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Abstract

This is joint work with Alpár Mészáros (Durham University, Durham, England,
United Kingdom).

Hamilton-Jacobi(-Bellman) equations are key elements in optimal control and
mean field game theory. We study the regularity of solutions to first-order
Hamilton-Jacobi equations. Despite the lack of parabolic structure, it is known
that viscosity solutions of first-order Hamilton-Jacobi equations are Hölder con-
tinuous provided that the Hamiltonian is coercive with respect to the momentum
variable with superlinear growth (e.g. [1, 2]). However, a large class of first-order
HJB equations do not satisfy this hypothesis, even when the Lagrangian cost in
the underlying optimal control problem has superlinear growth with respect to
the control variable. This occurs if, in the controlled ODE, certain directions are
forbidden to the controller. Concretely, consider a linear time-invariant system

ẋ = Ax+Bα, x, α ∈ Rn (1)

where A and B are constant n×n matrices; if the rank of B is strictly less than
n, then the Hamiltonian in the HJB equation for an optimal control problem
based on this system cannot be coercive in any direction p that is orthogonal to
the image of B.

Motivated by this type of control problem, we study viscosity solutions
u of first-order Hamilton-Jacobi equations of the form

∂tu+ (Ax)⊤Dxu+H(t, x,Dxu) = 0,

where H has degenerate superlinear growth of the form

|B⊤Dxu|q − f(t, x) ≲ H(t, x,Dxu) ≲ |B⊤Dxu|q + C

for some q > 1, constant C ∈ R and f locally Lr for r sufficiently large. We
show that, if the system (1) is controllable, then u is Hölder continuous.
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