Error Bounds for Finite Element Approximations of Stationary
Second-Order Mean Field Game Systems

Yohance Osborne

Durham University, Durham, United Kingdom
YOHANCE.A.OSBORNE@DURHAM.AC.UK

Abstract

We present error bounds for monotone stabilized finite element discretiza-
tions of stationary second-order mean field game (MFG) partial differential in-
clusion systems of the form

—vAu+ H(z,Vu) = F[m](z) in Q, )

—vAm — G(z) € div(md,H(z,Vu)) in Q, S
supplemented with homogeneous Dirichlet boundary conditions v = 0, m = 0
on 0f), where the Hamiltonian H = H(x,p) is merely Lipschitz, convex, but
(possibly) nondifferentiable with respect to p. Here, J,H denotes the partial
subdifferential of H with respect to its second argument, and  C R? denotes a
general bounded polytopal Lipschitz domain. For the system (1) with strongly
monotone running cost F' and non-negative source GG, we prove an asymptotic
rate of convergence in the H'-norm for the approximations of the value function
u and in the L?-norm for the approximations of the player density m, despite
the density having minimal regularity a priori as a function in H'! and there
being no continuity of the set-valued partial subdifferential 0,H. The analysis
we present jointly leverages recent a priori finite element error analysis for MFG
systems with differentiable C1'! Hamiltonians [1], and new quantitative results
on the approximation of MFG systems with merely C%! Hamiltonians by MFG
systems with regularized C' Hamiltonians as the regularization parameter
vanishes [2]. This talk is based on joint work with Iain Smears in [3].
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