obtain discrete energy conservation or energy dissipation, valid either pathwise or in expec-
tation. Furthermore, by combining this energy stability with a Khasminskii-type argument we can
prove well-posedness of the resulting high-order schemes without relying on commonly adopted global
linear growth assumptions. We end this talk by presenting a few numerical results that showcase the
stability of the LDG schemes and how various numerical �uxes in�uence the approximation accuracy.

The talk is based on joint work with Kenneth H. Karlsen (UiO).
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Moving Boundary Problems in Fluid-Poroelastic Structure Interaction

Je�rey Kuan

University of Maryland, College Park
jeffreyk@umd.edu

Abstract

This is joint work with Sun£ica �ani¢ (University of California, Berkeley) and Boris Muha (University
of Zagreb).

In this talk, we discuss recent progress in the well-posedness of moving boundary models of �uid-
poroelastic structure interaction. Poroelastic materials are porous substances whose porous properties
are coupled to their elastodynamics, and these include materials such as biological tissues and soil.
There are many important applications of poroelasticity to �uid dynamics problems in biomedical
engineering and geosciences, and hence, it is of particular interest to study the coupled dynamics of
how poroelastic materials interact with surrounding �uid �ows.

We introduce a fully coupled moving boundary model for an immersed poroelastic material (modeled
by the Biot equations of poroelasticity) interacting with a viscous �uid (modeled by the incompressible
Navier-Stokes equations), where deformations of the poroelastic material are rigorously accounted for,
through a moving boundary model. We introduce a new regularized interface method, which uses
a minimal regularization of the �uid-poroelastic interface to de�ne a notion of solution, in order
to establish the existence of a suitable notion of (�nite energy) regularized interface weak solutions
to this coupled and highly nonlinear moving boundary problem of mixed type. The proof of this
existence result uses geometric bounds on Lagrangian maps to control moving domain behavior, in
addition to a constructive splitting scheme and compactness arguments, for showing convergence of
suitable approximate solutions. We conclude by discussing recent progress in showing how regularized
interface weak solutions relate to classical solutions when such classical solutions exist (weak-classical
consistency), in the sense of convergence to a classical solution as the regularization parameter tends
to zero.
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A Smoluchowski�Kramers Approximation for the Stochastic Variational Wave Equation

Julien Vovelle
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Abstract

We investigate the Smoluchowski�Kramers approximation for the one-dimensional periodic vari-
ational wave equation with state-dependent damping and additive noise. We show that weak dissipative
solutions converge to solutions of a stochastic quasilinear parabolic equation. Joint work with Billel
Guelmame.
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Controllability Problem of a Di�erential Equation with Memory

Sumit Arora and Rodrigo Ponce

Universidad de Talca Instituto de Matemáticas, Casilla 747, Talca, Chile
arorasumit10623@gmail.com

Abstract

In this talk we addresses control problems governed by a semilinear evolution equation with memory
kernel κ ∈ L1

loc(R+) We examine the existence of a mild solution and the approximate controllability of
both linear and semilinear control systems. To this end, we introduce the concept of a resolvent family
associated with the linear evolution equation with memory and develop some of its essential properties.
Subsequently, we consider a linear-quadratic regulator problem to determine the optimal control that
yields approximate controllability for the linear control system. Furthermore, we derive su�cient
conditions for the existence of a mild solution and the approximate controllability of a semilinear system
in a re�exive Banach space having uniformly convex dual. Additionally, we present an approximate
controllability result within the framework of a general Banach space. Finally, we apply our theoretical
�ndings to investigate the approximate controllability of the heat equation with singular memory.

Recently, Pandol� [1] studied the approximate controllability of a general class of control systems
with singular memory by applying boundary control. The considered system particularly includes
systems with fractional derivatives and integrals as well as the standard heat equation.
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On Parameter-Dependent Inhomogeneous Boundary-Value Problems in Sobolev Spaces

Olena Atlasiuk, Vladimir Mikhailets, Jari Taskinen
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Abstract

We study a wide class of linear inhomogeneous boundary-value problems for rth order ODE-
systems depending on a parameter µ belonging to a general metric space. The solutions belong to
the Sobolev spaces (Wn+r

p )m, n ∈ N ∪ {0}, m, r ∈ N, 1 ≤ p ≤ ∞. The boundary conditions are of
a most general form By = c, where B is an arbitrary continuous operator from (Wn+r

p )m to Crm.
Thus, they may contain derivatives of the unknown vector function of integer and/or fractional orders
≥ r. We �nd necessary and su�cient conditions for the continuity of solutions with respect to the
parameter µ. We also prove that the solutions of the original problems can be approximated in the
space (Wn+r

p )m by solutions of ODE-systems with polynomial coe�cients, right-hand sides of the
equation, and multipoint boundary conditions, which are independent of the right-hand sides of the
original problem.
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Morse Decomposition for Semi-Dynamical Systems with an Application to Systems
of State-Dependent Delay Di�erential Equations

István Balázs

University of Szeged, Hungary
balazsi@math.u-szeged.hu

Abstract

Understanding the structure of the global attractor is crucial in the �eld of dynamical systems,
where Morse decompositions provide a powerful tool by partitioning the attractor into �nitely many
invariant Morse sets and gradient-like connecting orbits. Building on Mallet-Paret's pioneering use
of discrete Lyapunov functions for constructing Morse decompositions in delay di�erential equations,
similar approaches have been extended to various delay systems, also including state-dependent de-
lays. In this talk, we develop a uni�ed framework assuming the existence and some properties of a
discrete Lyapunov function for a semi-dynamical system on an arbitrary metric space, and construct a
Morse decomposition of the global attractor in this general setting. We demonstrate that our �ndings
generalize previous results; moreover, we apply our theorem to a cyclic system of di�erential equations
with threshold-type state-dependent delay.
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Lagrangian Flows Associated to Nonstandard Singular Rough Vector Fields

Henrique Borrin de Souza, João Fernando da Cunha Nariyoshi

Postdoc at FFCLRP-USP, Ribeirão Preto, Brazil
henriqueborrin@usp.br

Abstract

In this presentation, we provide quantitative estimates associated to vector �elds which can be
written as convolution of a nonstandard singular kernel with a Besov function. The aforementioned
kernels do not satisfy Calderón-Zygmund estimates, nor have cancellations in order to ensure good
properties on its Fourier estimates, so we present a new technique in order to deal with this case.
Moreover, we consider rough kernels, in the sense that its angular part is not Lipschitz, as previously
considered in [1], but only in Sobolev spaces.
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Functional Equations Involving Re�ection and Piecewise Constant Arguments
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Abstract

Di�erential equations remain a fundamental tool for describing phenomena across mathematics, physics,
engineering, and the life sciences. In recent decades, increasing attention has been given to models
incorporating nonstandard functional dependence, leading to the development of di�erential equa-
tions with involution and equations with piecewise constant arguments. Equations with involution,
characterized by a self-inverse transformation of the independent variable, naturally arise in problems
involving symmetry and nonlocal e�ects [2]. Meanwhile, equations with piecewise constant arguments
provide a suitable framework for systems where state variables are evaluated at discrete moments, as
occurs in control processes, epidemiology, and economic dynamics [3]. These classes of equations o�er
a �exible setting for modeling hybrid and nonstandard dynamical behaviors.

In this work, we establish the theoretical framework for the study of a general two point n-th
order di�erential equation incorporating both a re�ection term mv(−t) and a piecewise continuous
dependence M v([t]) [1]. The analysis is carried out using Green's function theory, which allow us to
obtain its explicit expression and study its qualitative properties. In particular, we obtain comparison
results that allow us to determine regions where the related Green's function maintains a constant sign.
We then focus on a periodic �rst-order equation with re�ection and piecewise constant arguments. Once
the corresponding Green's function and its sign structure are characterized, we address the existence of
solutions for the related nonlinear problem by applying �xed point techniques, with special emphasis
on the monotone method.
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The Least-Squares Method in the Theory
of Boundary Value Problems with Delay

Peter Benner, Sergey Chuiko, Viktor Chuiko
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Abstract

The present work addresses the issue of solution existence

z(t, ε) : z(·, ε) ∈ C1[0, T ], z(t, ·) ∈ C[0, ε0]

for nonlinear periodic boundary value problem with delay [1]

dz(t, ε)/dt = A(t)z(t, ε) +B(t)z(t−∆, ε) + f(t)+ (19)

+εZ(z(t, ε), z(t−∆, ε), t, ε)

in a small neighborhood of the solution z0(t) ∈ C1[0, T ] of the generating problem

dz0(t)/dt = A(t)z0(t) +B(t)z0(t−∆) + f(t), ∆ ∈ R1. (20)

Here, A(t), B(t) are (n × n) dimensional matrices, Z(z(t, ε), z(t − ∆, ε), t, ε) is a nonlinear vector
function, T -periodic to the independent variable t, analytic with respect to the unknown z(t, ε) and
z(t−∆, ε) in a small neighborhood of the solution of the generating problem (20) and continuous with
respect to the small parameter ε on the interval [0, ε0]. In addition, the function f(t) is continuous
with respect to the t ∈ [0, T ].

By applying the Adomian decomposition method and the least squares method scheme, we have
derived the necessary and su�cient conditions for the existence of solutions of the weakly nonlinear
periodic boundary value problem for a system of di�erential equations with concentrated delay in the
critical case [3]. The e�ciency of the iterative schemes we have developed is demonstrated using an
example of solving the problem of approximating periodic solutions to an equation with concentrated
delay, which models a non-isothermal chemical reaction [1, 2].
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Robustness of Sacker-Sell Trichotomy for Nonautonomous Dynamics

Davor Dragi£evi¢

Faculty of Mathematics, University of Rijeka, Rijeka, Croatia
ddragicevic@math.uniri.hr

Abstract

We discuss the robustness property of the notion of a uniform exponential dichotomy (introduced
by Sacker and Sell [2]) for nonautonomous dynamics. More precisely, we formulate conditions under
which this notion persists under su�ciently small linear perturbations. It turns out that we need to
restrict to small perturbations in ℓ1-norm. The talk will be based on the joint work with A. L. Sasu
and B. Sasu [1].
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Multiplicity of Solutions for Nonlinear Di�erential Systems Using Fixed Point Theory
in Product Spaces

Laura Mª Fernández�Pardo
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Abstract

In this talk we present su�cient conditions for the existence and multiplicity of solutions to
nonlinear di�erential systems using �xed point theory in cones. To establish these conditions, the
problem is reformulated as an equivalent �xed point problem for compact operators of the form T =
(T1, T2) acting on a product space X × Y .

In recent works [1, 3], component-wise Krasnosel'skii-type �xed point conditions have been
imposed on operators of this form. In this direction, we show that these conditions can be combined
with classical multiplicity results, such as the Leggett�Williams theorem [2], yielding multiplicity results
in product spaces. Many of the �xed points obtained by these methods have the important property
that both components are positive. Therefore, when applied to nonlinear di�erential systems, these
results yield multiple solutions with all components nontrivial.
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Chaos in the Hyperion Tumbling Model

Anna Gierzkiewicz

Jagiellonian University in Krakow, Poland
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Abstract

In a joint work with Amadeu Delshams (UPC Barcelona) and Piotr Zgliczy«ski (JU) we study
the three-axis inner rotation (tumbling) of an ellipsoidal satellite in a Keplerian orbit. In our previous
paper [1] we considered a simpli�ed uniaxial case, with the axis of rotation perpendicular to the orbital
plane [2]. The system of three ordinary di�erential equations is periodic with respect to one of the
variables (true anomaly f), which allowed us to study the Poincaré section f = 0 = 2π. The system
exhibited chaotic behavior for some parameters (the shape of the ellipsoid and the orbital eccentricity
e). We were particularly interested in the values corresponding to Hyperion, one of Saturn's moons,
known for its non-spherical shapeand apparently chaotic inner rotation.

The uniaxial model does not provide a full physical description of Hyperion's tumbling, which
is clearly triaxial. The full model, based on Euler's rigid-body equations, leads to a much more
complicated system of seven ordinary di�erential equations (omitted here for reasons of size; see [3]),
of which the simpli�ed uniaxial model is an invariant subspace. For this reason, it too is chaotic, but
we expect the structure of this chaos to be more complex in the 7-dimensional space: perhaps it is
divided into chaotic regions connected by homo- and heteroclinic orbits.

Using the Interval Newton Method implemented in C++ with the use of CAPD library [4] for
computer-assisted proofs, we found a number of periodic orbits for the analogous Poincaré map in the
full space. The current work is to study the behavior of their stable and unstable manifolds which
seem to intersect transversely. This, in turn, we expect to prove rigorously with CAPD. The poster
presents the up-to date numerical results and plans for future work.
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Periodic Solutions of Hamiltonian Systems with Symmetries
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Nicolaus Copernicus University in Toru«, Poland
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Abstract

The aim of this talk is to show the results concerning global bifurcation of periodic solutions for
autonomous Hamiltonian and Newtonian systems. We consider also the situation when the potential
has additional symmetries of some compact Lie group. Such results allow to generalize the classical
Lyapunov center theorem to the case of symmetric systems.

The main tool that we use is the degree theory for equivariant gradient maps. For the problem
with symmetries of some compact Lie group G, this invariant takes values in the Euler ring of G. Due
to the sophisticated structure of this ring, using our tool we are able to prove global bifurcation also
in the case, when the classical methods cannot be applied.
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Periodic Solutions of Cosmology Inspired Hamiltonian System
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Abstract

This is a joint work with prof. Sªawomir Rybicki.
In this talk, we investigate the existence and structure of sets of nonstationary periodic solutions of a
Hamiltonian system motivated by cosmology. The system is given by

u̇(t) = JH ′(u(t)), (21)

where u = (x, y, z,X, Y, Z) and the Hamiltonian H is de�ned as

H(x, y, z,X, Y, Z) = (22)

=
1

2

(
x2 +X2 − y2 − Y 2 + z2 + Z2

)
+

+ϵ2
(
α

4

(
x4 + y4 + z4

)
+
β

2

(
x2y2 + x2z2 + y2z2

))
.

We use two approaches to study sets of nonstationary periodic solutions of system (21) with Hamil-
tonian (22). The �rst is based on bifurcation theory, while the second relies on equivariant topology
and the representation theory of compact Lie groups. First, we introduce the parametrized system
u̇(t) = λJH ′(u(t)) and search for 2π-periodic solutions, which correspond to 2πλ-periodic solutions
of the original system (21). We prove the existence of global bifurcation points of nonstationary 2π-
periodic solutions of parametrized Hamiltonian system and describe how their number depends on
the parameters α and β. Furthermore, we provide lower bounds on the number of unbounded con-
tinua of nonstationary 2π-periodic solutions bifurcating from stationary ones. In addition, we study
nonstationary periodic solutions of system (21) that bifurcate from nonisolated stationary solutions.
Exploiting the S1-invariance of the Hamiltonian (22), we establish the existence of connected families
of nonstationary periodic solutions bifurcating from the manifold of stationary solutions.
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Dynamics of Delayed Rational Di�erence Equations in Higher Dimensions
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Abstract

In this paper, we study the dynamical properties of a class of p-dimensional rational di�erence
equation systems that generalize earlier two and three dimensional models. The considered system
includes a power-type nonlinearity characterized by a parameter q > 0, which signi�cantly a�ects the
qualitative behavior of the system.

Our main focus is on proving the boundedness of solutions and analyzing the local asymptotic
stability of the equilibrium points. We establish su�cient conditions ensuring stability and investigate
the in�uence of the system parameters on the local behavior of solutions. Through extending several
existing results to higher-dimensional cases, this work develops a more general theoretical framework
and provides further understanding of the local dynamics, structural characteristics, and qualitative
behavior of this family of nonlinear discrete systems.
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On Impulsive Di�erential Equations with Adaptive State-Dependent Delays
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Abstract

In this talk we consider a class of impulsive nonlinear di�erential equations with adaptive state-
dependent delays. We discuss the existence and uniqueness of solutions of the initial value problem
using a Picard�Lindelöf type argument where we de�ne approximate solutions with the help of equa-
tions with piecewise-constant arguments (EPCAs). Moreover, we show that the solutions of the asso-
ciated EPCAs approximate the solutions of the original impulsive DDE with adaptive state-dependent
delay uniformly on compact time intervals. The key assumption underlying both results is that the
delayed time function is monotone, or piecewise strictly monotone. We also discuss the problem of
di�erentiability of the solutions with respect to parameters.
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Threshold Points and Oscillation Criteria for Di�erential and Di�erence Equations
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Abstract

Some of the presented results were obtained in collaboration with K	odai Fujimoto and Ji°ina �i²oláková
(see the references below). The results describe the oscillatory properties of second-order equations.
The aim is to use the adapted Prüfer angle (di�erential equations) and variants of the Riccati method
(di�erence equations) to obtain oscillatory criteria based on measuring the size and comparing the
coe�cients of these equations. The ideal result is an unimproveable situation where a threshold value
is identi�ed, traditionally called the critical oscillation constant (although it is not a constant in the
usual sense, i.e., it is not a number, but a combination of coe�cients that change for the studied
equations). The results are obtained for half-linear equations (in fact, we proved them for linear
equations as well).
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Oscillation Theorems for Linear Di�erential Equations with
a Proportional-Derivative Controller
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Abstract

This study is based on joint work with Professor M. Onitsuka of Okayama University of Science
(including [5]). Recently, considerable attention has been devoted to oscillation theory for linear
di�erential equations with proportional-derivative (PD) control (see, e.g., [1, 2, 3, 4]); nevertheless,
this theory remains in its early stages of development. In this work, we investigate the oscillatory and
nonoscillatory behavior of solutions to these equations, with the aim of extending classical oscillation
theory to this framework.

In particular, we establish a Leighton�Wintner-type oscillation theorem and Hille�Kneser-type
oscillation and nonoscillation criteria in the presence of a PD controller. The Leighton�Wintner-
type result is obtained by means of the Riccati technique, suitably adapted to the PD structure
of the equation. Furthermore, by clarifying the oscillation constant for Euler-type equations with
PD control, we derive Hille�Kneser-type criteria that characterize both oscillatory and nonoscillatory
behavior. This work was supported in part by JSPS KAKENHI Grant No. JP22K13933 and by the
Sumitomo Foundation Grant for Basic Science Research Projects, Grant No. 2402156.
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Sharp Oscillation Criteria for nth Order Linear
Delay Di�erential Equations

Irena Jadlovská

Mathematical institute, Slovak Academy of Sciences, Ko²ice, Slovakia
jadlovska@saske.sk

Abstract

We establish a sharp oscillation criterion for n-th order linear delay di�erential equations with
positive continuous coe�cients and general delay argument. The decisive oscillation constant is the
maximum of an explicitly constructed exponential�polynomial, determined by the order and the asymp-
totic time�delay ratio. Its optimality is shown by exact agreement with an Euler-type proportional-
delay di�erential equation, extending recent sharp results for lower orders: n = 2 (in a more general
half-linear setting) by Jadlovská and Dºurina [1], n = 3 by Graef, Jadlovská, and Tunç [2], and n = 4
by Jadlovská et al. [3]. If this constant exceeds the critical value, Property A holds: every solution
oscillates for n even, while for odd n every solution either oscillates or tends to zero together with
all derivatives up to n − 1. Beyond identifying this constant, we develop an iterative process, built
from suitably chosen lim inf constants, that yields two-sided comparison inequalities between arbitrary
derivative orders of any nonoscillatory solution, in a precise binomial-coe�cient form. We illustrate
the scope of our results on broad classes of equations with asymptotically proportional, sublinear, or
piecewise-proportional delays, as well as slowly varying or oscillatory coe�cients. This is a joint work
with Agacik Zafer and Tongxing Li [4].
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Robust Stability of a Class of Complex Balanced Chemical Reaction Networks
with Time Delays and Time Varying Perturbations
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Abstract

Chemical reaction network theory (CRNT) provides methods for analyzing the dynamics of solutions
to ordinary di�erential equations (ODEs) describing the time evolution of species concentrations in
chemical reaction networks (CRNs) based on their topological structures. In particular, the De�ciency
Zero Theorem provides a su�cient condition for the ODEs to possess a unique asymptotically stable
equilibrium point, known as a complex balanced equilibrium [1]. Recently, CRN systems have been
extended to incorporate production delays and environmental �uctuations in reactions. Consequently,
the dynamics of such systems are described by non-autonomous delay di�erential equations (DDEs).
While the asymptotic stability of an equilibrium for autonomous DDEs of complex balanced CRNs [2]
and the persistence of non-autonomous DDEs for delayed CRNs with time-varying kinetics [3] have
been proven, robust stability for systems with both delays and time-varying perturbations has not yet
been established. In this talk, we consider a class of complex balanced and conservative CRNs satisfying
the conditions of the DZT and provide a su�cient condition for the robust stability of non-autonomous
DDEs subjected to both arbitrary production delays and time-varying perturbations in reaction rates.
In order to prove this, we de�ne a Lyapunov-Krasovskii functional for the non-autonomous DDEs,
extending the one used for autonomous systems [2]. Under the assumption that the perturbations are
bounded within a speci�c range, we evaluate the time derivative along the solutions and prove that
the solutions to the DDEs are globally ultimately bounded. Moreover, we also show that the solutions
to the DDEs converge to an equilibrium point when the perturbations vanish as time goes to in�nity.
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Bifurcations of Limit Cycles in DDEs: Theory & Software

Lentjes Bram
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Abstract

Until now, no robust and e�cient (numerical) method has been available to study bifurcations
of limit cycles in delay di�erential equations (DDEs). In this talk, I will present explicit computational
formulas for the critical normal form coe�cients of all codimension 1 bifurcations of limit cycles (fold,
period-doubling and Neimark-Sacker) in DDEs. These formulas are essential for detecting codimension
2 points and distinguishing between sub- and supercritical bifurcations.

The approach consists of four steps. First, we prove the existence of a smooth periodic �nite-
dimensional center manifold near a nonhyperbolic cycle [1]. Second, we show that the dynamics near
such a cycle on the periodic center manifold can be described in terms of so-called periodic normal
forms [2]. Third, we derive explicit formulas for the critical normal form coe�cients in terms of
the periodic (adjoint) (generalized) eigenfunctions of the characteristic operator, a generalization of
the well-known characteristic matrix [3]. Finally, we illustrate the e�ectiveness of the method with
numerical examples [4].
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On Observability of Limit Cycles in the Chemostat
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Abstract

Ever since May (Science, 1974) pointed out that the dynamics of equations describing commonly
appearing equations in ecology contains the seeds of chaos and nonlinear dynamics, it has been a
debate whether nonlinear dynamics and chaos actually can be observed in ecological systems. The
chemostat is a very basic experimental setting describing of an ecosystem with an explicitly modelled
resource �ow. Presence of autonomous limit cycles is the simplest nonlinear dynamical phenomenon
that can be studied and the Rosenzweig and MacArthur (Am. Nat. 1963) criterion divides the
parameter space of the deterministic two-species chemostat into a one regime describing global stability
and one with autonomous limit cycles. Deterministic systems of di�erential equations can, however,
only be viewed only as approximations of the Markov processes describing the ecological phenomena
(Renshaw, Stochastic Population Processes, 2011). It is likely that deterministic stable equilibria
describing su�ciently large populations are described by approximately normal distributions and this
can indeed, be proved in the univariate case. The objective of this talk is to study in what sense
limit cycles approximate the quasi-stationary distributions arising in the Markov process describing
the two-species chemostat.
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Oscillation Criterion for Generalized Euler Di�erence Equations
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Abstract

I would like to present new results in the �eld of generalized Euler di�erence equations and
speak about the paper Oscillation criterion for generalized Euler di�erence equations. The major part
of this paper is formed by the proof of the main theorem. During my studies I analyze the Euler
type half-linear di�erence equation with bounded and asymptotically periodic coe�cients. The main
goal of my work was to prove an oscillation criterion that complements a large number of previously
known oscillation criteria. It is already proved that the Euler-type equation with positive coe�cients
is conditionally oscillatory. There are also already identi�ed the corresponding oscillation constants
which are given by the coe�cients of the equation. In our work we extended the results for the
coe�cients from more general classes and identify the corresponding oscillation constants.

By using the Sturmian theorem we obtain that any non-zero solution of the general half-liner
di�erence equation has either in�nitely many generalized zeros or none in a neighborhood of in�nity
and we can divide considered equations into two types: oscillatory and non-oscillatory equations.
We use this fact and work with the generalized adapted Riccati transformation together with known
auxiliary results. To illustrate the fact that the presented criterion is new even for linear equations
with periodic coe�cients, we �nish this paper with examples of simple equations whose oscillatory
properties do not follow from previously known criteria.
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Nonlinear Systems of ODEs Subject to Non-Local Boundary Conditions
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Abstract

In this talk we will present a method to derive an explicit formula for the Green's function
corresponding to a particular class of systems of di�erential equations subject to linear non-local
boundary conditions. The novelty of our work lies in the fact that the unknown functions are not
decoupled, neither in the equations nor in the boundary conditions of the system. Furthermore, we
show that the aforementioned decomposition makes it possible to enhance certain results concerning
the existence of solutions for nonlinear systems with linear non-local boundary conditions.
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Voter Model with Time Dependent Dynamics
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Abstract

The Voter model is one of the paradigmatic models of interacting particle systems and a standard
framework for the study of opinion dynamics [1, 3]. We consider its time-dependent modi�cation in
which the update rules depend on the internal age of agents, that is, on how long they have kept
their current opinion [1, 2]. The main question is how this age-dependent dynamics a�ects ordering,
in particular whether the system approaches consensus, understood as a state in which all agents
share the same opinion, or whether it exhibits coexistence of opinions or frozen disordered states [1].
Our analysis is based on dynamical equations derived for the model and, in particular, on a scalar
di�erential equation obtained by linearization around the consensus, or absorbing, state. This reduction
provides the main tool for studying stability and asymptotic behavior by standard qualitative methods
of di�erential equations [4]. As an extension of the mean-�eld setting, we also study the model on a
complete bipartite graph and examine how this interaction structure in�uences the long-time dynamics
and the emergence of consensus.
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Floquet Theory and Exponential Stabilization of Impulsive Second-Order Delay
Di�erential Equations
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Abstract

We present a new approach to the exponential stabilization of impulsive second-order delay
di�erential equations based on a �nite-dimensional Floquet theory. The proposed framework preserves
equality between the order of the equation and the dimension of the associated monodromy matrix,
making it possible to extend several classical results of Floquet theory for ordinary di�erential equations
to impulsive delay equations. We establish new criteria for exponential stability and instability and
demonstrate how suitable choices of periodic coe�cients, delays, and impulsive actions can stabilize
systems that are unstable within the standard nonimpulsive setting. The approach also provides
explicit representations of solutions and constructive algorithms for stability analysis.
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Stable and Unstable Periodic Motions in a Bouncing Ball Model
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Abstract

We consider the vertical motion of a free falling ball bouncing elastically on a racket moving in
the vertical direction according to a regular 1-periodic function f . For �xed coprime p, q we study
existence, Lyapunov stability and multiplicity of (p, q)-periodic motions. These are p-periodic motions
making q bounces in a period. We prove that if f ∈ C3 and p/q is large, there always exist at least
two (p, q)-periodic motions.

We are interested in the stability, in the sense of Lyapunov, of these motions. First we prove
that if f is analytic, at least one is unstable. Then, under quantitative conditions on f we prove that
there exists an in�nite sequence of stable motions with q = 1. As a consequence, we get an open and
unbounded set of initial conditions giving rise to bounded motions.
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Weakly Nonlinear Degenerate Di�erential-Algebraic
Boundary Value Problems
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Abstract

We have studied the problem of constructing solutions

z(t, ε) : z(·, ε) ∈ C1[a, b], z(t, ·) ∈ C[0, ε0]

of the weakly nonlinear di�erential-algebraic boundary value problem [1]

A(t)z′(t, ε) = B(t)z(t, ε) + f(t) + εZ(z, t, ε), ℓz(·, ε) = α+ ε J(z(·, ε), ε). (1)

We have found the solutions of the boundary value problem (1) in a small neighborhood of the solution
z0(t) ∈ C1[a, b] of the generating Noetherian
(n = q) boundary value problem [1]

A(t)z′0(t) = B(t)z0(t) + f(t), ℓz0(·) = α. (2)

Here, A(t), B(t) ∈ Cm×n[a, b] are continuous matrices, f(t) ∈ C[a, b] is a continuous vector; Z(z, t, ε) is
a nonlinear function which is continuously di�erentiable with respect to the unknown z(t, ε) in a small
neighborhood of the solution of the generating problem, continuous in t ∈ [a, b], and continuous in a
small parameter; ℓz(·, ε) and J(z(·, ε), ε) are, correspondingly, a linear and nonlinear vector functionals
ℓz(·, ε), J(z(·, h, ε), ε) : C[a, b(ε)] → Rq. Moreover, the second functional is continuously di�erentiable
with respect to the unknown z(t, ε) and continuous in the small parameter ε in a small neighborhood of
the solution of the generating problem (2) and on the interval [0, ε0]. The weakly nonlinear di�erential-
algebraic boundary value problem (1) is a generalization of numerous statements of nonlinear boundary
value problems [1]. We have studied the case of degeneration [1, 2] of the generating boundary value
problem (2), namely: PA∗(t) ̸= 0; here, PA∗(t) is the orthoprojector [1]: PA∗(t) : Rm → N(A∗(t)).
Generally speaking, the degenerate system (2) is not solvable with respect to the derivative. The
necessary and su�cient conditions of solvability of weakly nonlinear di�erential-algebraic boundary
value problem (1) and the convergent iterative scheme of construction of approximations to their
solutions are found.
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Distributional Adjoint Theory for Retarded Di�erential Operators: Uncovering
the Structural Origin of Hale's Bilinear Form
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Abstract

The bilinear form introduced by Hale plays a pivotal role in the adjoint theory and spectral
analysis of retarded functional di�erential equations (RFDEs). However, in the case of systems of
RFDEs, this bilinear form is often presented as a prescribed de�nition, and its structural origin as a
boundary term�especially regarding the rigorous ordering of matrix-valued measures�has not been
fully elucidated.

In this talk, we provide a self-contained reconstruction of the linear RFDE theory from a distri-
butional perspective. We characterize the fundamental matrix as a distributional matrix solution by
considering an RFDE with a Dirac delta function as an external force. This result provides a rigorous
formulation of the impulse response matrix for general retarded systems. In addition, we demonstrate
that Hale's bilinear form naturally emerges as a boundary term in a Green-type identity. Our approach
ensures the rigorous ordering of matrix-valued integrals and clari�es the essential role of constant ex-
tensions of functions at the boundaries. These results provide a solid mathematical foundation for the
adjoint structures in systems of RFDEs.
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A Leighton-Wintner Type Oscillation Theorem for p(t)-Laplacian Dynamic Equations
on Time Scales
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Abstract

This study is based on joint work (including [3, 4]) with Professors K. Fujimoto (Shimane
University) and K. Ishibashi (Hiroshima Institute of Technology). It is known that applying the
Riccati method to discrete oscillation problems is challenging (see [2]). Recently, however, the authors
established oscillation criteria for di�erence equations involving the p(t)-Laplacian by utilizing the
Riccati technique (see [4]). Based on the ideas developed there, we establish a Leighton-Wintner type
oscillation theorem via the Riccati method for dynamic equations on time scales, which are applicable
to both continuous and discrete cases. This work was supported by JSPS KAKENHI Grant Number
JP25K07092.
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Some Oscillation Criteria for the Second-Order Linear Advanced Di�erential Equations

Zden¥k Oplu²til

Institute of Mathematics, FME, Brno University of Technology, Brno, Czech Republic
oplustil@fme.vutbr.cz

Abstract

On the half-line R+ = [0,+∞[ , we consider the second-order linear di�erential equation with argument
deviation

u′′(t) + p(t)u(σ(t)) = 0,

where p : R+ → R+ is a locally Lebesgue integrable function and σ : R+ → R+ is a continuous function
such that σ(t) ≥ t, for t ≥ 0.

New oscillation criteria for solutions to the considered equation are presented. These criteria
extend and build upon those established in [3]. The proofs are based on the Riccati technique and
suitable estimates of nonoscillatory solutions. Some of the results may be regarded as an analogy of
the Hille-Nehari type oscillation criteria for ODEs introduced in [1] and [2].
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Delay-Induced Instabilities in Neural Field Equations

Mónika Polner

Bolyai Institute, University of Szeged, Hungary
polner@math.u-szeged.hu

Abstract

We investigate neural �eld equations with transmission delays as in�nite-dimensional dynamical
systems, analyzing their spectral properties, bifurcation scenarios, and symmetry-induced mechanisms
of pattern formation. On bounded two-dimensional domains with exponential connectivity kernels, the
characteristic equation is reformulated as a linear partial di�erential equation, permitting a complete
characterization of the point spectrum and resolvent for single-exponential kernels. This approach
yields explicit conditions for Hopf bifurcations and an analytical expression for the �rst Lyapunov
coe�cient, providing a rigorous description of delay-induced oscillatory instabilities [1].

Building on this foundation, we further study two-population systems on the sphere incorpo-
rating both transmission delays and di�usive coupling, following the framework of [2]. By employing
spherical harmonic decompositions in combination with equivariant bifurcation theory, we derive an-
alytical conditions for the onset of bifurcations and determine the associated normal form coe�cients
up to third order. The interplay between delay and di�usion mechanisms is shown to drive symmetry-
breaking Hopf bifurcations and the selective stabilization of particular spherical harmonic modes.

A space�time discontinuous Galerkin method supports the theoretical analysis, [3].
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Localization of Solutions in Annular Regions Times Conical Shells for Systems
with Sign-Changing Nonlinearities

Jorge Rodríguez�López

Universidade de Santiago de Compostela, Santiago, Spain
jorgerodriguez.lopez@usc.es

Abstract

In this talk, we provide an existence result for abstract nonlinear operator systems of the form{
u1 = T1(u1, u2),
u2 = T2(u1, u2),

where T = (T1, T2) : A × K ⊂ X × Y → X × Y is a compact map and A and K are an annular
and a conical region in the normed spaces X and Y , respectively. To localize the solutions of the
system, compression-expansion type conditions are imposed in each component of the operator T . Our
approach [2] relies on the topological methods and, more concretely, it is based on the multiplicativity
property of the Leray-Schauder �xed point index.

As an application, a system of ODEs with two point boundary conditions is studied. We
consider the case in which one of the nonlinearities in the system is nonnegative whereas the other is
sign-changing. In this setting, the solution is located within the product of annular regions and conical
shells and thus both of its components are nontrivial.
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Inverse Problem for Abstract Di�erential Inclusions

Santosh Ruhil

Department of Mathematics, Ariel University, 40700 Ariel, Israel
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Abstract

Inverse problems arise naturally in many areas of mathematics and applied sciences, where
the goal is to recover unknown components of a system from indirect or incomplete observations.
These problems become more challenging when the governing dynamics are described by di�erential
inclusions, since such systems involve multivalued nonlinearities and uncertainty in their evolution. In
this talk, we study an inverse problem for abstract semilinear di�erential inclusions, where the aim
is to identify unknown elements of the system using additional observational data. We establish the
existence of mild solutions for the considered inverse problem and further investigate the continuous
dependence of solutions on the initial data. Our analysis is mainly based on semigroup theory, set-
valued analysis, Banach �xed point theorem, and Grönwall's inequality. In addition, an example will
be presented to demonstrate the applicability and e�ectiveness of the obtained results.
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Sharp Delay-Independent Global Stability for a Lotka-Volterra System
with Multiple Delays

Yasuhisa Saito

Department of Mathematics, Shimane University, Matsue 690-8504, Japan
ysaito@riko.shimane-u.ac.jp

Abstract

Delays are known to destabilize dynamical systems and to generate complex behaviors such
as oscillations and chaos, especially in nonlinear delay di�erential equations. Even for the classical
Lotka-Volterra predator-prey model, whose global dynamics are well understood in the absence of
delay, the introduction of time lags can drastically complicate the qualitative behavior, and sharp
characterizations of global stability remain a challenging problem in functional di�erential equations.

This talk considers a symmetric Lotka-Volterra predator-prey system with four discrete de-
lays appearing in the intraspeci�c interaction terms, where both delayed and undelayed feedbacks are
incorporated and a unique positive equilibrium exists under natural assumptions. Here, the parame-
ter a represents the strength of instantaneous self-limitation, while α and β denote the strengths of
delayed interaction e�ects. The main result establishes a necessary and su�cient condition for delay-
independent global asymptotic stability: the positive equilibrium is globally asymptotically stable for
all nonnegative delays if and only if |α| + |β| ≤ a ([1]). The su�ciency is proved by constructing
an appropriate Lyapunov functional and applying LaSalle's invariance principle, while the necessity
follows from a local analysis near the equilibrium.

A comparison with the corresponding two-delay system, for which the sharp stability condi-
tion is given by

√
α2 + β2 ≤ a (see [2]), reveals a clear discrepancy between the two settings. This

highlights that the global dynamics of delayed Lotka-Volterra systems depend sensitively not only on
the magnitude of interaction coe�cients but also on how delays are distributed within the nonlinear
structure.
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Applications of Coincidence Degree Theory to Fractional Boundary Value Problems
and Non-Autonomous Ecological ODE Models

Satyam Narayan Srivastava

Department of Mathematics and Statistics, Faculty of Science, Masaryk University, Brno, Czech Republic
srivastava@math.muni.cz, satyamsrivastava983@gmail.com

Abstract

This talk highlights coincidence degree theory as a powerful tool in nonlinear analysis, proving
existence results in both fractional boundary value problems and non-autonomous ecological dynamical
systems. We �rst consider higher-order Riemann�Liouville fractional di�erential equations subject to
Riemann�Stieltjes integral boundary conditions at resonance. The main idea is to transform the
nonlinear problem into a semilinear operator equation of the form Lx = Fx, where L is a linear
Fredholm operator of index zero and F is a nonlinear operator. By constructing appropriate operators
and verifying the conditions of Mawhin's coincidence degree theory, we establish existence results for
various classes of fractional boundary value problems (problems involving Caputo, Hadamard, and
Katugampola derivatives). Related Publications [1, 2, 4].

Using the same analytical methodology, we also study non-autonomous ecological ODE models.
In particular, we present recent results on allelopathic phytoplankton systems and bioeconomic �shery
models with periodic coe�cients. By carefully de�ning suitable function spaces, norms, and opera-
tor settings, we derive su�cient conditions for the existence of positive periodic solutions. Related
Publications [3].
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Levinson-Pliss Theorem for Periodic Lattice Dynamical Systems

David Cheban and Andrei Sultan

Moldova State University, Chisinau, Republic of Moldova
david.ceban@usm.md, andrew15sultan@gmail.com

Abstract

In this talk we study the compact global attractors of periodic dynamical systems. We establish
the relation between periodic compact dissipative dynamical systems and the compact dissipative
discrete dynamical (Poincare map) generated by given periodic system. Using this relation we establish
some important facts for compact dissipative periodic systems. We apply the obtained general results
for the periodic lattice dynamical systems [1] of the form

u′i = ν(ui−1 − 2ui + ui+1)− λui + F (ui) + fi(t) (i ∈ Z). (23)

In particular we show that under some conditions the periodic lattice dynamical system (35) admits a
compact global attractor which contains at least one periodic solution of the system (35).

We have established the following result.
Theorem. Assume that the following conditions hold:

1. the functions fi ∈ C(R,R) (for all i ∈ Z) are τ -periodic;

2. the function F ∈ C(R,R) is Lipschitz continuous on bounded sets and F (0) = 0;

3. there exists a positive number α such that sF (s) ≤ −αs2 for any s ∈ R.

Then the lattice dynamical system (35) is compact dissipative [2], i.e., there exists a nonempty
compact subset I ⊂ ℓ2 possessing the following properties:

1. P (I) = I, i.e., the set I is invariant w.r.t. the Poincare transformation P ;

2. I is orbitally stable;

3. the set I is globally attracting;

4. the Poincare mapping P is asymptotically compact;

5. the map P has at least one �xed point x0 ∈ I, i.e., P (x0) = x0.

References

[1] Petr W. Bates, Kening Lu and Bixiang Wang, Attractors for Lattice Dynamical Systems. Inter-
national Journal of Bifurcation and Chaos, Vol. 11, No. 1 (2001), pp.143-153.

[2] Cheban D. N. Global Attractors of Nonautonomous Dynamical and Control Systems. 2nd Edition.
Interdisciplinary Mathematical Sciences, vol.18, River Edge, NJ: World Scienti�c, 2015, xxv+589
pp.

275



6 Contributed talks Ordinary Di�erential Equations

Multiple Solutions of Dirichlet Problems in Billiard Spaces with Impulses
at Fixed Times

David �vec

Faculty of Science, Palacký University Olomouc, Czechia
david.svec02@upol.cz

Abstract

This is a joint work with Jan Tome£ek (Faculty of Science, Palacký University Olomouc, Czechia).
We investigate a Dirichlet problem for an ODE of the second order with state-dependent impulses and
with impulses at �xed times in the form

ẍ(t) = f(t, x(t)), for a.e. t ∈ [0, T ], x(t) ∈ intK,

ẋ(s+) = −ẋ(s−), if s ∈ (0, T ), x(s) ∈ ∂K,

ẋ(ti+) = ẋ(ti) + Ii(x(ti)), if x(ti) ∈ intK, i = 1, . . . , N,

x(0) = A, x(T ) = B,

where K is a compact interval in R, f : [0, T ] × K → R satis�es Carathéodory conditions, A,B ∈
intK, 0 < t1 < t2 < · · · < tN < T and Ii : K → R, for i = 1, . . . , N.We can understand this impulsive
di�erential equation as an one-dimensional billiard space with added impulses at speci�c times. We
give existence and multiplicity result for solutions with prescribed number of impacts.
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Symbolic Dynamics in Pseudospectral Projection of Delay Di�erential Equations

Robert Szczelina

Jagiellonian University, Krakow, Poland
robert.szczelina@uj.edu.pl

Abstract

We study the following class of Delay Di�erential Equations (DDEs):

x′(t) = f(x(t), x(t− τ)) t ≥ 0

x(t) = ψ(t) t ∈ [−τ, 0],

with τ > 0 �xed, x ∈ Rd, ψ ∈ C0([−τ, 0],Rd) =: C. While signi�cant work has been done on under-
standing the dynamics of such systems�most notably regarding chaos in the Mackey-Glass equation[1]�
the in�nite-dimensional nature of DDEs presents some challenges for carrying out the rigorous com-
putations and obtaining estimates good enough for computer-assisted proofs remains a challenge, see
[2] and references therein.

This talk will present a recent attempt to reduce the number of unknown factors a�ecting the
quality of rigorous numerics by using a pseudospectral approximation [3], which reduces the DDE to a
relatively small system of ODEs while preserving numerically observed dynamical features. Due to the
low-dimensionality of the resulting approximation and its great theoretical accuracy, the computations
are less demanding and can be done using known tools, such as CAPD [4], to e�ciently verify some
dynamical phenomena that closely mirror those of the full system. We present a proof of existence
of symbolic dynamics in the ODE approximating DDE and we discuss lessons learned that might be
used to guide a similar proof for the full DDE system. Acknowledgments: the author acknowledge
the support of Polish National Science Center (NCN) grant no. 2023/49/B/ST6/02801.
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Oscillation Results for First Order Neutral Delay Di�erential Equations with Several
Positive and Negative Coe�cients

Tóth Gerg®

Bolyai Institute, University of Szeged, Szeged, Hungary
tothgergo411@gmail.com

Abstract

We provide su�cient criteria for the oscillation of all solutions of neutral delay di�erential
equations of the form[

x(t)−
Nr∑
i=1

Ri(t)x(t− ri(t))

]′
+

Np∑
i=1

Pi(t)x(t− τi(t))−
Nq∑
i=1

Qi(t)x(t− δi(t)) = 0,

with both positive and negative terms and time-variable delays. Our results improve and generalize
several existing criteria available in the literature that address restricted cases, such as constant delays
or the absence of negative coe�cients. Under additional assumptions on slowly varying parameters,
we derive sharper oscillation conditions. We demonstrate the applicability of our �ndings through
illustrative examples.

This is a joint work with Ábel Garab (University of Szeged)
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Finitude of Limit Cycles of Linear Piecewise ODEs in the Cylinder

Roberto Trinidad Forte

Departament de Ciencies Matematiques i Informatica, IAC3 Institute of Applied Computing &
Community Code, Universitat de les Illes Balears, Palma 07122, Spain

roberto.trinidad@uib.cat

Abstract

Let x′ = S(t, x) be a di�erential equation in the cylinder, linear piecewise in x and with trigono-
metric coe�cients in t. In this talk, we provide an upper bound on the number of limit cycles in terms
of the number of zones of the piecewise equation and the degree of the coe�cients, that is, an analog
of Hilbert's 16th problem in this context.
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About Properties of Ultrametric Meromorphic Solutions of Some Types
of Di�erence Equations

Zerzaihi Tahar

Laboratory of Pure and Applied Mathematics (LMPA), Mohamed Seddik Ben Yahia University,
Jijel, Algeria.

zerzaihi@yahoo.com

Abstract

We consider an algebraically closed �eld K, complete for an ultrametric absolute value. We
denote by A(K) the K-algebra of entire functions and by M(K) the �eld of meromorphic functions
on K.

In recent years, many works have focused on the behavior of meromorphic solutions to
di�erence equations, both in the complex and ultrametric cases. Signi�cant results have been obtained
regarding the growth of such solutions.

In this talk, We extend some results from the complex case to ultrametric di�erence equa-
tions of Malmquist and Painlevé types. In particular, we study equations of the form

n∑
j=1

Aj y(x+ cj) =
P (x, y(x))

Q(x, y(x))
,

where P and Q are relatively prime polynomials in y with rational coe�cients.
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Perturbations of the Kepler Problem under Dirichlet Boundary Conditions

Tingyu Zhong

School of Mathematical Science, Shanghai Jiao Tong University, China
tungyu-chong@sjtu.edu.cn

Abstract

We study the forced Kepler problem in dimension two and three:

ü = − u

|u|3
+ ϵ∇uU(t, u), u ∈ Rd, t ∈ [0, 1], d = 2, 3, (Kϵ)

combined with the Dirichlet boundary conditions

u(0) := lim
t→0+

u(t) = 0 = lim
t→1−

u(t) =: u(1), (C)

where ϵ > 0 is the perturbation parameter and U : [0, 1] × Rd → R is a given C1 function. Our
solutions are allowed to collide with the singularity.

We combine the use of Levi-Civita regularization together with a perturbation result of critical
manifolds to study multiplicity of solutions for problem (Kϵ)�(C).

This is a joint work with professor Antonio J. Ureña at the Department of Applied Mathematics,
University of Granada, Spain.
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Phase-Field Modeling of Fluid-Driven Fracture in Porous Media with Application
to Desiccation Cracking

Sayahdin Alfat1,2, Michal Bene²2, Masato Kimura3
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2 Department of Mathematics, Faculty of Nuclear Sciences and Physical Engineering,

Czech Technical University in Prague
3Division of Mathematical and Physical Sciences, Kanazawa University, Ishikawa, Japan

sayahdin.alfat@yahoo.com

Abstract

Desiccation cracking due to �uid pressure reduction is a key issue in porous media. We study
this phenomenon using a phase-�eld model (PFM) coupled with Biot's poroelastic theory to formulate
a constitutive framework for desiccation-driven fracture and its associated energy dissipation. Fluid
transport is described by a modi�ed consolidation model with damage-dependent intrinsic permeability
following an Arrhenius-type law, where the activation energy decreases with the damage variable z. The
resulting system comprises the momentum balance, crack evolution, and �uid mass balance equations,
written as follows.

− div(σ†
z[u, ϱ]) = 0 in Ω,

α
∂z

∂t
=
(
ϵ div(γ∗∇z)−

γ∗
ϵ
z + (1− z)λ∗(divu)2+ + 2µ|eD[u]|2

)
+

in Ω,

1

Q

∂ϱ

∂t
= div

(
κ†(z, ϵ)∇ϱ

)
− αp(1− z)2divu̇ in Ω.

For the numerical implementation, we employ FEM with P1 elements and adaptive mesh re-
�nement to resolve crack evolution in two-dimensional settings. A semi-implicit time discretization
is used to solve the coupled nonlinear system. Numerical results show that the model captures the
initiation and propagation of desiccation cracks, as well as the strong coupling between �uid pressure
and damage evolution in porous media.

Keywords: Poroelasticity, Desiccation Cracking, Phase Field Model, Anisotropic Adaptive Mesh, Ar-
rhenius law, Random Heterogeneous Materials.
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A Posteriori Algebraic Error Estimates and Nonoverlapping Domain Decomposition
in Mixed Formulations: Energy Coarse Grid Balancing, Local Mass Conservation

on Each Step, and Line Search

Akram Beni-Hamad
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Abstract

We focus on iterative algebraic solvers for saddle-point mixed �nite element discretizations of the
model Darcy �ow problem. We propose a posteriori error estimators of the algebraic error as well
as a nonoverlapping domain decomposition algorithm. The estimators control the algebraic error
from above and from below in a guaranteed and fully computable way. The distinctive feature of the
domain decomposition algorithm is that it produces a locally mass conservative approximation on each
iteration. Both the estimate and the algorithm rely on a coarse grid solver, a subdomain Neumann
solver, and a subdomain Dirichlet solver. The algorithm also employs a line search to determine the
optimal step size, leading to a Pythagoras formula for the algebraic error decrease in each iteration. We
suppose that the �ne mesh is a re�nement of a coarse mesh, where both meshes need to be formed by
simplices or rectangular parallelepipeds. Numerical experiments illustrate the theoretical developments
and con�rm the e�ciency of the algebraic error estimates and of the domain decomposition algorithm.
This work was carried out in collaboration with M. Bastidas Olivares, M. Vohralík, and I. Yotov. [1].
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Stability of Equilibria in an In�nite Dimensional Network of Theta Neurons
with Time Delay

Lavinia Florina Rodica Birdac

Abstract

We consider a network of identical all-to-all coupled theta neurons interacting through a synap-
tic current with distributed delay. Using the Watanabe�Strogatz transformation, we derive a reduced
description of the system in terms of global variables.
In the thermodynamic limit of in�nitely many neurons and under appropriate assumptions on the
constants of motion, the dynamics reduces to a two-dimensional system with distributed delay, or
equivalently to a complex delay di�erential equation describing the macroscopic behavior of the neu-
ronal population.
Our results show that the introduction of delay can lead to signi�cant changes in the dynamical be-
havior of the system, including delay-induced oscillations and changes in basin geometry.
The analytical results are complemented by numerical simulations illustrating how the delay reshapes
the long-time dynamics of the neuronal population.

284



6 Contributed talks Numerical Analysis

Graph-Based Semi-Supervised Learning via PDEs and Total Variation

Farid Bozorgnia
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Abstract

Graph-based semi-supervised learning seeks to propagate class labels from a small labeled set to
a large unlabeled graph by exploiting its intrinsic geometry. This talk surveys a line of work developing
increasingly re�ned PDE-theoretic frameworks for this problem [1, 4].

We begin with segregation-based classi�cation [1], where a quadratic Dirichlet energy is mini-
mized subject to pairwise disjointness constraints motivated by spatially competitive reaction�di�usion
systems. The resulting model admits a unique minimizer whose �xed-point characterization yields a
simple convergent algorithm. We then address class imbalance and convergence issues arising in Laplace
and Poisson learning through modi�ed random-walk schemes [2], and extend the segregation paradigm
to the in�nity Laplacian setting connecting label propagation to Lipschitz extensions on graphs.

The central contribution is Total Variation Segregated Learning (TVSL) [4], which replaces the
quadratic energy with graph total variation. This yields piecewise-constant label functions with sharp
decision boundaries, an exact min-cut equivalence in the binary case, and a tractable proximal-gradient
algorithm with PDHG inner solvers enforcing competition at each iteration. Convergence guarantees
and numerical experiments on benchmark datasets are presented.
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Time Filtered Finite Di�erence Schemes for Hyperbolic Problems
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Abstract

The focus of this presentation is to investigate the e�ects of combining a time �ltering scheme
with various �nite di�erence methods for partial di�erential equations in conservation law form. Time
�lters have been used for more than �fty years, with the �rst version introduced by Robert in 1966
[6], and subsequently analyzed and expanded by many scholars [1, 2, 4, 5, 7, 9]. The work presented
here is motivated by a time �lter proposed by Guzel and Layton in [3]. We show that the �lter can
be combined with three classical algorithms when applied to the prototype linear hyperbolic equation
to result in �ltered methods that are modular and require minimal modi�cation (adding only one line
of code) to achieve increased accuracy without increased computational expense. When assessing the
stability and convergence properties of the �ltered versions of the schemes, the examples demonstrate
di�erent possible outcomes when one attempts to apply �ltering. In some cases, the �lter technique can
be successfully combined with an explicit scheme to yield one that is more accurate than its un�ltered
counterpart. Von Neumann analysis [8] proves useful for determining the stability properties of the
�ltered versions of the upwind and leapfrog methods as it allows one to deal with the �lter parameter
systematically. With a careful choice of this parameter, the �ltered upwind scheme is shown to be more
accurate than its upwind counterpart, revealing that a new CFL condition is required for stability.

Our analysis demonstrates that the type of �lter considered here cannot remedy certain kinds of
stability properties. The �ltered leapfrog scheme is shown to inherit the same type of spurious mode
that its original un�ltered counterpart is known to possess. We show that combining the �lter with the
Crank-Nicolson method leads to an implicit method where no value of the �lter parameter provides
for a consistent �ltered version of the method. While the analysis of the aforementioned methods is
carried out for the linear hyperbolic equation, we also demonstrate that the �ltering scheme can be
combined with both fully explicit and semi-implicit treatments of an approximation scheme for the
nonlinear Lighthill-Whitham-Richards model. The results for this case show that the improvements
gained through �ltering are less pronounced. Simulation results are given for both a shock wave
example and a rarefaction wave case. The presentation includes a survey of computational results that
support the theoretical results for the improved accuracy of the �ltered upwind scheme along with
examples of the time �lter's limited e�ectiveness for the nonlinear model case.
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A Parabolic-Elliptic-Hyperbolic System of Keller-Segel Type:
Numerical Analysis and Simulation
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Abstract

This talk aims to present a numerical study of a system of partial di�erential equations consisting
of a parabolic, an elliptic, and a hyperbolic equation, which can be used to describe cell migration in
elastic tissues by integrating chemotaxis, interstitial �uid pressure, and tissue displacement.

The system couples a Keller�Segel-type model for cell density and chemical concentration with
an elliptic equation for �uid pressure and a wave-type equation for tissue displacement. The convective
cell velocity depends nonlinearly on the chemoattractant gradient, Darcy's velocity induced by �uid
pressure, and the velocity of tissue displacement, whereas the convective velocity of the chemoattractant
depends only on Darcy's velocity.

We propose a semidiscrete nonuniform �nite di�erence method to approximate the continuous
system, which can be interpreted as a fully discrete-in-space, piecewise linear �nite element method.

Furthermore, we derive second-order spatial error estimates for all system variables using a
suitable discrete norm. Finally, numerical simulations illustrate the theoretical results and demonstrate
the interplay between chemotaxis and tissue mechanics.

We remark that the present work improves upon the results presented in [2], where we studied,
from a numerical perspective, a Keller�Segel��ow model describing cell migration driven by the spatial
distribution of a chemoattractant enhanced by interstitial �uid pressure. For a review of several
extensions of the classical Keller�Segel model for cell migration, we refer the reader to [1].
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A Priori and a Posteriori Estimates for Vectorial Problems via Convex Duality
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Charles University, Prague, Czechia
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Abstract

By exploiting remarkable properties of the Crouzeix-Raviart and Raviart-Thomas �nite elements,
numerous works in recent years have been able to employ convex duality theory to derive error estimates
for a diverse set of problems, including total variation minimisation, the p-Laplacian, the obstacle
problem, elastoplastic torsion, among others. However, virtually all of the available results have been
developed for scalar problems with homogeneous Dirichlet boundary conditions. This work extends
the existing results in three directions, taking the incompressible Stokes and linear elasticity systems
as prototypical examples: it considers vectorial as opposed to just scalar problems, it includes non-
homogeneous mixed boundary conditions, as well as loads in the dual of the energy space. This is joint
work with Alex Kaltenbach (TU Berlin).

References

[1] P. A. Gazca-Orozco, A. Kaltenbach, A priori and a posteriori error identities for vectorial problems
via convex duality. Submitted, 2026. ArXiv:2602.04368.

289



6 Contributed talks Numerical Analysis

Order Reduction of Exponential Runge�Kutta Methods: Non-Commuting Operators
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Abstract

Nonlinear parabolic equations are central to numerous applications in science and engineering,
posing signi�cant challenges for analytical solutions and necessitating e�cient numerical methods.
Exponential integrators have recently gained attention for handling sti� di�erential equations. This
paper explores exponential Runge�Kutta methods for solving such equations, focusing on the simpli�ed
form u′(t) + Au(t) = Bu(t), where A generates an analytic semigroup and B is relatively bounded
with respect to A. By treating A exactly and B explicitly, we derive error bounds for exponential
Runge�Kutta methods up to third order. Our analysis shows that the �rst- and second-order methods
maintain their order under mild regularity conditions on the initial data u0, while also addressing the
phenomenon of order reduction in third-order methods. Through careful convergence analysis and
numerical investigations, this study provides a comprehensive understanding of the applicability and
limitations of exponential Runge�Kutta methods in solving linear parabolic equations involving two
unbounded and non-commuting operators.
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Mixed-Dimensional Modeling for Flow in Fractured Porous and Poroelastic Media
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Abstract

We consider �uid �ow in porous and poroelastic media containing thin heterogeneities such as
debris-�lled fractures. When the fracture aperture is su�ciently small, it is natural to model fractures
as lower-dimensional manifolds embedded in the bulk medium, leading to discrete fracture models at
the Darcy scale. The fracture's material parameters, such as hydraulic conductivity and elasticity,
are assumed to scale with powers of the width-to-length ratio ε of the fracture. Based on a priori
estimates, we rigorously derive limit models as ε → 0 and identify di�erent limit regimes [1, 2]. We
illustrate our results with numerical experiments based on discontinuous Galerkin discretizations.
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Unconditionally Stable Numerical Solution for the High-Order Allen�Cahn Equation
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Abstract

We present an unconditionally stable algorithm for the Allen�Cahn (AC) equation incorporating
a high-order free energy formulation. This high-order AC model enhances the preservation of interfacial
dynamics and e�ectively suppresses noise. The proposed scheme guarantees unconditional stability,
which is crucial for accurate phase transition modeling and maintaining �ne structural details. To
solve the governing equation e�ciently, it is split into two subproblems that are solved independently.
The nonlinear term is treated using a frozen coe�cient approach, followed by an analytical solution.
The linear term is solved using the discrete cosine transform. To demonstrate the e�ectiveness of
the method, we perform several numerical simulations in both two- and three-dimensional domains.
Thanks to its unconditional stability, the algorithm allows large time steps without compromising
stability. Furthermore, we explore the distinct features of the high-order AC equation, particularly its
improved capability to model phase separation under strong noise and intricate interface structures.
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A Numerical Algorithm for Solving Singularly Perturbed Boundary Value Problem
Arising in Neuronal Variability Model

Ashifa Khan
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Abstract

In this research, we present a robust computational approach that e�ectively employs an expo-
nentially �tted mesh cubic spline for the numerical treatment of a mathematical model associated with
neuronal variability. This model decisively determines the expected time required for generating an
action potential in nerve cells in response to random synaptic inputs into dendrites, framed as a general
boundary value problem for a singularly perturbed di�erential-di�erence equation with small shifts.
We construct a highly e�ective numerical scheme and establish a parameter-uniform error estimate
that clearly demonstrates its reliability. Through a series of test examples, we thoroughly investigate
the performance of this scheme, speci�cally analyzing how the size of the delay argument and the co-
e�cient of the delay term in�uence the solution's layer behavior. The results obtained unequivocally
align with the theoretical predictions, validating the e�cacy of our approach.
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Adaptive Thresholded Physics-Informed CNN for Mixed Noise Removal Using
Anisotropic Di�usion
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Abstract

Many image restoration tasks are modeled using partial di�erential equations (PDEs) of di�erent
classes. Images are often degraded by various types of noise, and in practice, mixed noise occurs more
frequently than a single type [1, 2]. This work proposes an adaptive, pixel-dependent thresholding
strategy for the anisotropic di�usion equation to remove mixed speckle�Gaussian noise. In this ap-
proach, the image gradient is used to design the thresholding function, making the process adaptive
to local image structures [3]. Furthermore, the potential of CNN-based solvers to handle mixed noise
is explored. In this context, two CNN-based solvers�namely, the Soft-Constrained Physics-Informed
Convolutional Neural Network (SPICN) and the Hard-Constrained Physics-Informed Convolutional
Neural Network (HPICN)�are employed to implement the Perona�Malik model as a representative
case. Additionally, the stability analysis of neural network-based approximations for such di�usion
equations is investigated. The experimental results demonstrate that the proposed strategy enhances
the denoising capability of the di�usion equation and that the CNN-based solvers have the potential
to outperform the traditional �nite di�erence method in image denoising tasks.
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A Compact Higher-Order Formulation for Unsteady Two-Dimensional
Convection�Di�usion Systems with RK-Type Time Integration
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Abstract

The work is concerned with developing a high-order compact (HOC) �nite-di�erence method for
the two-dimensional unsteady convection�di�usion equation in conjunction with the classical fourth-
order Runge�Kutta (RK4) strategy for time advancement on a nine-point stencil. The fully explicit
time integration enables straightforward implementation of the HOC-RK4 formulation, ensuring com-
putational e�ciency without the need to solve large linear systems. A detailed von Neumann analysis
demonstrates the method's robustness under highly convective conditions. Its accuracy and versatility
are further evaluated using benchmark cases that include Dirichlet, Neumann, and periodic bound-
ary conditions. In a di�usion-dominated test of a Gaussian pulse, the method e�ectively captures
both di�usion and anti-di�usion transport without introducing arti�cial oscillations. Numerical re-
sults demonstrate fourth-order spatial accuracy and stability while employing RK4 time integration
for Reynolds number (Re) up to 7500. At high Res, lid-driven cavity simulations accurately resolve
secondary and tertiary vortices as well as complex recirculation patterns, demonstrating their suitabil-
ity for large-scale computations. We examine the �ow around a diamond-shaped cylinder, where our
method successfully reproduces the well-known α and β phenomena in the wake at higher Re. In the
case of the impulsively started circular cylinder, a recognized unsteady laminar benchmark, the method
accurately captures the temporal development of primary, secondary, and tertiary vortices, revealing
intricate wake dynamics. The technique e�ectively identi�es sub-α and sub-β phenomena, including
a previously unreported simultaneous occurrence with the α-phenomenon at Re = 3000, showcasing
its robustness in capturing complex �ow behaviors. The computed �ow characteristics align closely
with experimental results, and in both above scenarios, the predicted vortex patterns and symmetry
breaking correspond well with reference studies.
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Thermodynamical Allen�Cahn Equation with General Polynomial Free Energy
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Abstract

The Allen�Cahn equation was originally introduced to model of antiphase domain coarsening
in a binary mixture in materials science. It is applied to various scienti�c �elds such as data classi�ca-
tion, volume reconstruction, image segmentation, multiphase �ow, and biological transport networks,
and dendritic crystal growth. To describe more natural and complex dynamics, we consider the ther-
modynamical conductivity into the Allen�Cahn equation with the general polynomial free energy.
The conductivities are chosen based on the Fick's law, Werede's law, and Chapman's law, which are
based on the thermodynamics. Some properties of the governing equation are analyzed based on the
modi�ed Ginzburg�Landau energy. To numerically solve the proposed governing equation, we con-
struct a numerical scheme based on the linear stabilized splitting scheme which treats the nonlinear
term explicitly and the linear term as implicitly. It is an e�cient, unconditionally energy-stable, and
property-preserving scheme. We numerically analyze and simulate some properties of the proposed
numerical scheme in one-, two-, and three-dimensional spaces.
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Invariant Region Preserving Schemes for Mixed Hyperbolic-Parabolic SPDEs
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Abstract

Mixed hyperbolic-parabolic SPDEs encapsulate a large spectrum of equations that have broad
applications in various �elds. When the di�usion matrix is positive semi-de�nite, the resulting SPDE
can experience strong degeneracy, inducing non-uniqueness and shock waves. To ensure uniqueness of
weak solutions, appropriate entropy conditions that allow for discontinuous solutions are required. In
addition, one has to account for stochastic perturbations. It is then a nontrivial task to design numerical
schemes that preserve pointwise invariant regions, where the entropy solution remains inside the same
domain as the initial condition. In this talk we showcase two invariant region preserving numerical
schemes that relies on an operator-splitting of the deterministic and stochastic part of the equation

du+

 d∑
i=1

∂xi
fi(u)−

d∑
i,j=1

∂xi

(
aij(u)∂xj

u
) dt = σ(u) dB,

where a is a symmetric and positive semi-de�nite matrix, f is a non-linear �ux, and σ(u)dB is a
cylindrical Wiener noise. The �rst scheme discretizes the deterministic part with a local discontinuous
Galerkin method, while the stochastic part is discretized using a Lamperti transformation combined
with an explicit Runge�Kutta method. Meanwhile, for the second scheme, the deterministic part is
discretized by a �nite di�erence scheme with cross derivative correctors, while the stochastic part is
discretized with an arti�cial barrier method combined with the Euler�Maruyama scheme. The splitting
approach is justi�ed by theoretical results that shows that semi-discrete splitting solutions converge
to the unique entropy solution of more general stochastic convection-di�usion equations. Moreover,
numerical experiments con�rm that the numerical schemes are stable and preserve both positivity and
invariant regions.
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An Alternative Model of Multicomponent Di�usion Based on a Combination
of the Maxwell-Stefan Theory and Continuum Mechanics
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Abstract

We present a theory of multicomponent mixtures which does not employ any splitting of compo-
nent �uxes into convective and di�usive parts. Instead, momentum balance is formulated individually
for each component in which both 1) viscous friction within a component, and 2) momentum exchange
among di�erent components, are taken into account. While the viscous friction is described using the
Newtonian stress tensor, the Maxwell-Stefan theory is used to describe the momentum exchange among
di�erent components. When the viscosity is neglected, the model of ideal mixture of ideal gases leads
to a hyperbolic system of conservation laws. For the non-ideal mixtures, we obtain a �rst-order system
in a non-conservative form. A simpli�ed version of the model is discretized using a combination of the
�nite volume method and the mixed-hybrid �nite element method. Numerical examples are provided
to show typical behavior of the solution of the model equations. This is a joint work with Jan Franc·.
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Tre�tz Discontinuous Galerkin Approximation of the T-Matrix for Scattering
by Periodic Layered Structures
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Abstract

We study the scattering of time-harmonic electromagnetic waves by periodic layered gratings [1],
modelled by the two-dimensional Helmholtz equation with piecewise-constant relative permittivity ε.
The periodic obstacle may include penetrable and impenetrable regions, and consists of a �nite number
of stacked layers. The problem is formulated on a single periodic cell using quasi-periodic boundary
conditions. Radiation condition in the vertical directions is imposed through Dirichlet-to-Neumann
(DtN) operators.

To e�ciently treat multilayer con�gurations, we adopt a formulation based on the T-matrix
method [3]. The global scattering problem is decomposed into boundary value problems posed on
individual layers, where the �eld is expressed in terms of quasi-periodic modal expansions, and the
T-matrix describes the mapping between incoming and outgoing wave modes on the layer boundaries.
The T-matrix is approximated numerically using a Tre�tz Discontinuous Galerkin (TDG) method
[2], providing an e�cient discretization for the computation of the layer scattering response. The
resulting framework combines a mathematically consistent formulation of quasi-periodic scattering
with a �exible high-frequency numerical method for wave propagation in periodic layered media.
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Transport of Scalar Quantities Along Evolving Planar Curves
and its Numerical Solution
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Abstract

We investigate the dynamics of scalar quantities distributed along planar curves evolved by the con-
strained curvature �ow. Such coupled geometric and transport processes arise naturally in a wide
range of physical, chemical and biological systems, including interfacial dynamics, phase transitions,
and mechanobiological modeling (see [1, 2]). In this work, we formulate a geometric framework that
captures the interplay between curve evolution and scalar transport at moving interfaces. The govern-
ing system of partial di�erential equations is derived and analyzed, highlighting structural properties
such as conservation mechanisms and curvature-driven e�ects (see [3, 4]). For a numerical solution, we
use the �owing �nite volume method in space and a higher-order time solver. We further present nu-
merical simulations that demonstrate how the constrained curvature �ow in�uences the redistribution
and long-term behavior of scalar quantities along evolving curves. The results provide insight into the
mutual interaction between geometry and transport phenomena and o�er a foundation for accurate
and stable computational modeling of such coupled systems.
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Impact of Turbulence Modeling on Hemodynamic Risk Indicators for Aortic Dissection:
a Quantitative Comparison of Predicted Risk Sites with Laminar Flow Model
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Abstract

Aortic dissection is one of the most dangerous cardiovascular conditions, it demands early di-
agnosis and fast treatment to improve patient outcomes. The pathology is characterized by a tear
in the inner layer of the aorta, allowing blood to enter and create a false lumen between the inner
and middle layers of the aortic wall. Early diagnosis and patient speci�c risk assessment of aortic
dissections pose challenges for clinical treatment and appropriate interventions. Numerical simulation
based on patient speci�c geometries promise to support the clinical analysis and improve systematic
risk assessment of aortic dissections. Since Reynolds numbers in the aorta, especially in the aortic arch
reach values of 3.500 and more in physiological settings, numerical hemodynamic modeling necessitates
the consideration of turbulence models. In this study, the impact of turbulence modeling based on
Smagorinsky Large-Eddy-Simulation model [1] on clinically signi�cant hemodynamic risk indicators
is investigated. The main focus for this study lies in the comparison of frequently studied surface
risk parameters for prediction of mechanical wall damage caused by complex �ow patterns such as
Oscillatory Shear Index [2]. The predictive capacity of the turbulent approach is compared against
laminar �ow modeling across a series of patient-speci�c geometries. We analyze these patterns across
the ascending aorta wall surface, the aortic arch, and the proximal descending aorta wall to account
for localization-speci�c disease patterns. To evaluate the clinical relevance of turbulence modeling,
simulations are performed on geometries in pre-dissection state with known positions of the dissection
localization based on patient data. This enables an assessment of the predictive accuracy of laminar
and turbulence models by comparing simulated risk sites with patient-speci�c dissection sites, thereby
demonstrating whether complex turbulence models o�er added value in a clinical context.
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Optimal Time-Adaptivity for Parabolic Problems with applications
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Abstract

Since the �rst optimality proofs for adaptive mesh re�nement algorithms in the early 2000s, the theory
of optimal mesh re�nement for PDEs was inherently limited to stationary problems. The reason for this
is that time-dependent problems usually do not exhibit the necessary coercive structure that is used in
optimality proofs to show a certain quasi-orthogonality, which is crucial for the theory. Recently, by
using a new equivalence between quasi-orthogonality and inf-sup stability of the underlying problem,
it was shown that an adaptive Crank-Nicolson scheme for the heat equation is optimal under a severe
step size restriction. In this work, we use this new approach towards quasi-orthogonality together with
a Radau IIA method that combines the advantages of the Crank-Nicolson and implicit Euler schemes.
We obtain the �rst adaptive time stepping method for non-stationary PDEs that is provably rate
optimal with respect to number of time steps vs. approximation error. Together with a reduced basis
method that leverages the Laplace transform for building tailored subspaces of reduced dimension, we
obtain a very e�cient method.

302



6 Contributed talks Numerical Analysis

A Fully Discrete Weak Galerkin Mixed Approximation for Parabolic Interface Problems
on Polygonal Meshes
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Abstract

The main aim of this talk is to present a priori error analysis for the fully discrete Crank-Nicolson
weak Galerkin (WG) mixed approximation for parabolic interface problems on polygonal meshes. The
central idea of the WG method is to approximate the underlying di�erential operator, precisely the
divergence operator in the weak sense. Using appropriate mixed elliptic projection operators and
approximation properties of the L2-projection operator, we obtain optimal-order a priori error bounds
for both the solution and the �ux in the L∞(L2)-norm. A series of numerical results are presented to
support the theoretical conclusions.
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The Linearized Westervelt�Pennes Bioheat System: Numerical Analysis and Simulation
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Abstract

Ultrasounds have been a staple in clinical diagnostic for decades. More recently, its mechanical
and thermal e�ects have led to its use in several medical applications, through high intensity focused
ultrasounds (HIFU), see [1, 2]. We present a robust and accurate numerical methodology for a coupled
system of partial di�erential equations arising in the modelling of HIFU. The system combines the
linearized Westervelt equation for acoustic propagation,

ptt + α1pt = α2∆p+ α3∆pt + f, (24)

with the Pennes bioheat equation governing temperature evolution induced by acoustic absorption,

Tt + γ1T = γ2∆T +Q(p2, p2t , ⟨p2⟩, ⟨p2t ⟩) + g. (25)

The heat source in the bioheat equation is allowed to depend on the acoustic �eld through p2 and p2t ,
or suitable time-averages of these functions, thus capturing relevant physical regimes.

The proposed scheme admits two equivalent interpretations: a �nite di�erence discretization and
a fully discrete, piecewise linear �nite element method in space. The scheme is based on nonuniform
�nite di�erences in space and employs a uniform discretization in time. We establish second-order
convergence in space for the discrete time derivative and gradient of the pressure and the discrete
temperature, and �rst-order convergence in time, even in the presence of nonlinear heat sources driven
by the acoustic pressure. The convergence analysis is based on suitable discrete counterparts of the
Lp, p ≥ 1, and H1 norms and relies on Bramble-Hilbert type arguments, allowing us to avoid standard
high-regularity assumptions on the exact solution.

We will present numerical experiments that con�rm the theoretical convergence rates as well as
a converge rate drop when the use less regular solutions. We also illustrate the qualitative behavior of
the acoustic and thermal �elds in a HIFU application.
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Data-Driven Stabilization Parameters for CDR Equations on General Meshes
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Abstract

Numerical simulation of �uid �ows frequently requires solving convection�di�usion�reaction
(CDR) equations, which model the transport of quantities such as temperature, concentration, or
vorticity in a moving �uid. In convection-dominated regimes�where advective transport overwhelms
di�usion�standard �nite element methods often su�er from spurious oscillations and unstable solu-
tions. The Streamline Upwind/Petrov�Galerkin (SUPG) method addresses this by augmenting the
standard Galerkin variational formulation with a residual-based stabilization term controlled by an
element-wise parameter δK . Consider the CDR problem

−ε∆u+ b · ∇u+ cu = f in Ω, u = ub on ∂Ω, (26)

where u is the transported variable, b the velocity �eld, ε the di�usion coe�cient, c a reaction rate,
and f a source term. The SUPG method seeks uh ∈ Vh such that

a(uh, vh) +
∑

K∈Th

δK
(
−ε∆uh + b · ∇uh + c uh − f, b · ∇vh

)
K

= 0 ∀ vh ∈ Vh, (27)

where a(·, ·) is the standard Galerkin bilinear form, vh the test function, and δK > 0 the stabilization
parameter that controls the amount of arti�cial di�usion added along the streamlines. Selecting an
appropriate value of δK is critical: a too small value leads to oscillatory solutions, while a too large
value introduces excessive numerical di�usion. Classical choices perform poorly on most of the mesh
geometries.

In this work, we extend our machine learning�based framework for computing optimal SUPG
stabilization parameters to unstructured and anisotropic meshes, which are far more prevalent in prac-
tical CFD applications than the structured setting. A neural network model is trained within the SUPG
framework to learn local �ow and mesh features and to output element-wise optimal parameters δK .
The network is trained on a diverse range of mesh con�gurations, enabling it to generalize robustly to
structured, unstructured, and strongly anisotropic meshes alike. Comparative numerical experiments
demonstrate that the proposed ML-enhanced SUPG method yields more accurate solutions than the
standard SUPG method on all tested mesh types, successfully suppressing spurious oscillations to a
degree consistent with the quality obtained on structured grids. These results underscore the potential
of data-driven stabilization strategies for delivering reliable, oscillation-free �nite element solutions to
convection-dominated problems on general computational meshes.
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Fractional SIR Model with Distributed Contacts
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Abstract

We propose a spatial epidemiological model extending the classical SIR framework by incor-
porating spatial dependence through a distributed contacts (DC) approach [1]. Spatially non-local
interactions arising from long-range contacts are incorporated via a superdi�usive term, leading to a
fractional DC�SIR model governed by the fractional Laplacian in the Riesz integral sense [2].

Motivated by empirical evidence that human mobility is more accurately characterised by su-
perdi�usive processes than by classical di�usion, owing to long-distance movements (Lévy �ights) [3],
we compare the numerical results obtained from the fractional and classical di�usive DC�SIR models
and analyse spatial dependence through variations in the fractional order α, interpreted as a contact
distribution parameter.

Numerical simulations are performed using a method-of-lines approach, combining �nite-di�erence
spatial discretisation with a third-order Runge�Kutta time integration scheme. The basic reproduction
number R0 is de�ned and numerically approximated, acting as a threshold for disease extinction or
persistence. The convergence order of the numerical methods used to approximate the solution of the
DC-SIR model and R0 is illustrated through numerical examples.
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Hybrid-Dimensional Models for Fluid-Filled Fractured Porous Media
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Abstract

Fractured porous media appear in a wide range of environmental settings and industrial applications
such as groundwater aquifers in bedrocks, contaminant transport in subsurface, nuclear waste disposal,
�ow and reaction in membranes. In these applications, fractures are thin inclusions in the surrounding
porous media that often dominate �ow and transport processes through the overall coupled system. To
e�ciently simulate such processes, hybrid-dimensional formulations, where the fractures are modelled
as inclusions of co-dimension one, are developed. In most mathematical models, �uid �ow in fractures
and the surrounding porous matrix is described using Darcy-based formulations in both domains.

In this presentation, we deal with �uid-�lled fractures embedded in a porous medium and advance the
hybrid-dimensional Stokes�Darcy model developed in our previous work [1]. Here, �ow through the
porous material is described by Darcy's law, while viscous �ow within the fractures is modelled by the
Stokes equations. The model takes surface roughness of the fracture/matrix interfaces into account and
allows for arbitrary �ow directions. We prove the well-posedness of the resulting hybrid-dimensional
problem, develop e�cient numerical methods for its solution, and compare the proposed model with
the ones existing in the literature.
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A Posteriori Error Estimation of the Immersed Weak Galerkin Method for Parabolic
Problems with Non-Smooth Coe�cients
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Abstract

This talk aims to present a posteriori error estimation of the non-conforming immersed weak
Galerkin (WG) method for parabolic problems with non-smooth coe�cients, called the interface prob-
lems. These type of problems arise in a wide range of applications which includes �uid mechanics,
materials science, biological sciences and many others. The key idea of the WG method is to approxi-
mate the underlying di�erential operator in the weak sense. We study a fully discrete scheme obtained
by coupling the implicit backward Euler in time and the immersed WG method in space. Using the
time-dependent Helmholtz decomposition of the error, we derive a reliable a posteriori error bound in
the L2(H1)-norm without directly relying on the energy argument. Numerical results are reported to
validate the theoretical �ndings.

308



6 Contributed talks Numerical Analysis

Data-Driven PDE Models of Tumor�Immune Dynamics in Tumor Micro-Environment
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Abstract

We develop and analyze a family of data-driven partial di�erential equation (PDE) models that
resolve how spatial heterogeneity and tumor�immune interactions shape disease progression across
three cancer types: breast cancer [1], colon cancer [2], and osteosarcoma [3]. Building on calibrated
kinetic (ODE/QSP) descriptions of key cellular and cytokine networks, we extend the reaction terms
to reaction�di�usion�advection PDE systems to capture localization, transport, and proximity-driven
regulation inside the tumor microenvironment. In breast cancer, we use spatio-temporal data from the
MMTV-PyMT mouse model to study how immune in�ltration patterns and boundary in�ux in�uence
evolving tumor architecture and immune depletion. In colon cancer, we investigate spatial immune
organization through a PDE system coupled with tissue mechanics (domain deformation via elasticity),
enabling in silico experiments on how microenvironmental structure alters competitive/cooperative
signaling. For osteosarcoma, we incorporate biomechanical e�ects (e.g., porous-media style growth
and stress) and immune-context strati�cation to quantify progression and treatment response across
distinct immune phenotypes.

Across these case studies, we emphasize parameter identi�cation from experimental/omics-
derived cell abundance estimates, sensitivity/uncertainty analyses, and predictive simulations that
support patient- or cluster-speci�c hypotheses for therapy design and optimization.
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A Robin�Robin Domain Decomposition Method for Stokes�Darcy Problems
with Generalised Coupling Conditions
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Abstract

Coupled free-�ow and porous-medium models appear in numerous environmental, industrial, and med-
ical applications. Such �ow problems are usually described by Stokes equations in the free-�ow domain
and Darcy's law in the porous medium. The choice of interface conditions plays a crucial role in accu-
rately capturing the interaction between free �ow and porous-medium �ow. In this talk, we consider
a generalisation of the classical Beavers�Joseph condition. Unlike the classical formulation, which is
restricted to �ows parallel to the �uid-porous interface, the generalised conditions are applicable for
arbitrary �ow directions.
To solve the resulting Stokes�Darcy models e�ciently, we develop and analyse a Robin�Robin domain
decomposition method for non-overlapping subdomains [1]. Fourier analysis is used to determine
optimal weights in the Robin interface conditions. We investigate the e�ciency and robustness of
the proposed domain decomposition method and present numerical experiments that con�rm the
theoretical convergence results.
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Boundary Control and Data Assimilation for Navier�Stokes Flows
with Applications to Hemodynamic
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Abstract

In this talk we will present recent results on optimization problems associated with �uid �ows
governed by the Navier�Stokes equations, with applications to blood �ow modeling.

First, we consider an optimal boundary control problem for the steady Navier�Stokes equations
with mixed boundary conditions. We addressed the issue of correctly adjusting boundary conditions
at arti�cial boundaries in truncated domains. In particular we study the minimization of a velocity
tracking functional with controls acting on part of the boundary, combined with non-standard out�ow
conditions of the type directional do-nothing.

We then discuss a data-assimilation framework for time-dependent blood �ow simulations, where
boundary data are optimized using time-series observations. The proposed approach reduces the
discrepancy between simulated and observed data and improves the reconstruction of relevant �ow
quantities such as velocity, pressure, and wall shear stress, even in the presence of noise.
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Criteria for Asymptotic Stability of Three-Term Linear Di�erence Equation
with Two Parameters
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Abstract

Asymptotic stability analysis of linear di�erence equations with constant coe�cients is closely con-
nected to the study of asymptotic stability of numerical methods for initial value problems in ordinary
di�erential equations. We investigate the asymptotic stability of the three-term di�erence equation

y(n+ k) + αy(n+ k −m) + βy(n) = 0, n = 0, 1, 2, . . . ,

where α, β ∈ C, k,m ∈ N, k > m ≥ 1. Its asymptotic stability is characterized by all roots of the asso-
ciated characteristic polynomial lying inside the unit circle. The talk surveys known results, presents
graphical stability regions for selected real parameters, and comments on approaches to asymptotic
stability analysis.
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Abstract

Standard numerical methods for numerical analysis of such problems as structural vibrations or elastic
wave propagation in computational mechanics are frequently inaccurate or rather complicated; cf.
[1, 2]. Thus, it is reasonable to seek alternative approaches for handling such problems. A promising
computational technique, namely for all Cauchy initial value problems, comes from the Cauchy formula
for repeated integration, introduced by [3, 4]. For computation of repeated integrals and derivatives,
appropriate modi�cations of Newton-Cotes formulae can be developed, as well as those for Lobato,
Radau, etc., quadrature ones; see [5]. In general, the explicit methods of Runge-Kutta type, referring to
the Butcher series by [6], as an algebraic tool for analysing solutions to ordinary di�erential equations or
their systems, including approximate solutions, can be combined with repeated integration e�ectively.
For partial di�erential equations of evolution, this approach is applicable, too. It can work, e.g.,
with the �nite element technique from [2] in the 3-dimensional Euclidean space, which converts the
original problem to the analysis of a sparse system of ordinary di�erential equations. In addition to
existence and convergence considerations, a practical comparison of various numerical approaches will
be presented.
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Stable Long-Horizon Prediction of Parametric PDE Solution with Latent-Tensor
Vision Transformers
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Abstract

This is a joint work with Iva Miku² and Boris Muha (University of Zagreb). We study deep-
learning surrogates for time-dependent parametric PDEs in an autoregressive rollout setting, where
long-horizon accuracy is limited by error accumulation. We propose a parameter-aware encoder�trans-
former�decoder architecture: a fully convolutional encoder compresses each snapshot to a latent tensor,
a vision transformer advances it in time, and a decoder reconstructs the �elds. PDE parameters are in-
jected at multiple stages (via FiLM-type modulations and a parameter token), and spatial information
is provided through coordinate channels. Training uses short-window scheduled sampling to mitigate
exposure bias. On a parametric advection�di�usion�reaction benchmark and on 2D Navier�Stokes
�ow past a cylinder (joint velocity�pressure prediction), we obtain improved rollout accuracy over
latent-vector ROM baselines and plain full-�eld transformer models, with fewer trainable parameters.
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Abstract

In [3] well-posedness in H1(0, T ;H) of state-dependent ODEs of the form

ẋ(t) = F (t, x(t)) t ∈ [0, T ]

x(0) = Φ

was established for Lipschitz-continuous prehistories Φ ∈ H1(−h, 0;H) (whereH is some Hilbert space)
and almost uniformly Lipschitz-continuous forcing terms F : [0, T ] × L2(−h, 0;H) → H. The proof
utilizes a Hilbert space projection argument and exponentially weighted Bochner�Lebesgue-spaces to
force contractivity of a �xed point map. This approach can be generalized to evolutionary partial
di�erential equations in the sense of R. Picard, that is, to equations of the form(

∂tM(∂t) +A
)
u(t) = f(t) t ∈ R,

where A : H ⊇ dom(A) → H is an m-accretive (unbounded) linear operator and M : CRe>ν → Lb(H)
is a material law. This regime is general enough to capture a vide variety of examples, including clas-
sical PDEs (heat, wave and Maxwell's equations), examples from semigroup theory, port-Hamiltonian
systems, as well as equations featuring fractional derivatives and convolutions (in time) with bounded
operators.
The corresponding generalized initial value problem � that stems from a distributional formulation
� is (

∂tM(∂t) +A
)
u(t) = f(t) + F

(
t, u(t)

)
t ∈ R.

Local well-posedness (in the sense of weak solutions) of this equation similarly requires prehistories in
H1 with bounded derivative and a Lipschitz-property, but technical reasons additionally mandate a
regularity increasing right-hand side and a consistency condition.
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Abstract

We are interested here in the homogeneous and non-homogeneous Dirichlet problem for the
Laplacian in bounded Lipschitz domains. Although it has been extensively studied by many authors,
we would like to return to a number of fundamental questions and known results, such as the traces
and the maximal regularity of solutions. First, to treat non-homogeneous boundary conditions,
we rigorously de�ne the notion of traces for non regular functions. This approach replaces the non-
tangential trace notion that has dominated the literature since the 1980s. We identify a functional
space

E(∇; Ω) =
{
v ∈ H1/2(Ω); ∇v ∈ [H 1/2(Ω)]′

}
, (28)

which satis�es the embeddings H1/2
00 (Ω) ↪→ E(∇; Ω) ↪→ H1/2(Ω). The trace operator is well-de�ned

and continuous from E(∇; Ω) into L2(Γ), leading to a new characterization of H1/2
00 (Ω) as the kernel of

this operator. Second, we address the regularity of solutions to the Laplace equation with homogeneous
Dirichlet conditions. Using speci�c equivalent norms in fractional Sobolev spaces and Grisvard's results
for polygons and polyhedral domains, we prove that maximal regularity H3/2 holds in any bounded
Lipschitz domain Ω, for all right-hand sides in the dual of H1/2

00 (Ω). This conclusion contradicts the
prevailing claims in the literature since the 1990s. Third, we describe some criteria which establish
new uniqueness results for harmonic functions in Lipschitz domains. In particular, we show that if
u ∈ H1/2(Ω) or u ∈ W 1,2N/(N+1)(Ω), with N ≥ 2, is harmonic in Ω and vanishes on Γ, then u ≡ 0.
These criteria play a central role in deriving regularity properties. Finally, we revisit the classical Area
Integral Estimate of Dahlberg, and of Kenig, Pipher, and Verchota. For a harmonic function u in Ω
vanishing at some interior point, the estimate asserts∫

Γ

|u|2dσ ≤ C

∫
Γ

|S(u)|2dσ ≃ C

∫
Ω

ϱ|∇u|2dx, (29)

where S(u) is the area integral of u and ϱ is the distance to the boundary. Using Grisvard's work
in polygons and an explicit function given by Nečas, we show that this inequality cannot hold in its
stated form.
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Energy Consistent Hyperbolic Approximations for Some Higher Order PDEs

Rahul Barthwal

Institute for Applied Analysis and Numerical Simulation
University of Stuttgart, Stuttgart, Germany

rahul.barthwal@mathematik.uni-stuttgart.de

Abstract

We introduce novel energy-consistent hyperbolic relaxation models for approximating the solutions
of third-order and fourth-order nonlinear PDEs. In particular, we �rst propose a hyperbolic and
hyperbolic-parabolic system for a class of di�usive-dispersive PDEs using a novel relaxation approach.
We derive an explicit energy structure of the proposed system, which converges to the energy (Lya-
punov) functional of the original equation when relaxation parameters vanish. This, in particular,
demonstrates that the relaxation system preserves the key structural properties of the underlying
model. Relying on the relative entropy method, we prove the convergence of solutions of these ap-
proximate systems to the solutions of the di�usive-dispersive equations [2]. We then show the scope of
this approach to a highly complex fourth-order thin-�lm type equation and propose a novel �rst-order
system approximating the solutions of the fourth-order thin-�lm/ Cahn-Hilliard type equation in arbi-
trary space dimensions. Again, by utilizing the relative entropy framework, we succeed in proving the
convergence of the weak entropy solutions of the �rst-order system to the su�ciently smooth solution
of the original equation [1]. Some test cases for a variety of physical PDEs are provided in the end to
validate the analysis and the scope of our approach.

This is a joint work with Christian Rohde (University of Stuttgart, Stuttgart, Germany) and
Firas Dhaouadi (INRIA Bordeaux, France).
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Fourth-Order Di�usion Equations and Rényi Entropies

Mario Bukal

University of Zagreb, Croatia
mario.bukal@fer.hr

Abstract

In this talk we discuss the asymptotic behavior of strong solutions to a family of nonlinear
fourth-order di�usion equations [1, 5]

∂tu = − 1

p− 1

(
up
(
up−1 − 1

)
xx

)
xx
, x ∈ R , t > 0 ,

with particular focus on the thin-�lm equation

∂tu = −(uuxxx)x ,

which is obtained for p = 3/2. The method builds on the framework introduced by Carrillo and Toscani
[4] for second-order di�usion equations � by introducing a time-dependent rescaling that preserves
the second moment, we establish sharp convergence rates toward the steady state in terms of the
relative Rényi entropy. Compared to rates derived from the dissipation of the classical relative entropy
[3, 5], this approach yields improved estimates at early and intermediate times, and consequently a
sharper convergence in the L1-norm [2]. The method formally applies to the family of fourth-order
equations, including the well-known Derrida-Lebowitz-Speer-Spohn (DLSS) equation (p = 1), and can
be rigorously justi�ed for strong solutions of the thin-�lm equation.
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Analysis of Anisotropic and Heterogeneous Models with Applications
to Complex Materials

Kateryna Buryachenko

Weierstrass Institute for Applied Analysis and Stochastics, Berlin, Germany
buryachenko@wias-berlin.de

Abstract
We focus on developing new mathematical methods for the analysis of nonlinear processes in

multiphase structures, modeled by elliptic and parabolic partial di�erential equations with anisotropic
and heterogeneous behavior. These models describe complex phenomena in materials such as mul-
tiphase solid and liquid materials, porous media, semiconductor devices like Organic Light-Emitting
Diodes (OLEDs), etc. Main attention will be given to the following models: evolution anisotropic
porous medium equation:

ut =

n∑
i=1

∂

∂xi

(
|u|mi−1uxi

)
+ f,

1− 2

n
< m1 ≤ m2 ≤ · · · ≤ mn < m̄+

2

n
, m̄ =

1

n

n∑
i=1

mi, f ∈ L1(ΩT ), ΩT = Ω× (0, T ),

and anisotropic p− Laplace equation:

n∑
i=1

∂

∂xi

((
|∇u|pi−2

)
uxi

)
= f ∈ L1(Ω),

2n

n+ 1
< p1 ≤ p2 ≤ · · · ≤ pn < 2 +

k

n
, k = n(p̄− 2) + p̄, p̄ =

1

n

n∑
i=1

pi.

We develop an approach ([1]) that eliminates the need to handle degenerate and singular cases sep-
arately. This approach provides potential estimates for solutions of anisotropic equations and, as a
result, proves the regularity result (local continuity) of weak solutions for all cases.
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Criteria for Controllability of Semilinear Measure-Driven Evolution Systems
with Impulses and Nonlocal Inclusions

Akhilesh Verma and Jaydev Dabas

Department of Applied Mathematics and Scienti�c Computing,
Indian Institute of Technology Roorkee, Roorkee, 247667, India.

jaydev@as.iitr.ac.in

Abstract

We establish de�nitive criteria for the complete controllability of semilinear, measure-driven
evolution systems in Banach spaces that incorporate impulsive e�ects and nonlocal inclusions. Our
method boldly combines the Hausdor� measure of noncompactness with a Mönch-type �xed point
argument, e�ectively circumventing any compactness assumptions. The conditions we provide are
explicit, easily veri�able, and directly applicable to partial di�erential equations (PDEs). An illustra-
tive example of a PDE unequivocally demonstrates how our abstract theory translates into concrete
inequalities. This work decisively presents the controllability result for measure-driven systems that
include both impulsive e�ects and nonlocal inclusions, signi�cantly extending and unifying the existing
controllability theory within a groundbreaking framework.
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Oseen Resolvent System with Traction Boundary Conditions

Paul Deuring
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Abstract

Let Ω denote an exterior domain in R3 with connected C2-boundary denoted by ∂Ω. Let p ∈
(1,∞), τ ∈ R\{0} and λ ∈ C\(−∞, 0]. Consider the Oseen resolvent system

−∆u+ τ ∂1u+ λu+∇π = f, divu = 0 in Ω, (30)

under the Neumann-type boundary conditions on ∂Ω:

3∑
k=1

(∂juk + ∂kuj − δjk π − τ δ1k uj/2)n
(Ω)
k = bj (31)

for 1 ≤ j ≤ 3, f ∈ Lp(Ω)3 and b ∈ W 1−1/p, p(∂Ω)3. Here n(Ω) denotes the outward unit normal to Ω.
We look for solutions (u, π) to (30), (31) with u ∈W 2,p(Ω)3, π ∈ D1,p(Ω) and u(x) → 0 for |x| → ∞,
where D1,p(Ω) denotes the set of all functions σ ∈ W 1,1

loc (Ω) such that ∇σ ∈ Lp(Ω)3. (Functions from
this set belong to W 1,p(BR ∩Ω) for any R > 0 with R3\Ω ⊂ BR.) We further require that at least one
of the two side conditions

∫
∂Ω
u ·n(Ω) dox = 0 or π ∈ Ls(Ω) for some s ∈ (1,∞) are ful�lled. Moreover

we are interested in the estimate

|λ| ∥u∥p + ∥u∥2,p + ∥∇π∥1,p ≤ C (∥f∥p + |λ|1/2−1/(2p) ∥b∥1−1/p, p) (32)

for f and b as above, provided that either (ℑλ)2/τ2 + ℜλ ≥ Λ0, |λ| < Λ1 or |λ| ≥ Λ1, | arg(λ)| ≤ ϑ,
where ϑ ∈ [0, π), Λ0, Λ1 ∈ (0,∞) with Λ0 < Λ1, The constant C in (32) should depend only on
Ω, τ, ϑ, Λ0 and Λ1.

It turns out that solutions to this boundary value problem exist and in the case
∫
∂Ω
u·n(Ω) dox =

0 are unique and verify (32). If it is instead required that ∇π ∈ Ls(Ω)3 for some s > 1, such a result
holds only under certain restrictions. In particular the condition p > 3/2 must be imposed.
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Navier�Stokes�Cahn�Hilliard System in a 3D Perforated Domain with Free Slip and
Source Term: Existence and Homogenization

Amartya Chakrabortty1, Haradhan Dutta2, Hari Shankar Mahato2

1Fraunhofer ITWM, Kaiserslautern, Germany
2Department of Mathematics, Indian Institute of Technology Kharagpur, India

hdutta1412@kgpian.iitkgp.ac.in

Keywords: Navier�Stokes�Cahn�Hilliard system; periodic homogenization; perforated domain.
Abstract

We study a di�use�interface model for a binary incompressible mixture in a periodically perforated
porous medium, described by a time�dependent Navier�Stokes�Cahn�Hilliard (NSCH) system posed
on the pore domain Ωε

p ⊂ R3. The microscopic model involves a variable viscosity tensor, a non�
conservative source term in the Cahn�Hilliard equation, and mixed boundary conditions consisting of
no�slip on the exterior boundary and Navier slip with zero tangential stress on the surfaces of the solid
inclusions. The capillarity strength λε > 0 depends on the microscopic scale ε > 0.

For each �xed ε > 0, we establish the existence of weak solutions on a �nite time interval (0, T )
together with a priori estimates that are uniform with respect to ε (and λε). A major analytical
di�culty stems from the presence of the source term, which breaks mass conservation and prevents a
direct application of the classical Poincaré�Wirtinger inequality. This issue is resolved through re�ned
estimates for the spatial mean combined with suitable extension and restriction operators adapted to
the perforated geometry.

We then investigate the asymptotic behavior of the system as ε → 0 and perform a rigorous
periodic homogenization using the periodic unfolding method. The uniform estimates provide the
compactness required to identify the macroscopic limit �elds and to pass to the limit in the nonlinear
coupling terms, yielding e�ective tensors that encode the in�uence of the microscopic geometry. De-
pending on the limit value λ = limε→0 λ

ε ∈ [0,+∞), two qualitatively di�erent homogenized models
emerge. In the vanishing capillarity regime λ = 0, the limit system is of Stokes�Cahn�Hilliard type
and exhibits no macroscopic convection or phase advection, corresponding to creeping��ow behavior.
In contrast, when λ ∈ (0,+∞), the homogenized equations retain nonlinear convection and advective
transport, leading to a genuine Navier�Stokes�Cahn�Hilliard structure at the macroscopic scale.

Finally, we prove the convergence of the microscopic free energy towards a homogenized energy
functional satisfying a corresponding dissipation law.
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Something Other than the Usual Kind of Instability and Spatial Patterns

Jan Eisner

University of South Bohemia in �eské Bud¥jovice, �eské Bud¥jovice, Czechia
jeisner@prf.jcu.cz

Abstract

We introduce non-standard notions of instability and spatial patterns and discuss their robust-
ness. In fact, these notions correspond to what is really usually done in numerical computations or in
a laboratory. We describe situations when our patterns evolve due to the newly introduced instability
of the basic homogeneous steady state even if it is stable and even if heterogeneous stationary solutions
do not exist.

This is a joint work with Prof. M. Ku£era (Institute of Mathematics, Czech Academy of Sciences,
Prague, Czechia), V. Klika (Czech Technical University, Prague, Czechia) and M. Fencl (University of
West Bohemia, Pilsen, Czechia).
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The Vortex Filament Equation in the Energy-Variational Framework

Thomas Eiter

Freie Universität Berlin, Germany
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thomas.eiter@wias-berlin.de

Abstract

Strongly localized vortical structures are frequently observed in �uid dynamics. A classical model
for the motion of vortex �laments is the equation for binormal curvature �ow. However, this di�erential
equation for the parametrization of a closed, oriented curve fails to capture the formation of corners and
kinks, as well as the �nite-time blow-up of smooth solutions. This limitation motivates a relaxation
of the solution concept. We begin by considering a weak formulation, which naturally extends to
divergence-free measures instead of curves. In this framework, the length of the curve, which is an
invariant preserved by smooth solutions and serving as an energy, is replaced with the total variation of
the measure. As global existence of weak solutions cannot be expected, we introduce energy-variational
solutions, a concept that augments the combination of the energy inequality and the weak formulation
with an additional defect term. A general result for abstract evolution equations enables to derive
the global-in-time existence of energy-variational solutions in this framework. Additionally, we discuss
a weak-strong uniqueness principle that guarantees that energy-variational solutions coincide with
classical solutions as long as the latter exist.
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Singular Vortical Flows

Volker W. Elling

Academia Sinica, Taipei, Taiwan
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Abstract

Vortex spirals and cusps are special cases of self-similar singular solutions of the incompressible
Euler equations. Existence of algebraic spirals has been shown in some cases, but additional cases
remain open. New techniques for progress on these problems will be discussed. Some old and new
numerical results show various obstacles to progress, including nonexistence and nonuniqueness.
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String Stability for Hysteretic Flows

Haitao Fan

Georgetown University, Washington, DC 20057, USA
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Abstract

We investigate string stability in continuum �ow models where information propagates to the
left. String stability concerns whether oscillations decay or grow as they travel, with rates measured
in the spatial variable. In tra�c �ow, this corresponds to how speed oscillations of successive vehicles
evolve as disturbances move upstream.

Positive hysteresis loops may amplify �ux oscillations and can generate shocks. For hysteretic
LWR model, a solution containing a large enough hysteresis loop in the positive hysteresis region will
develop stop-and-go waves, else the �ux oscillations will decay as they propagate upstream. A necessary
and su�cient condition for this "large enough" is found. In the region of negative hysteresis, hysteresis
loops damp �ux oscillations. For this case, we formally derive spatial decay rates for time-periodic
string-stability solutions for several hysteretic models such as hysteretic LWR model, hysteretic ARZ
model, transport with absorption and desorption model. Similar decay rates is also obtained for
spatially periodic solutions of Amadori-Bressan-Shen hysteretic �ow model.
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Large Time-Periodic Solutions to Nonlinear Wave Equations
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filip.ficek@univie.ac.at

Abstract

We study time-periodic solutions for nonlinear wave equations on an interval with Dirichlet
boundary conditions and �nd intricate bifurcation structures forming fractal-like patterns [1, 2]. In
addition to the small solutions with frequencies belonging to nowhere dense sets known from the classic
works, see for example [3, 4], they include a new class of large-energy solutions with complex mode
compositions. We perform the �rst proof of existence of solutions belonging to this class [5]. Similar
phenomena can be observed for other systems [6, 7]. This is a joint work with Maciej Maliborski.
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Regularity Lost: the Fundamental Limitations and Constraint Quali�cations
in the Problems of Elastoplasticity

Ivan Gudoshnikov
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Abstract

The connection between plasticity phenomenon in mechanics and the sweeping process was noticed
since the very discovery of the sweeping process as a mathematical problem. Using the ideas of J.-
J. Moreau, we describe abstract frameworks for elastoplasticity in terms of Helmholtz- or Beltrami-
type decomposition, and convert them to equivalent formulations in terms of di�erential inclusions
with normal cones.

However, with the seemingly simplest constitutive law of perfect plasticity it is, in general,
impossible to �nd the strain rate as a L2-function. Although some examples with such phenomenon
are already known, we provide an example where the lack of a function-valued strain is caused by a
displacement loading. This loss of regularity can be explained by the lack of additivity of the normal
cones and the failure of Slater's constraint quali�cation [1].

Various constraint quali�cations can help to establish the additivity of the normal cones and show
well-posedness of the similar models, such as spatially discrete models and plasticty with asymptotically
linear hardening.
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Self-Similar Solutions with Finite Time Blow-up for Reaction-Di�usion Equations

Razvan Gabriel Iagar

Universidad Rey Juan Carlos, Madrid, Spain
razvan.iagar@urjc.es

Abstract

This talk focuses on the existence of self-similar solutions presenting �nite time blow-up, in the
form

u(x, t) = (T − t)−αu(|x|(T − t)−β), (x, t) ∈ RN × (0, T ), (33)

for the classical quasilinear reaction-di�usion equation

∂tu = ∆um + up, p > m > 1. (34)

For m = 1, Lepin [3] proposed the following critical exponent

pL =

{
1 + 6

N−10 , if N ≥ 11

∞, if 1 ≤ N ≤ 10,

as the maximal value of p for which the reaction-di�usion equation admits solutions in the self-similar
form (33). This fact has been proved by Mizoguchi in [4]. One natural question was whether there is
a similar exponent with m > 1, and we give a negative answer to this question: we prove that, for any
m > 1 and p > m large, Eq. (35) admits self-similar solutions in the form (33), in strong contrast to
the semilinear case. We export the same techniques to the Hardy-Hénon equation in RN × (0,∞)

∂tu = ∆u+ |x|σup, p > 1, σ > max{−2,−N},

and show that no Lepin-type exponent exists for σ ≥ 2, while we identify the expression of the critical
Lepin-type exponent for σ ∈ (−2, 2).

Joint work with Ana Isabel Muñoz and Ariel Sánchez (URJC)
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On the Characteristic Form of g-Valued Zero-Curvature Representations
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Abstract

Zero-curvature representations (ZCRs) o�er a geometric way of encoding nonlinear partial dif-
ferential equations by means of auxiliary linear problems. In favorable cases, the equation can be
reformulated as the �atness condition of a Lie algebra�valued connection. This viewpoint has proved
particularly fruitful in the theory of integrable systems, where it leads to systematic constructions of
symmetries, conservation laws, and related structures. In this talk, based on our recent preprint [1], we
study g-valued ZCRs of partial di�erential equations in two independent variables from the viewpoint
of their extension to the in�nite jet space, focusing on their characteristic elements.

The notion of a characteristic element for g-valued ZCRs was introduced in a cohomological
context by Marvan [2]. In the abelian case g = R, this element coincides with the generating function
of a conservation law. In the theory of conservation laws, a crucial step is the possibility of extending
the generating function to the full jet space so that the conservation law assumes its characteristic
form. This mechanism underlies e�ective computational approaches. We show that an analogous
phenomenon holds for general matrix Lie algebras g ⊂ gl(n). More precisely, every g-valued ZCR
extended to the in�nite jet space admits a characteristic representative in which the Maurer�Cartan
equation takes a characteristic form generalizing the classical one known for conservation laws. This
form is preserved under gauge transformations and may therefore be regarded as a natural normal form
of a ZCR. As a consequence, we obtain a new necessary condition, independent of the Maurer�Cartan
equation, that must be satis�ed by any characteristic representative, as well as a su�cient condition
for a function to serve as the characteristic element of a given ZCR. In contrast to the abelian case,
the additional condition is genuinely restrictive for nonabelian Lie algebras. These results suggest
a re�nement of computational approaches to ZCRs, in analogy with the interplay of necessary and
su�cient conditions in the algorithmic theory of conservation laws.
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On Stabilization of Hyperbolic FitzHugh-Nagumo Model

Jamila Kalantarova

Koc University, Istanbul, Turkey
jkalantarova@ku.edu.tr

Abstract

We study the following closed-loop feedback control problem for hyperbolic FitzHugh Nagumo
equations {

τ∂2t u+ ∂tu− ∂2xu+ f(u) + v = w, x ∈ (0, L), t > 0,

∂tv + bv − du = 0, x ∈ (0, L), t > 0,

under the homogeneous Dirichlet's boundary conditions, where b > 0, d > 0 and τ > 0 are given
numbers, w is the control function, f : R → R is a continuously di�erentiable function satisfying the
conditions

f(s)s−F(s) ≥ −r1s2, ∀s ∈ R,

a1|s|p+2 − r2s
2 ≤ F(s) ≤ a2|s|p+2 + r3, ∀s ∈ R.

We apply feedback controllers involving the �rst N Fourier modes and �nite volume elements of the
function u(x, t), to show global stabilization of the system to the zero stationary state.
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On the Continuity in Time of Solutions to a Generalized Navier-Stokes-Fourier System

Petr Kaplický

Charles University, Prague, Czech Republic
kaplicky@karlin.mff.cuni.cz

Abstract

We consider the �ow of a generalized non-Newtonian incompressible heat-conducting �uid in
a bounded domain Ω ⊂ Rd, d = 2, 3, subject to Dirichlet boundary conditions for velocity and
temperature. The �uid obeys a power-law constitutive relation for the Cauchy stress with exponent p.
For p ≥ (3d+ 2)/(d+ 2), we establish the existence of a global-in-time weak solution. We provide the
proof of time continuity of the temperature in L1(Ω). Furthermore, we investigate criteria for time
continuity of the temperature component of a general weak solution. We prove time continuity for weak
solutions of the entropy equation with a convective term and an L1 right-hand side under minimal
assumptions on the velocity regularity. We show that this continuity is equivalently described by
vanishing dissipation on high level sets, a truncated variational inequality for admissible test functions,
or the associated equality.

This is joint work with M. Bulí£ek and L. Wintrová, Charles University, Prague.
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On the Mean Curvature Flow of Closed Curves Evolving on Surfaces and Two
Dimensional Manifolds

Miroslav Kolá°

Czech Technical University in Prague, Czech Republic
Miroslav.Kolar@fjfi.cvut.cz

Abstract

We present an overview of our investigation of the �ow of a family of closed curves evolving
in the normal direction according to a prescribed geometric evolution equation either on a given two
dimensional surface or on a two dimensional manifold which is embedded or immersed in the three-
dimensional Euclidean space.

In the case of evolution on a surface given as a graph of two-dimensional function, we study two
non-local geometric �ows depending on the geodesic curvature and preserving either the total length
of the surface curve, or its enclosed surface area. We treat these evolution equations by the method
of vertical projection to the underlying plane. For such a projected �ow, the particular planar normal
velocity and external force are constructed. For a motion on two-dimensional manifolds, we derive a
system of nonlinear parabolic equations that describe their motion and a possible attraction to the
manifold.

Both considered geometric �ows are treated by the parametric method, and we discuss some
fundamental properties of such �ows. The resulting evolution equations for parametrizations of those
surface curves are solved numerically by means of the �owing �nite volume method, which is modi�ed
by the suitable choice of the tangential velocity ensuring appropriate redistribution of the discretization
points, which helps to stabilize the numerical algorithm. Qualitative and quantitative computational
results demonstrating the spatio-temporal behavior of the solution, and the performance of the nu-
merical algorithm, are included.

Our presented results are based on our papers [1, 2, 3, 4].
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Linearization for Fluid Structure Interaction

Christopher Körber

University of Würzburg, Germany and Charles University, Prague, Czech Republic
christopher.koerber@uni-wuerzburg.de

Abstract

We consider an elastic body immersed into an incompressible viscous �uid, contained in a
bounded lipschitz domain of dimension bigger or equal to two. The solid is partly attached to the
boundary of the �uid domain. The �uid is modeled by the incompressible Navier-Stokes equations
in Eulerian coordinates, while the solid is described by its deformation in Lagrangian coordinates.
The existence of weak solutions for this problem was established in [1]. Now we assume smallness of
external forces, meaning the force is given by fδ = δf for some positive scaling parameter δ > 0. We
linearize the deformation describing the solid around the identity and the �uid velocity around zero. We
prove that, assuming a suitable scaling of the initial conditions, the resulting �rst order perturbations
converge weakly towards the unique weak solution of a corresponding linearized �uid-solid interaction
problem with external force f as δ → 0. Our result rigorously shows that, assuming smallness of
external forces and initial conditions, �uid-structure interaction systems involving nonlinear elasticity
can be approximated by corresponding much simpler, linearized systems.

References
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Second Positive Solution for Spatially Nonhomogeneous Elliptic Problem

Luká² Kotrla

University of West Bohemia in Pilsen, Czech Republic
kotrla@kma.zcu.cz

Abstract

We consider the semilinear Dirichlet problem{
−∆u(x) = λ |u(x)|q(x)−2

u(x) , x ∈ Ω ,
u(x) = 0 , x ∈ ∂Ω .

Here, Ω ⊂ RN is a bounded domain with a su�ciently smooth boundary ∂Ω and λ ≥ 0 is a spectral
parameter. The variable exponent q(x) is continuous and satis�es 1 < q− ≤ q(x) ≤ q+. Speci�cally,
we assume q− ≤ q(x) < 2 and 2 < q(x) ≤ q+ on nonempty open subsets Ω− and Ω+ of Ω, respectively.
Our attention is paid to the existence and multiplicity of positive weak solutions depending on the
value of λ. The interplay between the convex and concave parts of the reaction term leads to the
existence of thresholds λ0 > 0 and λ∗ > 0 such that a C1-solution exists for any λ ∈ (λ0, λ

∗). In
addition, a second C1-solution exists for λ ∈ [a, b], where λ0 < a < b < λ∗.

The talk extends the presentations of my co-authors Ji°í Benedikt, Petr Girg, and Peter Taká£
in minisymposium P11. This talk is focused particularly on the existence of a second solution, proven
via Leray-Schauder degree theory.

References

[1] Benedikt, J., Girg, P., Kotrla, L., and Taká£, P. On the Existence of Two Positive
Solutions for Spatially Nonhomogeneous Elliptic Problems. Mathematica Slovaca, to appear.
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Existence of Solutions to the Navier-Stokes Equations in Lorentz-Besov Spaces

Bholanath Kumbhakar, Jagmohan Tyagi

Indian Institute of Technology Gandhinagar, Gandhinagar, Gujrat, India
bkumbhakar@iitgn.ac.in, jtyagi@iitgn.ac.in

Abstract

In this paper, we investigate the existence of local mild solutions to the three-dimensional
incompressible Navier-Stokes equations in the framework of Lorentz-Besov spaces. The external force
is assumed to belong to the Lorentz space L1,q(0, T ), T > 0. We �rst establish maximal parabolic
regularity in the Lorentz space L1,q(0, T ; Ḃ0

p,1), where 1 < p <∞ and 1 < q ≤ ∞. Using this regularity
result, we prove the existence of a local mild solution. The obtained solution lies in the Lorentz space
Lα,q(0, T ), 1 < α < ∞ with respect to time and in the homogeneous Besov space Ḃ0

p,1 with respect
to space. The principal di�culty arises from a time singularity appearing in the estimates within the
Lorentz space L1,q(0, T ).
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Optimal Control Problem for a Nonlinear, Nonlocal Evolution System Describing
an Interacting Ternary Mixture

Arghya Kundu

Department of Mathematics and Computer Science, Karlstad University, Sweden
arghya.kundu@kau.se

Abstract
This talk addresses an optimal control formulation for a continuum model describing morphology

formation in interacting ternary mixtures, with one evaporating component. The state system consists
of a coupled nonlinear, degenerate, and nonlocal parabolic evolution system originally derived in [1],
where a phase-�eld indicator and a solvent concentration are linked through nonlinear, degenerating
drift terms involving convolution operators. The evaporation is a new modeling feature of main interest
here. This choice of problem is motivated by the need creating in silico optimal morphology designs for
organic solar cells. The control problem is formulated with an L2- type cost functional and is subject
to PDE constraints given by a speci�c phase-�eld-concentration system introduced in [2, 3]. The
control variable represents an external mechanism a�ecting the concentration of the solvent through
suitable distributed sources, with the aim of steering the system towards desired con�gurations. We
�rst discuss the well-posedness of the state system and establish the existence of optimal controls
by using standard compactness and lower semi-continuity arguments. Furthermore, we analyze the
control to state mapping and derive �rst order necessary optimality conditions via the corresponding
adjoint system. The obtained results provide a theoretical framework for the systematic design of
morphologies.

This is a joint work together with Nicklas Jävergård and Adrian Muntean (Karlstad University,
Sweden).
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Initial Layer for the Boltzmann Equation

Hung-Wen Kuo

National Cheng Kung University, Tainan city, Taiwan
hwkuo@mail.ncku.edu.tw

Abstract

In studying the relation between the Boltzmann equation in kinetic theory and �uid dynamics,
it is crucial to understand the singular layers that appear in the Boltzmann solutions. These include
the boundary, shock, and initial layers, which become singular when the mean free path is small. The
present work focuses on the initial layer, whose main feature is the propagation of discontinuities in
the solutions of the Boltzmann equation. To analyze the global structure of Boltzmann solutions, it
is essential to describe these discontinuities precisely in both the space-time variables (x, t) and the
microscopic velocity ξ.

We construct the explicit form of the Green's function and use it to represent the Boltzmann
solution. The quantitative structure of this Green's function enables a detailed analysis of the com-
mutator between the nonlinear collision operator and the transport operator, providing a precise
understanding of the propagation of discontinuities. Our results reveal both the explicit form and
kinetic nature of these discontinuities, as well as the emergence of �uid-like waves in the initial layer.
This explicit construction bridges the Boltzmann equation and hydrodynamic behavior. This work is
in collaboration with Tai-Ping Liu and Shih-Hsien Yu.
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Modular Topology Approach to the Non�Homogeneous Dirichlet Problem
for the p(x)-Laplacian

Jan Lang

The Ohio State University, Columbus, Ohio, USA
lang@math.osu.edu

Abstract

Let Ω ⊂ Rn be a bounded C2 domain, and let p : Ω → (1,∞) be measurable with

p− := ess inf
x∈Ω

p(x) > n, p+ := ess sup
x∈Ω

p(x) = ∞.

For boundary data φ ∈ W 1,p(·)(Ω), we consider the non-homogeneous Dirichlet problem for the p(x)-
Laplacian,

div
(
|∇u|p(x)−2∇u

)
= 0 in Ω, u = φ on ∂Ω.

In the regime p+ = ∞, norm-based methods and the classical space W 1,p(·)
0 (Ω) are not well suited

to this problem. To overcome this di�culty, we work with the modular topology and introduce the
space V 1,p(·)

0 (Ω), de�ned as the modular closure of C∞
0 (Ω) in W 1,p(·)(Ω). Within this framework, we

establish existence, and under natural assumptions also uniqueness, of a weak solution u such that

u− φ ∈ V
1,p(·)
0 (Ω).

The solution is obtained as a minimizer of the Dirichlet energy in the modular setting.
The talk explains why the modular approach is more e�ective than the norm-based one when

the ∆2-condition fails and p(·) is unbounded. In particular, we show that although the norm topology
need not be uniformly convex, an appropriately de�ned modular topology may still possess uniform
convexity.
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Low Regularity Approach for Kinetic Equations

Donghyun Lee

POSTECH, South Korea
donglee@postech.ac.kr

Abstract

We discuss low regularity approach for the Boltlzmann equation and BGK model. In particular,
Cauchy problem near Maxwellian (under physical boundary conditions), Hölder regularity and some
ill-posedness results will be introduced. If time permits, the conditional large data problem will also
be discussed.
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Asymptotic Behavior for the Maxwell-Dirac System in Lorenz and Coulomb Gauges

Kiyeon Lee

KAIST, Daejeon, South Korea and University of Michigan, Ann Arbor, USA
Kiyeonlee@kaist.ac.kr

Abstract

In this talk, I will present the nonlinear scattering results for the Maxwell-Dirac system in the
Coulomb gauge. In the Lorenz gauge, we obtained the nonlinear scattering results in Cho-Lee ([1]).
Using this approach, we also prove nonlinear scattering in the Coulomb gauge. Although the Coulomb
gauge lacks Lorentz invariance, it allows the elliptic nature of the scalar potential to be exploited.
We introduce a spinorial null structure to overcome the lack of Lorentz invariance and to obtain the
desired asymptotic behavior. Moreover, the vector �eld method combined with various resonance
analyses adapted to the Coulomb gauge will be discussed.
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Optimal Korn-Maxwell-Sobolev Inequalities

Peter Lewintan

University of Duisburg-Essen, Germany
peter.lewintan@uni-due.de

Abstract

We present a complete picture of coercive Korn-type inequalities for generalised incompatible
�elds, and optimally extend and unify several previously known inequalities that are crucial to the
existence theory for a variety of models in continuum mechanics. This talk is based on the recent joint
works with Franz Gmeineder, Patrizio Ne�, Stefan Müller and Jean Van Schaftingen, [5, 4, 3, 2, 1].
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On the Optimal Rate of Vortex Stretching for Axisymmetric Euler Flows without Swirl

Deokwoo Lim and In-Jee Jeong

Seoul National University, Seoul, Republic of Korea
dwlim95@snu.ac.kr

Abstract

We consider incompressible Euler �ows with axisymmetry and without swirl. In R3, we prove
the t4/3-upper bound for the growth of the vorticity maximum. This was conjectured by Childress [1]
and supported by numerical computations from Childress�Gilbert�Valiant [2]. The key idea is to
estimate the velocity maximum by the kinetic energy and conserved quantities related to the vorticity.
This is a joint work with In-Jee Jeong (SNU) [3].
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Qualitative and Quantitative Homogenization of Some Non-Newtonian Flows
in Perforated Domains

Yong Lu

Nanjing University, Nanjing, China
luyong@nju.edu.cn

Abstract

We consider the homogenization of some viscous incompressible non-Newtonian �ows in perfo-
rated domains. With certain general assumptions on the nonlinear stress tensor, we show the limit
system is the Darcy's law for the case of `small holes', and system remain unchanged for the case of
`large holes'. Quantitative convergence rates are also given for both the velocity �eld and the pressure.
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Multiscale Hyperbolic-Parabolic Models for Nonlinear Reactive Transport
in Heterogeneously Fractured Porous Media

Taras Mel'nyk

Institute of Applied Analysis and Numerical Simulation, Suttgart University, Germany
taras.melnyk@mathematik.uni-stuttgart.de

Abstract

This talk concerns the asymptotic analysis of nonlinear reactive transport in a layered porous
medium separated by a thin, geometrically heterogeneous fracture. The fracture is represented as
an ε-thin channel whose aperture and internal obstacle pattern vary periodically on the microscale.
Transport in the bulk domains is described by parabolic reaction�di�usion equations, whereas the
fracture supports a convection�di�usion�reaction process with nonlinear reactions on the walls and
obstacle boundaries. A key feature is that transport inside the fracture is convection dominated, with
a Péclet number of order ε−1.

Using multiscale asymptotics as ε → 0, we derive a reduced homogenized model in which the
thin fracture collapses to a �at interface. The homogenized limit consists of classical di�usion�reaction
equations in the bulk domains coupled through homogenized nonlinear interface conditions and a �rst-
order semilinear hyperbolic system posed on the �at interface. The latter encodes the e�ective fracture
dynamics produced by the strong advection and the microscale geometry. The following aspects are
addressed in this study: �rstly, the well-posedness of the homogenized system is proven, including the
derivation of regularity results; secondly, an explicit multiscale approximation incorporating boundary-
layer correctors is constructed; and thirdly, quantitative error estimates in appropriate energy norms are
established. These three aspects rigorously justify the reduced model and quantify the approximation
accuracy with respect to the small parameter ε. The presentation is based on new results currently
available in [1].
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Regularity for a Denoising Model on Manifolds

Salvador Moll

Universiat de València, Burjassot, Spain
j.salvador.moll@uv.es

Abstract

In this joint work with Esther Cabezas-Rivas and Vicent Pallardó-Julià, we study existence,
uniqueness, and regularity of minimizers for a manifold-constrained variant of the Rudin-Osher-Fatemi
(ROF) model for image denoising. Despite its frequent appearance in the applied literature, this model
has so far lacked a rigorous analytical foundation. The associated Euler�Lagrange equations give rise
to a system of elliptic PDEs with Neumann boundary conditions.

Our results can be viewed as an extension of the regularity theory for p-harmonic maps, orig-
inating in the seminal works of Eells�Sampson and Schoen�Uhlenbeck, to the critical case p = 1.
We establish optimal regularity for the manifold-constrained model, generalizing the known Euclidean
scalar theory to vector-valued maps, to manifold targets, and to curved domains, without requiring
convexity of the boundary. The proofs hinge on a deep interplay between geometric and analytical
techniques. We further present regularity results of independent interest, including the one-dimensional
setting (with applications to signal denoising), local Lipschitz estimates relevant to image processing,
and global Lipschitz regularity for a perturbed model motivated by �uid mechanics.
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Per Aquam ad Astra: on Stars (and) Boiling Water

Florian Oschmann

Charles University, Faculty of Mathematics and Physics, Czech Republic
florian.oschmann@matfyz.cuni.cz

Abstract

We will derive the so-called (magneto-)Oberbeck-Boussinesq approximation from the compress-
ible (MHD-)Navier-Stokes-Fourier system by means of singular limits. This approximation tells that,
in a certain regime, the density deviations can be approximated linearly by temperature deviations.
Instead of taking Neumann boundary values for the temperature, Dirichlet boundary conditions are
imposed, giving rise to an additional non-local forcing term in the limiting heat equation. This is
joint work with Peter Bella (TU Dortmund), Eduard Feireisl (CAS), Piotr Gwiazda (PAN) and Aneta
Wróblewska-Kami«ska (PAN).

References

[1] Bella, P.; Feireisl, E.; Oschmann, F.: Rigorous derivation of the Oberbeck�Boussinesq approxima-
tion revealing unexpected term. Communications in Mathematical Physics, 403.3 (2023): 1245-
1273.

[2] Gwiazda, P.; Oschmann; F., Wróblewska-Kami«ska, A.: Rigorous derivation of magneto-
Oberbeck-Boussinesq approximation with non-local temperature term. arXiv preprint
arXiv:2504.13525 (2025).

348



6 Contributed talks Partial Di�erential Equations

Global Solutions to a Keller�Segel�Navier�Stokes System with Potential Consumption

Gabriela Planas

Universidade Estadual de Campinas, Brazil
gplanas@unicamp.br

Abstract

The present work deals with a Keller�Segel�Navier�Stokes system with potential consumption,
under homogeneous Neumann boundary conditions for cell density and chemical signal, and Dirichlet
type for the velocity �eld, over a bounded three-dimensional domain. The paper aims to develop a
time discretization scheme converging to weak solutions of the system, which are uniformly bounded
at in�nite time. While global existence results are already known for simpli�ed cases, either in absence
of �uid �ow or for linear consumption, the existence of global weak solutions for the fully coupled
system with potential consumption has remained as an open problem.

Joint work with D. Barbosa (Brazil) and F. Guillén-González (Spain)
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Temple-Type Systems with Discontinuous Flux

Massimiliano D. Rosini
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Abstract

This talk addresses a one-dimensional 2 × 2 Temple-type system of conservation laws with
discontinuous �ux functions, motivated by models of vehicular tra�c. Such discontinuities naturally
arise when road conditions or driving regimes change abruptly, leading to interfaces in the governing
dynamics. We examine the analytical structure of the problem and prove the existence of entropy
solutions under appropriate assumptions on the �ux discontinuity.

Our approach is based on wave-front tracking, which provides a constructive framework for
building approximate solutions and passing to the limit in a rigorous manner. Within this setting,
we introduce an explicit Riemann solver tailored to the discontinuous-�ux system and investigate its
key properties, including well-posedness, consistency, and admissibility criteria for shocks and contact
discontinuities.

To illustrate the theoretical results, we present numerical simulations that capture the qualitative
features of the solutions and demonstrate the impact of �ux discontinuities on wave propagation.
These examples emphasize the relevance of the model for tra�c applications and highlight the e�ects
of discontinuities in tra�c dynamics.
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Nonstationary Non-Newtonian Fluid Flow in a Thin Tube Structure

Borja Rukavina

Department of Mathematics, Faculty of Science, University of Zagreb, Croatia
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Abstract

We consider the nonstationary non-Newtonian �ow in a thin tube structure with a strain rate
dependent viscosity. A thin tube structure is de�ned as a smoothened �nite union of thin cylinders
with diameters of order ε, where ε > 0 is a small parameter. In the described domain we observe
a non-stationary Stokes system of equations where viscosity depends on the gradient of the solution,
with a no-slip boundary condition, a homogeneous initial condition and a given velocity εg on the
in�ow/out�ow parts of the boundary.

We study the existence and uniqueness of a solution, its high order regularity, and derive a priori
estimates. A new technical tool is introduced to prove the existence of a solution with high regularity
for the non-Newtonian version of the Stokes equations, which may be useful for other non-linear
problems. This is joint work with Grigory Panasenko, Igor Paºanin and Konstantinas Pileckas.
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The Brezis-Nirenberg Problem: from the Local to the Nonlocal Setting

Ra�aella Servadei

Università degli Studi di Urbino Carlo Bo, Urbino, Italy
raffaella.servadei@uniurb.it

Abstract

This talk is devoted to the famous Brezis-Nirenberg problem, �rstly studied by these authors
in their celebrated paper appeared in Commun. Pure Appl. Anal., 36 (1983). Since then, critical
equations have been widely studied from many perspectives and in various contexts, including, among
others, general local operators, nonlocal operators, mixed local and nonlocal operators, higher-order
operators, and operators in non-Euclidean contexts. It is interesting to note that, regardless of the
context, most results concerning critical Dirichlet problems are obtained through suitable adaptations
of the original argument of Brezis and Nirenberg. The purpose of this talk is to consider the nonlocal
counterpart of the Brezis-Nirenberg problem (in which the classical Laplace operator is replaced by its
fractional version), focusing on the similarities and di�erences between the local and nonlocal cases,
highlighting the innovations and adaptations to consider in the treatment of the fractional case.
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Extinction, Persistence and Pattern Formation in Non-Linear Models with Non-Local
Dispersal on Flat Landscapes

Maciej Tadej
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Abstract

In this talk, we �rst explore a general mathematical framework for non-linear models describing the
evolution of species density through non-local dispersal. We focus on the spectral analysis of non-local
operators that serve as scaled analogues to the classical Laplacian with Neumann or Dirichlet boundary
conditions. We establish explicit formulas and asymptotic behavior for eigenvalues and eigenfunctions,
which allow us to determine the well-posedness of the system, the existence of invariant regions, and
the long-time asymptotic behavior of solutions, including convergence to the mean mass and the
construction of spatially heterogeneous steady states [2].

Building upon these theoretical foundations, we investigate the dynamics of vegetation pat-
terns in water-limited ecosystems using a generalized Klausmeier model. By incorporating non-local
plant dispersal within �nite habitats, we identify rigorous criteria for vegetation survival and extinc-
tion governed by the trade-o� between local growth and boundary losses. Our results reveal the
existence of a critical patch size and a critical maximal biomass density, below which the popula-
tion inevitably collapses to a desert state. Furthermore, we demonstrate that non-local dispersal
mechanisms�particularly those characterized by fat-tailed kernels�signi�cantly enhance ecosystem
resilience, allowing vegetation to persist in smaller and more fragmented habitats than predicted by
classical local reaction-di�usion models [1].
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About the Occurrence of Akhmediev Breathers in General Dispersive Systems
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Abstract

The Nonlinear Schrödinger Equation (NLS equation) can be derived by multiple scaling perturbation
analysis for the description of slow modulations in time and space of the envelope of spatially and
temporarily oscillating wave packets, as they appear in nonlinear optics, water wave theory, plasma
physics, waves in DNA, Bose-Einstein condensates, etc.

The NLS possesses a number of special solutions such as solitons, Peregrine solutions, Kuznetsov-
Ma solitons, and Akhmediev breathers. In previous publications it has been shown that there are
solutions of the original physical systems which behave as predicted by the NLS equation. The existing
theorems cover the solitons, cf. [1, 2] and recently also the Peregrine solutions and the Kuznetsov-
Ma solitons [3], but not the Akhmediev breathers, which are solutions who are spatially periodic and
localized in time above a time-periodic spatially constant background state [4]. In this talk we present
new methods to bridge this gap, where the main point of consideration in the choice of a suitable space
for our approximations.
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On the Modeling of Thermal E�ects in Forchheimer Flow
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Abstract

In this paper, we study the Forchheimer�extended Darcy�Brinkman�Boussinesq �uid �ow through
a thin channel �lled with porous medium using methods of asymptotic analysis. The �uid inside the
channel is cooled (or heated) by the surrounding medium and the �ow is governed by the prescribed
pressure drop between the pipe's ends. Employing asymptotic analysis with respect to the small pa-
rameter representing the channel's thickness, we derive a �rst�order asymptotic approximation for the
velocity, pressure and temperature. The velocity approximation explicitly acknowledges the thermal
e�ects as well as the inertial e�ects. These e�ects are clearly visualized in the provided numerical
examples. Finally, we rigorously justify the obtained asymptotic model via the error estimates in
suitable norms in order to indicate the order of accuracy of the proposed approximate solution.
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Abstract

In this talk, we consider positive solutions of the sublinear elliptic equation with Robin boundary
conditions −∆u = a(x)uq in Ω,

∂u

∂ν
= αu on ∂Ω,

where Ω ⊂ RN , N ≥ 1, is a smooth bounded domain, a ∈ Cθ(Ω), θ ∈ (0, 1), changes sign, q ∈ (0, 1),
α ≥ 0 is a parameter, and ν is the unit outer normal to ∂Ω. We focus on positive solutions lying in
P ◦ = {u ∈ C(Ω) : u > 0 in Ω}. First, we observe that if there exists a positive solution in P ◦, then∫
Ω
a < 0. Next, in a speci�c case that a and q satisfy that

∫
Ω
a ≃ 0 and q ≃ 1, respectively, we prove

the existence of αs > 0 such that:

� at α = 0 and αs, there exists a unique positive solution in P ◦;

� for every α ∈ (0, αs), there exist exactly two positive solutions ordered in P ◦;

� for any α > αs, there is no positive solutions in P ◦.

The analysis uses bifurcation methods and the spectral theory for the associated linearized eigenvalue
problem. This is a joint work with Uriel Kaufmann and Humberto Ramos Quoirin.
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Lie Group Analysis, Group-Invariant Solutions and Conservation Laws of a Family
of Coupled Nonlinear Schrödinger Equations
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Abstract

In this talk we present results concerning the symmetry properties of the following family of
coupled nonlinear Schrödinger equations

i
∂u

∂t
+ p1

∂2u

∂x2
+ p11u+ p12v +

(
q11|u|2 + q12|v|2

)
u+ q13v

2u∗ + q14u
2v∗ = 0,

i
∂v

∂t
+ p2

∂2v

∂x2
+ p21u+ p22v +

(
q21|u|2 + q22|v|2

)
v + q23u

2v∗ + q24v
2u∗ = 0,

under Lie groups of point transformations of the respective space of real-valued independent variables
(t, x) and complex-valued dependent variables (u, v). Here, p1, p2, p11, p12, p21, p22, q11, q12, q21, q22,
q13, q23, q14, q24 are real numbers and the asterisk (∗) denotes the complex conjugate of a complex
function. Systems of equations of this type are used to describe the propagation of waves (polarized
optical pulses in weakly birefringent waveguides, for instance) in nonlinear, dispersive and dissipative
media (see, e.g., [1]). This family comprises and slightly extends the set of the systems of coupled
nonlinear Schrödinger equations whose group properties have been studied in [2, 3, 4, 5].

First of all, the current study focuses on determining the point Lie symmetry groups admitted
by the system of equations under consideration with respect to the set of parameters involved, i.e.,
the related group classi�cation problem is solved. Then, several types of group-invariant solutions are
identi�ed and presented in explicit form. Finally, cases in which systems belonging to the regarded
family of evolution partial di�erential equations admit an exact variational formulation are considered.
Their variational and divergence symmetries are determined, and the corresponding conservation laws
are obtained via Noether's theorem (c.f. [6]).
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Homogenisation of High-Contrast Integral Operators
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Abstract

We deal with homogenisation problems for high-contrast symmetric convolution type operators
with integrable kernels in media with a periodic microstructure. We adapt the two-scale convergence
method to nonlocal convolution-type operators and obtain the homogenisation result both for problems
stated in the whole space and in bounded domains with the homogeneous Dirichlet boundary condition.
Then our focus is on homogenisation of the corresponding spectral problems. We describe the spectrum
of the e�ective operator and characterize the limit behaviour of the spectrum of the original problem
as the microstructure period tends to zero. It is shown that the spectrum of the limit operator belongs
to the Hausdorf limit of the spectrum of the original operator, and that they need not coincide. This
is a joint work with M. Cherdamtsev (University of Cardi�) and A. Piatnitski (UIT Narvick).
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Solvability of Nonlinear Coupled Systems Including Katugampola Fractional
and p-Laplacian Operators
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Abstract

We consider a coupled system of nonlinear fractional di�erential equations involving the Katugam-
pola fractional derivative of variable-order and the p-Laplacian operator on the interval [0, 1]. The
system is studied together with fractional boundary conditions. The purpose of this work is to ex-
amine whether the system has solutions, and if so, under what conditions those solutions are unique.
To do this, the problem is transformed into an equivalent integral form using known properties of the
Katugampola operator. Fixed-point methods are then applied to obtain the main results. We also
investigate the Hyers�Ulam stability of the solutions, which shows that the solutions remain stable
when small changes are made to the equation. The results presented here extend known results on
fractional di�erential equations and demonstrate that the Katugampola fractional derivative can be
e�ectively used to study nonlinear coupled systems involving the p-Laplacian operator.
Keywords: Fractional derivatives; p-Laplacian operator; Variable-order Caputo�Fabrizio derivative;
Boundary value problems; Hyers�Ulam Stability
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Weak-Strong Uniqueness and Relaxation Limit for a Parabolic Relaxation
of the Navier-Stokes-Korteweg System
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Abstract

In this talk, we consider a parabolic relaxation formulation for the compressible Navier�Stokes�
Korteweg system. This relaxation model depends on two positive relaxation parameters α, β > 0
and approximates formally the compressible Navier�Stokes�Korteweg system in the relaxation limit
α→ ∞ and β → 0. In the �rst part of this talk, we introduce the class of �nite energy weak solutions
to the initial-boundary value problem of the relaxation system and derive a corresponding relative en-
ergy inequality. In the second part of this talk, we use the relative energy inequality as a tool to prove
two new analytical results for the relaxation model. First, we prove for �xed relaxation parameters
that the relaxation model satis�es the weak-strong uniqueness property in the class of �nite energy
weak solutions. Second, we show that a sequence of �nite energy weak solutions converges in the
relaxation limit to a classical solution of the compressible Navier�Stokes�Korteweg system in strong
norms, provided such a solution exists. As a byproduct we identify a convergence rate for the corre-
sponding norms. This is joint work with Nilasis Chaudhuri (University of Warsaw, Warsaw, Poland)
and Christian Rohde (University of Stuttgart, Stuttgart, Germany).
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Abstract

We study the multi-dimensional Euler�alignment system with a matrix-valued communication
kernel, motivated by models of anticipation dynamics in collective behaviour. A key feature of this
system is its formal equivalence to a nonlocal variant of the Aw�Rascle�Zhang (ARZ) tra�c model,
in which the desired velocity is modi�ed by a nonlocal gradient interaction. We prove the global-in-
time existence of measure solutions to both formulations, obtained via a single degenerate pressureless
Navier�Stokes approximation. Furthermore, we establish a weak�strong uniqueness principle adapted
to the pressureless setting and to nonlocal alignment forces. As a consequence, we rigorously justify
the formal correspondence between the nonlocal ARZ and Euler�alignment models: they arise from
the same inviscid limit, and the weak�strong uniqueness property ensures that, whenever a classical
solution exists, both formulations coincide with it.
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A Variational View on Constitutive Laws in Parabolic Problems
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Abstract

We consider a variational approach to the modelling of viscous �uids. The physical conservation
laws of �uid dynamics are posed as side constrains for a functional that measures how much a given
�ow deviates from the underlying viscous properties of the �uid. Finding minimisers of this constrained
functional can be interpreted as a generalised solution concept, even in cases where the constitutive
laws are not known analytically.

Based on results on anisotropic quasiconvexity, we discuss parameter regimes where we can
prove existence of minimisers, and where we can recover well-known results through our variational
methods.
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Abstract

We study the existence and properties of traveling fronts for the equation

vt + h(v)vx =
[
D(v)|vx|p−2vx

]
x
+ g(v), x ∈ R, t ≥ 0,

with p > 1. The di�usion coe�cient D = D(u) is assumed to be strictly positive in (0, 1) with possible
degenerations or singularities at one or both endpoints. We consider three types of nonlinear reaction
terms g, commonly referred to as types A, B, and C. We present su�cient conditions for the existence
and non-existence of continuous, possibly non-smooth wave pro�les de�ned on the whole real line.
Our approach is based on comparison arguments for an equivalent non-Lipschitz �rst-order ODE on a
bounded interval.

This is a joint work with Pavel Drábek (University of West Bohemia, Czech Republic), Soyeun
Jung (Kongju National University, South Korea) and Eunkyung Ko (Keimyung University, South
Korea).
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Abstract

The Cahn-Hilliard equation is widely used to describe the dynamics of two interacting phases
separated by a thin interfacial region and provides a natural framework for modeling tumor growth.

In this work we study parameter estimation for a phase-�eld model of tumor evolution coupled
with nutrient dynamics. The model consists of a Cahn-Hilliard type equation for the tumor phase �eld
coupled with a di�usion equation for the nutrient concentration, including chemotactic e�ects and re-
action terms. This system captures key mechanisms such as tumor proliferation, nutrient consumption,
and chemotactic interactions.

The forward problem is solved numerically using isogeometric analysis with second-order B-
spline basis functions, which naturally provide the C1 regularity required by the fourth-order Cahn-
Hilliard operator. Time integration is performed using a generalized-α scheme combined with Newton
iterations.

The inverse problem is formulated as a PDE-constrained optimization problem for identifying
model parameters from observed tumor con�gurations. The gradient of the objective functional is
computed through sensitivity equations derived from the linearized system. The resulting optimization
algorithm combines weighted gradient descent with a quasi-Newton strategy based on a Gauss-Newton
approximation of the Hessian.

This framework provides a computational tool for calibrating phase-�eld tumor growth models
and moves toward data-driven, patient-speci�c tumor simulations.
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Abstract

This talk investigates sign-constancy criteria for Green's functions associated with a broad class
of fractional di�erential boundary value problems. The equations under consideration are driven by the
Riemann�Liouville fractional derivative of order β ∈ (n− 1, n] and include linear continuous Volterra
operators acting on the unknown function together with its derivatives.

The central idea developed in the paper is a subordination principle for the sign behavior of
Green's functions across di�erent types of boundary value problems. Starting from focal-type problems,
we show how sign-constancy results can be transferred to more general settings, including multipoint
and nonlocal boundary conditions.

For focal problems, we establish that the sign-constancy of the Green's function and its deriva-
tives is equivalent to the requirement that the spectral radius of a corresponding compact operator
is less than one. We also derive a Vallée�Poussin-type comparison theorem within this fractional
framework.

To demonstrate the scope of the theory, several examples are presented, including equations
involving integral operators and deviating arguments. In this way, the talk extends classical Val-
lée�Poussin theory to fractional di�erential equations with functional perturbations and nonlocal ef-
fects.

Key Words and Phrases: fractional di�erential equations; Green's function; Volterra operators;
nonlocal boundary conditions; sign constancy of Green's functions; focal boundary value problems.
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Mathematical Modeling and Galerkin Approximation
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Abstract

We develop an axisymmetric model describing the motion of a viscous, heat-conducting com-
pressible micropolar real gas in the region between two concentric cylinders. The pressure is governed
by the real gas equation of state

p = ργθ, γ ≥ 1,

where ρ denotes the density and θ the temperature. Starting from the three-dimensional balance laws
for mass, linear momentum, angular momentum, and energy, the system is reformulated under the
assumption of cylindrical symmetry. Although the spatial dependence reduces to the radial variable,
the model retains its full three-dimensional character, since all components of the velocity and micro-
rotation �elds remain present and nonlinearly coupled through the cylindrical geometry. The resulting
equations contain additional radial terms characteristic of the cylindrical setting, distinguishing this
framework from the planar one-dimensional case.

Related micropolar gas models involving derivation and numerical approximation have been
previously investigated in the axisymmetric ideal setting [1] and in the one-dimensional compressible
real gas framework [2]. The present formulation combines these approaches within a uni�ed cylindri-
cal real gas model. For the associated initial-boundary value problem with homogeneous boundary
conditions and su�ciently regular initial data, we construct approximate solutions by means of the
Faedo�Galerkin method in function spaces adapted to the axisymmetric geometry. Numerical ex-
periments are performed to examine convergence of the approximation procedure and to analyze the
qualitative and long-time behavior of solutions.
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Abstract

We develop one and two-level additive Schwarz preconditioners for the all-at-once optimal control
formulation of the heat equation. The problem is discretized using a space�time Petrov�Galerkin �nite
element method, leading to a coupled KKT system. Our approach considers domain decomposition in
both space and time, resulting in fully space�time local subproblems.

We construct a one-level space�time additive Schwarz method and extend it to two-level variants
by incorporating coarse spaces. In particular, we investigate two types of coarse corrections: one
based on spatial coarsening only, and another based on both space and time. Numerical experiments
demonstrate that the proposed preconditioners are e�ective.
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Abstract

The Axial Green's Function Method (AGM) e�ciently solves multidimensional elliptic boundary-
value problems by decomposing them into one-dimensional subproblems. However, its utility is often
limited when analytic 1-D Green's functions are unavailable due to complex variable coe�cients. We
address this gap with a neural approach, termed GreenNet, which learns the requisite one-dimensional
Green's functions within the AGM framework.

The neural Green's function G(x, s) is constructed to satisfy homogeneous Dirichlet boundaries
and the di�erential operator in a weak sense through a hybrid architecture. We adopt a superposi-
tion of an analytically de�ned singular kernel�based on classical Poisson primitives to explicitly treat
boundary traces and �ux jumps�and an MLP-based residual that captures the smooth, non-singular
component. Trained on supervised source�solution pairs (f, u), the learned kernel is inserted into AGM
integral representations to e�ciently reconstruct solutions. Benchmarks with high-contrast variable co-
e�cients demonstrate that the method preserves AGM's structure and convergence while signi�cantly
outperforming standard neural networks in accuracy, thereby extending AGM's applicability to cases
lacking closed-form 1-D Green's functions. The result is a �exible, scalable synthesis of data-driven
modeling and analytic numerical methods.
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Abstract

In this paper, we study the bifurcation curve SL of positive solutions for the Minkowski curvature
problem {

−
(
u′/
√
1− u′2

)′
= λf(u), in (−L,L) ,

u(−L) = u(L) = 0,
(35)

where λ, L > 0 and f ∈ C2(0,∞) satis�es that f(0+) <∞ together with certain additional assumptions
where

SL ≡
{
(λ, ∥uλ∥∞) : λ > 0 and uλ ∈ C2(−L,L) ∩ C[−L,L]
is a positive solution of (35)} for L > 0.

Notice that we allow f(0+) = −∞. The bifurcation curve SL describes the multiplicity of positive
solutions and plays a central role in understanding the global structure of the solution set.

Earlier studies [1, 2, 3] classi�ed the possible shapes of SL (monotone increasing, S-like shaped,
or ⊂-like shaped) under various assumptions on f , but these results were not su�ciently precise. Thus,
we extend those works by establishing su�cient conditions to determine the exact shape of SL. Among
all examples, the most important application is the di�usive logistic equation with a Holling type-II
functional response: {

−
(
u′/
√
1− u′2

)′
= λu

(
k − u− 1

1+mu

)
, in (−L,L) ,

u(−L) = u(L) = 0,

which models predator�prey dynamics. For this model, we explicitly determine the parameter regimes
(k,m) leading to either monotone increasing or ⊂-shaped bifurcation curves.
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Abstract

Slope-selection epitaxial thin-�lm growth gives rise to a variationally structured, energy-dissipative
dynamical system. When this system is formulated within a phase-�eld framework, the resulting evo-
lution equation exhibits complex coarsening dynamics that unfold over very long time scales and
are closely related to experimentally observed hill-and-valley structures. Capturing such dynamics
poses signi�cant challenges for numerical simulation, particularly in maintaining correct energy dissi-
pation and structural consistency over long times. In this work, we develop a second-order, linear, and
energy-stable scheme that preserves the intrinsic dissipative structure of the model at the discrete level.
Numerical simulations demonstrate that the scheme robustly resolves long-time coarsening dynamics
and accurately recovers physically relevant scaling laws.
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Abstract

Until now, no robust and e�cient (numerical) method has been available to study bifurcations
of limit cycles in delay di�erential equations (DDEs). In this poster presentation, I will present explicit
computational formulas for the critical normal form coe�cients of all codimension 1 bifurcations of
limit cycles (fold, period-doubling and Neimark-Sacker) in DDEs. These formulas are essential for
detecting codimension 2 points and distinguishing between sub- and supercritical bifurcations.

The approach consists of four steps. First, we prove the existence of a smooth periodic �nite-
dimensional center manifold near a nonhyperbolic cycle [1]. Second, we show that the dynamics near
such a cycle on the periodic center manifold can be described in terms of so-called periodic normal
forms [2]. Third, we derive explicit formulas for the critical normal form coe�cients in terms of
the periodic (adjoint) (generalized) eigenfunctions of the characteristic operator, a generalization of
the well-known characteristic matrix [3]. Finally, we illustrate the e�ectiveness of the method with
numerical examples [4].
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Abstract

Networks of coupled oscillators in which evolution depends on delays are often studied for their ap-
plications in neural models (e.g., the delayed Wilson-Cowan oscillators [1]). The main interest from
the neural sciences point of view is the study of those synchronisation processes that are supposed to
happen after introducing the coupling. More precisely, in the case where the equations of the uncou-
pled system are all equal to each other and the coupled system can be seen as a perturbation of the
uncoupled one, the aim is to verify whether and in which way the phases are going to synchronise (i.e.,
becoming asymptotically synchronous or anti-phase synchronous) after the coupling.

A phase reduction on a proper invariant submanifold is required to deal with the problem.
In the case of networks of coupled oscillators described by ODEs [2], and when a delay makes its
appearance only at the level of the coupling [3], the uncoupled dynamic is �nite dimensional and thus
an application of the Floquet Theorem provides quite straightforwardly proper coordinates for the
submanifold. The natural next step is to introduce a delay also in the uncoupled case, as required by
applications in neural sciences. Now Floquet Theorem is in general no more applicable, but in some
particular cases (such as a delayed version of Stuart-Landau oscillators) it is still possible to obtain a
phase reduction by other ways, for example exploiting some structural symmetries. With such a phase
reduction, one can then pass to analyse the synchronisation behaviour in favourable coordinates.
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Abstract

We derive a hp-version aposteriori error estimator for interior penalty discontinuous Galerkin
discretizations of general convection di�usion reaction equations on polygonal/polyhedral meshes. The
method employs polynomial approximation spaces on agglomerated meshes generated by a recently
introduced R-tree based construction [1]. The proposed estimator provides a reliable global upper
bound for the discretization error measured in a norm combining the standard energy norm and a
seminorm associated with the convection term. In addition, the interpolation results of Karakashian
and Pascal are extended to the present discontinuous Galerkin framework on general agglomerated
meshes. Numerical experiments con�rm the robustness and e�ectiveness of the proposed method with
respect to both the mesh size and the degree of the polynomial.
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Abstract

Fully nonlinear partial di�erential equations (PDEs) are known as the class of nonlinear PDEs
that are nonlinear in the highest order derivatives of the unknown function. A well known example
of a fully nonlinear second-order PDE is the Monge-Ampère equation. Using the vanishing moment
method, the fully nonlinear Monge-Ampère equation is approximated by a fourth order quasilinear
PDE. The C1-nonconforming � C0-conforming Virtual Element Method is applied to this quasilinear
PDE. Extending [1], which performed the a priori analysis for this problem, we present the a posteriori
error analysis and derive a residual based error estimator. The estimator is fully computable, and
we prove upper and lower bounds of the error, which are explicit in the local mesh size. We use
this estimator to drive an adaptive mesh re�nement algorithm, and present numerical experiments to
validate the error bound.
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Abstract

The work is devoted to the presentation of the results obtained in the study of a model boundary
value problem for the partial di�erential equation

Dα
0+, tu(t, x) = atβuxx(t, x), t ∈ (0, T ), a > 0, x ∈ T ≡ R/2πZ, (36)

Dα−k
0+, t u(t, x)

∣∣
t=0

= bk(x), k = m+ 1, . . . , n, x ∈ T, (37)

Dα−k
0+, t u(t, x)

∣∣
t=T

= bk(x), k = 1, . . . ,m, x ∈ T, (38)

where α ∈ (n− 1, n), n ∈ N, β > −α, 1 < m < n− 1. The fractional derivative Dα
0+, t with respect to

the variable t is de�ned [1] by means of the Riemann�Liouville fractional integral operator of fractional
order by the relations

Dα
0+y(t) =

( d
dt

)n
In−α
0+ y(t), t > 0, Iα0+y(t) =

1

Γ(α)

∫ t

0

y(τ) dτ

(t− τ)1−α
, t > 0.

The functions b1(x), . . . , bn(x) and the unknown function u(t, x) are assumed to be 2π-periodic with
respect to the variable x. Depending on the values of the parameter α, equation (36) admits di�erent
interpretations: as a fractional di�usion equation for α ∈ (0, 1) and as a fractional oscillation equa-
tion for α ∈ (1, 2). The time-fractional di�usion-wave equation describes many important physical
phenomena in di�erent media [2].

For solving a problem (36)�(38), the representation in the form of a Puiseux�Fourier series was
obtained. To estimate the small denominators [3], which arise in the study of the convergence of this
series in an appropriate functional space, the Hausdor� fractal dimension [4] was applied.
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Abstract

We study qualitative dynamics of the nonlinear second-order di�erence equation with deviating argu-
ment

∆
(
akΦp(∆xk)

)
+ bkΦq(xk+τ ) = 0, τ ∈ N ∪ {0},

where Φr(s) = |s|r−2s, p, q > 1, and ak, bk > 0. This equation can be viewed as a discrete analogue of
delayed p-Laplacian-type di�erential equations and as a nonlinear discretization scheme for evolution-
ary models with memory e�ects. We investigate how the presence of a deviating argument in�uences
the long-time behavior and oscillatory structure of solutions.

Using a reciprocity (duality) principle adapted to the non-half-linear setting, we derive sharp
necessary and su�cient conditions governing the existence of nonoscillatory regimes. In the cases
τ ∈ {0, 1}, we obtain a complete classi�cation of asymptotic behaviors in terms of the convergence or
divergence of two explicitly constructed characteristic series. Our results reveal a structural dichotomy
between canonical and non-canonical forms and demonstrate that the discrete delay may generate
dynamical phenomena absent in the continuous theory. These �ndings contribute to the understanding
of qualitative stability and asymptotic preservation in nonlinear discrete dynamical systems.
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Abstract

The Cahn-Hilliard equation is a cornerstone of nonequilibrium thermodynamics, modeling diffu-
sion-driven phase separation, coarsening, and interfacial dynamics in binary mixtures [1, 2]. It captures
the fundamental physics of mass conservation and free energy minimization, with wide-ranging appli-
cations in materials science, soft matter physics, and condensed matter systems such as alloys, polymer
blends [3], pattern formation in multiphase �ows [4], binary �uids[5, 6], and tumor growth dynamics
[7]. Due to the equation's strong nonlinearity and sti�ness, analytical solutions are rarely attainable,
necessitating accurate and stable numerical methods. The choice of free energy potential signi�-
cantly in�uences both physical �delity and numerical stability. In this study, we develop an adaptive
free energy approach that switches pointwise between the Flory-Huggins logarithmic potential, which
preserves thermodynamic realism, and a polynomial approximation, which prevents singularities near
phase limits. The switching ensures physical consistency within the bounded range of the order param-
eter. Time integration is performed using Eyre's convex-concave splitting scheme combined with �rst-
and second-order backward di�erentiation formulas, guaranteeing unconditional energy stability, while
Fourier cosine spectral discretization with Neumann boundary conditions ensures mass conservation
and monotonic energy dissipation. The proposed framework enables stable and physically consistent
simulations of phase separation and morphological evolution, o�ering valuable insights into pattern
formation, interfacial motion, and coarsening kinetics that are crucial for understanding microstructure
development and nanoscale self-organization in advanced materials.
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Abstract

In this talk, we discuss the homogenization of a highly oscillating obstacle problem using the
viscosity method. The equation we deal with is a non-divergence type equation with oscillating coe�-
cients. To analyze the behavior of solutions in the obstacle problem, we construct a corrector function,
periodic function when the obstacle is given as 1. By utilizing this corrector, we identify the so-called
"strange term behavior" when the size of the domain where the obstacle is de�ned reaches a critical
value. We then modify the corrector for critical size and analyze the solution's behavior when the size
of the obstacle is either larger or smaller than the critical value.
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